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Abstract

The purpose of this graduation thesis is to establish the stabilization
and the global existence of some evolution problems with a dissipation
term. Being consisted of four chapters, this work is devoted to the study
of the existence, stability and blow-up of some evolution equations with
nonlinear dissipative terms, viscoelastic term, delay term and logarithmic
nonlinear source terms. In the first chapter is introductory where we recall
some notions related to the theory of stochastic partial differential equa-
tions such as Brownian motion and Ito formula. In the second chapter, we
study a non-degenerate Kirchhoff equation with general nonlinear dissi-
pation term and time varying delay term. This chapter deals with uniform
stability by using Lyapunov functional. The third chapter we consider the
initial value problem for a nonlinear equation in a bounded domain with
dispersion, nonlinear damping and logarithmic source terms. Under some
suitable conditions on the given parameters and by using Faedo-Galarkin
method, we study the existence of solutions and we show the blow up
of solutions when the energy is initially negative. In chapter four states
some theorems on the existence of the solution for a stochastic hyperbolic
equation and eventually the explosion of the solution. We consider an ini-
tial boundary value problem of stochastic viscoelastic wave equation with
nonlinear damping and logarithmic nonlinear source terms. We proved a

blow-up result for the solution with decreasing kernel.
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Introduction

Since their appearance in the mid-17th century, differential equations
have played a fundamental role in pure and applied mathematics. Even
if their history has been well studied, they stand as a basic field of con-
tinuous researches. This is due to the emergence of new connections with
other parts of mathematics and their rich interrelation with applied dis-
ciplines, as well as the interesting redevelopments of basic problems and
theories in several periods and the emergence of new perspectives in the
20th century.

Our understanding of real-world phenomena and our technology today are
largely based on partial differential equations (PDE). They were probably
formulated for the first time during the birth of rational mechanics during
17th century (Leibniz, Newton...). Then the "catalog" of EDP grew as
the sciences and in particular physics developed. In 1747, D’Alembert

proposed the following wave equation:
2 _
Uy — ¢ Au =10

To model the transverse vibration of a string fixed in its ends. Notice that
in this model several restrictions was imposed on the physical problem,

that is why Kirchhoff model [40] was proposed for the same problem with
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more considerations

r F [F 2
(m (ph + 2L o x) u =0,

Where the function u(z,t) is the vertical displacement at the space coor-

ou

%(xﬂf)

dinate x, varying in the segment [0, L] and over time ¢ > 0, p is the mass
density, h is the area of the cross section of the string, P, is the initial
tension on the string, L is the length of the string and F' is the Young
modulus of the material.

Gabriel Lamé (1795-1870 ), the French mathematician made essential
contributions to the theory of partial differential equations by the use of
curvilinear coordinates, and to the mathematical theory of elasticity. The
function that takes his name has a great interest which arises from the
fact that we meet it in quite a number of applications, in particular in
problems of potential, a point which brings them closer to the equations
of hyper geometric type.

The waves take less visible forms, such as musical sounds, light and earth-
quakes (these are mechanical waves propagating in the ground). Whether
electromagnetic or other kinds, waves take an intrinsic place in modern
technology, such as television, radars, mobile telephones and microwave
ovens, etc... So it is very important to model real wave phenomena. A
better modeling consists in designing the delay systems in which differ-
ential equations intervene, which depend not only on the current value of
their state variables at the present time ¢, but also part of their previous
values. In addition to its interest in the application, the delay has a great

influence in the stability of the system. Arbitrarily small delay in dissi-



Introduction 12

pation can destabilize a system and on the contrary it can also improve
system performance, for example [55] and [26]). The first description
of Brownian motion is due to the botanist Robert Brown In 1827 when
observing the path of a pollen grain suspended in a liquid and subjected
to successive molecular shocks. In 1905, the German Albert Einstein (in
his Special Theory of Relativity) constructed a probabilistic model to
describe the motion of a scattering particle. He shows in particular that
the law of the position at time t of the particle, knowing that the initial
state is x, admits a density which verifies the heat equation and there-
fore is Gaussian. The same year as Einstein, the Polish physicist Marian
von Smoluchowki uses random walks to describe the Brownian motion of
which it is the limits. In 1923, the American Norbert Wiener gave a first
rigorous mathematical construction of Brownian motion as a stochastic
process. In particular, he established the continuity of its trajectories. A
mathematical problem that is important throughout science is to under-
stand the influence of noise on differential equations, and on the long time
behavior of the solutions. This problem was solved for ordinary differen-
tial equations by Itd in the 1940s. For partial differential equations, a
comprehensive theory has proved to be more elusive, and only particular
linear equations cases, had been treated satisfactorily. However, nonlinear
PDEs are among the most difficult mathematical objects to understand.
Hairer’s work has caused a great deal of excitement because it develops a
general theory that can be applied to a large class of nonlinear stochastic
PDEs for exemple, Hairer [33] solved the KPZ equation, which is named
for Mehran Kardar, Giorgio Parisi, and Yi-Cheng Zhang, the physicists
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who proposed the equation in 1986 for the motion of growing interfaces.
Also in [32], Hairer and Mattingly , along with new methods , are establish
the ergodicity of the two-dimensional stochastic Navier-Stokes equation.
Building on the rough-path approach of Lyons for stochastic ordinary
differential equations [34], The new theory allowed Hairer and Pillai to
construct systematically solutions to singular non-linear SPDEs as fixed
points of a renormalization procedure. Finally, Hairer was thus able to
give, for the first time, a rigorous intrinsic meaning to many SPDEs aris-
ing in physics.

In recent years, the study of stochastic partial differential equations has
become an area of research activity in fundamental and applied math-
ematics. The stochastic wave equation is one of the crucial stochastic
partial differential equations (SPDEs) of hyperbolic type. The behavior
of its solutions is significantly different from those of solutions to other
SPDESs, such as the stochastic heat equation. Recently stochastic partial
differential equations in a separable Hilbert space have been studied by
many authors, and various results on the existence, uniqueness, invariant
measures, stability, and other quantitative properties of solutions have
been established.

The four major chapters of this PhD Thesis are:

e The chapter 1
We recall some preliminaries used in the proofs of our results, we
will recall eventually the notations used, as well as essential notions
and fundamental results that concern the spaces LP, the spaces of

Sobolev, some inequalities, convex functions etc... . We shall also
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collect basic definitions and preliminary results on stochastic process
such as Wiener process, stochastic integrals and Ito’s formula in

Hilbert space.

e The chapter 2
This chapter deals with the study of the global existence and de-
cay properties of solutions for the initial boundary value problem of
viscoelastic non-degenerate Kirchhoff equation of the form

uy — M(|Vul|?)Au — Aug + [§ h(t — s)Au(s) ds

+ug(ug(z,t —7(t))) =0 in Dx]0, +o0],

u(z,t) =0 on 9D x [0, +o0], (1)
u(x,0) = ug(z), w(x,0)=ui(zx) in D,

u(x,t —7(0)) = fo(z,t — 7(0)) in Dx]0,7(0)],

where D is a bounded domain in R", n € N*, with a smooth bound-
ary 0D, u is non-negative real number, h is a non-negative function
which decays exponentially, 7(¢t) > 0 is a time varying delay, g is
function, and the initial data (ug,u1, fo) are in a suitable function
space. M(r) = a+br” is a Cl-function for r > 0, with a,b > 0, and
y>1

We considered the existence of global solutions in suitable Sobolev
spaces under condition on the weight of the delay term in the feed-
back and the weight of the term without delay and the speed of delay.
We study a general stability estimates by using some properties of

convex functions.

e The chapter 3
In this chapter, We study the local existence for the following initial
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boundary value problem:

"

[ut | ug — div(p(|Vu|?)Vu) — Augy + o Jug|™ g
Fpalug(t — 7)™ Ty (t — 7) = ulu[P~2 1n |ul*, in D x (0,7,
u(x,t) =0 on 0D x (0,T), (2)
u(z,0) = up(z), u(z,0)=ui(x) in D,
| w(z,t —7) = folz,t —7) inDx]0, 7|

where D is a bounded domain with a sufficiently smooth boundary

in R" (n > 1), 1, m, ui, pe, p, k are positive constants, 7 > 0 is a

time delay and (ug, u1, fo) are the initial data in a suitable function

space. We study blow up of solutions for a negative initial energy.
e The chapter 4

This late chapter, is devoted to consider the existence and an ini-

tial boundary value problem of stochastic viscoelastic wave equation

with nonlinear damping and logarithmic nonlinear source terms of
the form

gt — pAu — (A + p)V(divu) + fg h(t — s)Au(s) ds

+Hug| 92wy = uluP2n|ulF + eo(x, t) Wiz, t) in Dx]0, 00|, )
u(x,t) =0 on 0D x [0, +o0],
u(z,0) = up(z), u(z,0)=ui(x) in D,

where D is a bounded domain in R”, n € N*, with a smooth bound-
ary 0D, i, A are the Lamé constants which satisfy pu > 0, A+ p > 0,
h is a positive function, p > ¢ > 2, and H = L?(D), the set of square
integrable function on D equipped with the inner product (., .), and
its norm ||.]|.

W (z,t) is an infinite dimensional Wiener process, o(z,t) is L*(D)
valued progressively measurable and e is positive constant which
measures the strength of noise. We proved a blow up result for the

solution with decreasing kernel.



Chapter 1

Preliminaries

In this chapter, we will introduce notations used in the whole work and
recall some essential notions and fundamental results on Lebesgue spaces,
Sobolev spaces, some important inequalities and also results on convex
functions (see [14, 28, 35, 39, 42, 43]). Some necessary stochastic re-

sults are exposed such as Brownien notion and Ito formula (see [68, 56]).

1.1 Notations

e D : Open of R", generic point = = (1, X2, ..., Tp,).

e 0D : Bord of D.

o Vu= ((%‘1 ,837“) : gradiant of u for n > 1.

o Ay=>5" 19 a a.¢ + Laplacian of u for n > 1.

o divu=> ", 8 : Divergence of u for n > 1.

e L7(D) = {f: D — R is measurable and [}, |f(z)[Pdz < +o0}.

o [2(0,T, X) = {f 10, T[— X such that [ [|f(z)|}dx < +oo} .

e (D) ={f:D — R is measurable and 3 C' > 0, such that |f(x)| < C a.s. sur D}.
e L>(0,7,X) = {f:(0,T) — X is measurable and || f()||rr0.1x) < 00} .
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o WLP(D) = {f € LP(D), such that 9;f € LP(D),1 <i < n}.

o WP(D)={f € LP(D), such that D*f € LP(D),Va, |a| < m}.
D =

o 1flly = (o | F(2)[Pd)} : La norm of f in L¥(D).

o || fllo =supess,p|f(x)] =inf{C > 0;|f| < C a.s. on D} : the norm
of fin L>®(D).

e (f,9) = [, fgdz : the inner product in L*(D).

e CH(D) : the set of C* functions of compact support on D.

e C°(D) : the set of C* functions of compact support on D.

e (2, F, P) Probability space: € is the set of possible outcomes of the
experience ,

F o-algebra of subsets of €2,

P probability measure on F.

e [E(.) stands for expectation with respect to probability measure P.

e B is o—algebra of Borel sets on the metric space F.
e 1, indicator of A :

0 st non

1l stwe A
1A(w):—{

1.2 Generalities on Functional Spaces

We begin by reviewing some basic facts from calculus in the most impor-
tant class of normed spaces and linear spaces " Banach spaces". Through-

out the rest of this chapter, K will denote R or C.
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Definition 1.2.1. A Banach space is a complete normed linear vector

space X.

Definition 1.2.2. (Dual Space)
The set of all continuous linear functionals with domain the Banach space

X 1s called the dual space of X and denoted by X* . In other words,
X*={T: X — C:T is continous and linear}.

The dual space is a Banach space even if X is only a normed space.

Proposition 1.2.1. X* equipped with the norm ||.|x- defined by

[ fllx= = sup [f(u)], (1.1)

[Jullx <1

is also a Banach space. We shall denote the value of f € X* atu € X
by either f(u) or (f,u)x~x.

Remark 1.2.1. From X*, we construct the bidual or second dual X** =
(X*)*. Furthermore, with each u € X we can define p(u) € X** by
e(u)(f) = f(u), f € X*. This satisfies clearly ||p(w)| < ||u||x. More-
over, for each u € X there is an f € X* with f(u) = ||u|| and || f|| = 1.
So it follows that ||[o(u)| = ||ul|-

1.2.1 The weak star topologies
From remark 1.2.1 we obtain a family (¢y)sex+ of applications from X
in R defined as follow:

pr: X — R

r— (),
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where X be a Banach space.

Definition 1.2.3. The weak topology o(X, X*) on X, is the weakest

topology on X for which every (¢¢)ex- is continuous.

We will define the third topology on X*, the weak star topology, denoted
by o(X*, X). For all z € X. Denote by

@ X" —R
f I pr(f) - <f7 x>X*,X7
when x cover X, we obtain a family (¢;).ex+ of applications to X* in R.

Definition 1.2.4. The weak star topology on X* is the weakest topology

on X* for which every (vs)zex+ 1S continuous.

Remark 1.2.2. Since X C X**, it is clear that, the weak star topol-
ogy o(X*, X) is weakest then the topology o(X*, X**), and this later is
weakest then the strong topology.

1.2.2 Modes of convergence

Definition 1.2.5. A sequence (u,) in X is weakly convergent to x if and
only if
r}l—{nr)lo(f’ un> = <f7 u>a

for every f € X*, we write u,, — u

Definition 1.2.6. Let X be a Banach space, and let (uy)nen be a se-

quence in X. Then u, converges strongly to u in X if and only if
lim ||u,, — u||x =0,

and this is denoted by w, — w, or lim, . U, = u.
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Remark 1.2.3. 1. If the weak limit exist, it is unique.
2. If u, — u € X(strongly) then u, — u(weakly).
3. If dimX < 400, then the weak convergent implies the strong con-
vergent.
1.2.3 Reflexive Spaces
Definition 1.2.7. Since ¢ 1is linear we see that
w: X = X

is a linear 1sometry of X into a closed subspace of X**, we denote this

by
X — X*.

Definition 1.2.8. If ¢ is into X™* we say X is reflevive, X = X**.

Theorem 1.2.1. (Kakutansi).
Let X be a Banach space. Then X 1is reflexive if and only if

B={zxe X :|z|| <1}, (1.2)
is compact in the weak topology o (X, X ™).

Proposition 1.2.2. If X is reflexive and if Y is a closed vector subspace

of X then'Y is reflexive.

Corollaire 1.2.1. A Banach space X 1is reflexive if and only if its dual

space X* is reflexive.
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Theorem 1.2.2. (Eberlein-Smulian)
Suppose X is a Banach space such that every bounded sequence in X
admits a weakly convergent subsequence (in o(X,X*)). Then X is re-

flezive.

1.2.4 Hilbert spaces

Definition 1.2.9. Let H be a vector space, an inner product is a function
(,)0:HxH—K

such that for u,v,w € H and A\, u € K

i/ (u,v) = (v, u)
i/ (A ~+ po,w) = Mu, w) + p{v, w)
i/ (u,u) >0 and (u,u) =0 if and only if u=10

Definition 1.2.10. A Hilbert space H is a vector space supplied with
inner product (u,v) such that ||ul| = (u,u}é is the norm which let H

complete.

Theorem 1.2.3. (Riesz). If (H;(.,.)) is a Hilbert space, (.,.) being a
scalar product on H, then H* = H 1in the following sense: to each f € H*

there corresponds a unique x € H such that f(.) = (x,.) and ||f||g =

-

Remark 1.2.4. From this theorem we deduce that H** = H. This means

that a Hilbert space is reflexive.



1.2 Generalities on Functional Spaces 22

Theorem 1.2.4. Let (uy,)nen is a bounded sequence in the Hilbert space

H, it posses a subsequence which converges in the weak topology of H.

Theorem 1.2.5. In the Hilbert space, all sequence which converges in

the weak topology is bounded.

Theorem 1.2.6. Let (uy)nen be a sequence which converges to w, in the
weak topology and (v )nen i an other sequence which converge weakly to

v, then
lim (v, u,) = (v, u). (1.3)

n—oo

1.2.5 The spaces LP(D)

Definition 1.2.11. Let 1 < p < oo and let D be an open domain in R",
n € N. Define the standard Lebesque space LP(D) by

LP(D) = {f : D — R is measurable and / |f(x)|Pdx < oo} . (1.4)
D

111, = ([ 1) "

L>*(D) ={f : D — R is measurable and ||f||~ < o0}, (1.5)

with the norm
If p = oo,

with the norm
| flloc =inf{C > 0; |f| < C a.e. on D}. (1.6)

e The space LP(D) with the norm ||.||, is a Banach space.
e The space L*(D) equipped with the scalar product

(0o /f
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is an Hilbert space.

Theorem 1.2.7. For 1 < p < oo, LP(D) is a reflezive space.

1.2.6 The spaces LF(0,7T;X)

Definition 1.2.12. Let X be a Banach space and p a real such that
1 <p<ooand|0,T] is an interval of R . We call a X wvalued Lebegue

space and we denote by LP(0,T; X)) the space of its measurable functions
T
LP(0,T;X) = {f 10, T[— X such that / | f(x) | dx < +oo}
0

equipped with the norm

=

T p
| fllror:x) = (/0 Hf(t)H_];(dt) < 00

If p = oo,
| fll oo o.m,x) = sup ess|| f(t)]|x-

t€]0,T'[

Theorem 1.2.8. The space LP(0,T; X) is complete.

Lemma 1.2.1. 1) The space L*(0,T; X) is a Hilbert space for the inner
product

(f,9)20rx) = /O (f(t),g(t))x dt.
2) L®(0,T; X) = (L*(0,T; X))*.

Now, we will introduce some basic results on the LP(0, T'; X) space. These

results, will be very useful in the other chapters of this thesis.

Lemma 1.2.2. Let f € L*(0,T; X) and%—{ e LP0,T;X), (1 <p<o0),
then the function f is continuous from [0,T] to X. i.e. f € C1(0,T,X).
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Theorem 1.2.9. LP(0,T; X) equipped with the norm ||.||rror,x), 1 <

p < 00 1s a Banach space.

Proposition 1.2.3. Let X be a reflexive Banach space, X* it’s dual,
and 1 < p,q < o0, %%—% = 1. Then the dual of L*(0,T; X) is identify
algebraically and topologically with L4(0,T; X*).

Proposition 1.2.4. Let X,Y be Banach spaces, X CY with continuous

embedding, then we have

LP(0,T;X) C LP(0,T;Y),
with continuous embedding.

The current compactness criterion will be useful for nonlinear evolution

problem, especially in the limit of the nonlinear terms.

Lemma 1.2.3. (Aubin -Lions lemma) Let By, B, By be Banach spaces
with By C B C By. Assume that the embedding By — B is compact and
B — By are continuous. Let 1 < p,q < oo. Assume further that By and

By are reflexive. Define
W ={ue ’(0,T;By) : v € LY0,T; By)}. (1.7)

Then, the embedding W — LP(0,T; B) is compact.

1.2.7 Sobolev Spaces

Let D be an arbitrary open of R” | and let p a real such that 1 < p < +o0.
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The W'P(D) Spaces
Definition 1.2.13. The Sobolev space WP(D) is defined by

Whr(D) = {u € LP(D)|3g; € LP(D), tels que / u&p = —/ gip Vo € C°(D) Vi =1,2, ...
D D

8%1‘

We say that ¢ is a test function.
We put

H'(D) = W"*(D).
For w € W(D), we denote g; = 2.

The space W1P(D) is equipped with the norm
[ullwrre = Nullp + [[Vul].
Sometimes, if 1 < p < oo, the norm is equivalent to
fally + [[Vull)>.
The space H(D) is equipped with the inner product.
(u, v) gDy = (U, v) 20Dy + (Vu, V) 12(p).
Its associated norm is given by
el oy = [lfull3 + [|Vul3]2

and it is equivalent to the norm of W1?(D).
e The space H'(D) is an Hilbert space.
e The space W?(D) is a Banach space.
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Theorem 1.2.10. (Sobolev, Gagliardo, Nirenberg). Let 1 < p < n, then
WhP(R™) C LP (R™)
where p* is given by z% =11 and there exists a constant C = C(p,n)

==
such that

[l < CI¥ully, Vu € WH(RY.

Corollaire 1.2.2. Let 1 < p < n, then
WP (R") c LY(R"™), VYq € [p,p’]

with continuous injection.
For the limiting case p = n, we have

WEMR™) c LYR™), Vq € [n,4o0]
Theorem 1.2.11. Let p > n. Then

WHP(R") € L(R™)

with continuous injection.

Corollaire 1.2.3. Let D a bounded domain in R" of class C* with T’ =

OD and 1 < p < oo. We have
WLP(D) C LP" (D), where 1% = % -1 difp<n,
W'P(D) C LY(D),Yq € [p, +o0], if p=n,
WP(D) C L*®(D), ifp>n,

and all these injections are continuous. Moreover, if p > n we have:
Vu e W(D), |u(z) —u(y)| < Clz — y|*||ullwrsp) a.e z,y € D

with a = 1 — % > 0 and C' is a constant which depend on p,n and D. In
particular WP(D) C C(D).
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Theorem 1.2.12. (Rellich-Kondrachov). Suppose that D is bounded and
of class C'. Then we have the following compact injections:

WLP(D) C LI(D)Vq € [1,p*] where 1% = % - %, if p <m,
WP (D) c L4(D),Vq € [p, +o0], if p=n,
Wir(D) ¢ C(D), o>,

In particular,
W(D) C LY(D)

with compact injection for all p (and all n).

Proposition 1.2.5. ( Green’s formula). For allu € H*(D), v € HY(D)

we have

—/Auvdx:/VuVUd:L‘— %vda,
D D op On
ou

where o is a normal derivation of u at I' = 0D.

The Spaces W™?(D)

Definition 1.2.14. Let m > 2 be an integer and be p be a real number,
such that 1 < p < 4o00. We define

ou
85132‘

WmP(D) = {u € W 'P(D); —— € W™ (D), Vi =1,...,n}.

In the same
W™P(D) ={f € LP(D), such that D% € LP(D),Va, |a| < m}.
where .
a e N, |&\:Zaj§m
i=1
and D%u is obtained by [, uD%p = (—=1)led Jp(D*u)p, Yo € C2(D),

. a1 tag+...+an
with D% = %4

— [e3 [e3%
0x 1 0x52...0x" P
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Properties 1.2.1. The space W™P(D) is a Banach space equipped with

the norm
1
L oy = () I1DulD)? , for p < +oo
la|<m

and

[ullweee(p) = Z D%l , for p = +o0

|| <m
Moreover is a reflexive space for 1 < p < oo and a separable space for
1 <p<oo.
The space W™2(D) = H™(D) equipped with the scalar product
<f7 g>Hm(D) - Z <Daf> Dag>L2(D)
la|<m

15 an Hilbert space.

Spaces W™?(0,T; X)

We define the Sobolev spaces with values in a Hilbert space X by :

WmP(0,T; X) = {v e L0, T; X); gu

€T

e LP(0,T; X). Vi< m} :

Form € N, p € [1, .
The space W™P(0,T; X) is a Banach space with the norm

m 6f 1/p
1S lwrmao.rx) = (Z la_a:iﬁp(O»T?X)) , for p <+o0

1=0
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and
”fHWm’OO(O,T;X) = Z H@J; HLOO(O,T;X) , for p=+o0
i=0 L

W™2(0,T; X) is an Hilbert space denoted H™(0,T; X) equipped with

inner product
m T
ou Ov
I _ dt .
(u,v)y (0,7:X) ZXZO:/O (8%’8%))(

1.2.8 Convex Function

Definition 1.2.15. Let f : I — IR. f s said to be convex on I, for
each a,b € I, such that a < b, and for all a, 5 € R with o + =1

flaa+ pb) < af(a) + Bf(b)

we also have the following similar definition:

f is convex on I, if for alls a,b € I, with a < b and for all t € [0,1]:
flta+ (1 =1)b) <tf(a)+(1—1)f(D)

1.2.9 Differentiable Convex Fonctions

Theorem 1.2.13. A differentiable function f is convex if and only if its

derivative is an increasing .

Corollaire 1.2.4. Let f : I — IR to be twice differentiable, then f is

. . . . . no. .y
convex if and only if its second derivative f is positive.
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1.2.10 Jensen inequality

Theorem 1.2.14. ( Jensen inequality (Discrete form)):
Let f: I — IR to be convex, then, for all ay,as, ...,a, € I and for any

non negative reals A1, A, ..., Ay such that > 7 1 N\ = 1, we have:
f(zkiai) < Z)\if(ai), Vn € IN".
i=1 i=1

Theorem 1.2.15. ( Jensen inequality (Continuous form)):
Let f : I — IR to be convex, then, for all g integrable on D we have:

f(/pgdaz> < [(og) s

1.2.11  Some inequalities

This paragraph will deal with some important integral inequalities in

applied mathematics which are very useful in our next chapters.

Theorem 1.2.16. ( Holder’s inequality) Assume that f € LP(D) and
g € LYD) with 1 < p < oo and q the conjugate exponent, %+é = 1.
Then fg € LY(D) and

/ Faldz < [l llgll
D

1.2.12  Young Inequality

Theorem 1.2.17. For all non negative reals a and b and for all positive

reals p et q such that ]l) + é =1 and 1 < p, we have:

alP bl
ab < — 4+ —.
p q
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Remark 1.2.5. 1)A simple case of Young is for p=q =2

a? b
p< L0
W= +5

which identically gives Young inegality for all o > 0:

1
b < da®+ —b.
a_a+45

2) Young inegality can be written also under the form.:

1
ab < da’ + csb?, ol cs =0 ».

1.2.13 Generalised Young inequality

Theorem 1.2.18. (First form of the generalised Young inegality

):
Let ¢ >0 and f : [0,¢] = IR be a strictly increasing continuous function

such that f(0) =0, and let a € [0,¢c] and b € [0, f(c)], then

ab < /Oa f(x)dx + /Ob fHx)da. (1.8)

Graphic Interpretation

Theorem 1.2.19. (Generalised Young inequality :second form):
Let ¢ >0 and ® : [0,c] — IR a strictly convex function of class C* such
that ®(0) = ®'(0) = 0, for all a € [0,¢] and b € [0, (c)] we have

ab < ®(a) + D*(b)

where
o*(x) ::/O (@/)_1(y)dy pour x € ([0, c])
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VA

f;f_l(y) dy

ff(::::) dx

» X
d

Figure 1.1: Inégalité de Young

1.3 Existence Methods

1.3.1 Faedo-Galerkin’s approximations

The Galerkin method is a very general and robust to proof the existence
of solution to some evolution problem. The idea of this method is as
follows:

Starting from a posed problem in an infinite dimension space, we proceed
first by an approximation on an increasing sequence of finite dimensional
subspaces. Then we solve the approximated problem, which is in generally
easier than to solve directly in infinite dimension. Finally and in order to
construct a solution of the starting problem, we pass to the limit when
making the approximation spaces dimension tend to infinity in a way or
another. It should be noticed that, in addition to its theoretical interest,
the Galerkin method provides also a constructive approximation process.
We intend to apply this method to following Cauchy problem of a second
order evolution equation in the separable Hilbert space with the inner
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product (.,.) and the associated norm ||.|| .

{u%ﬂ+A@Mﬂ:f@ t € [0,77,

1.9
u(x,0) = up(z), v'(z,0) =ui(x), (1.9)

where v and f are unknown and given function, respectively, mapping
the closed interval [0, 7] C R into a real separable Hilbert space H. A(t)
(0 <t < T ) are linear bounded operators in H acting in the energy
space V C H.

Assume that (A(t)u(t),v(t)) = a(t;u(t),v(t)), for all u,v € V; where
a(t; .,.) is a bilinear continuous in V. The problem (1.9) can be formulated
as: Found the solution u(t) such that

uwe C([0,T);V),u € C([0,T); H)
(W (t),v) + a(t;u(t),v) = (f,vy t € D'(]0,T]), (1.10)
u €V, uy € H,

The problem (1.9) can be resolved with the approximation process of

Fadeo-Galerkin.

Now, we consider V,,, a sub-space of V' with the finite dimension d,,,

and let {w;,} one basis of V;,, such that .

1. V,, CV.Ym e N

2. V,, — V such that, there exist a dense subspace ¥ in V' and for all

v € ¥ we can get sequence {um}meN eV, and u,, > uin V.

3. Vm C Verl and UmGNVm =V.
We define the solution u,, of the approximate problem
um(t) = Z;l;nl g;j (t)wjma
um € C([0,T); Vin),ul, € C([0,T); Vin), tm € L?(0,T; Vi)
(u'lr;’b(t>? wjm> + a(t; um(t), wjm) = (f, wjm>7 1<y <dnm
Um (0) = 3297 &5 (8)wjm, 1l (0) = S5 15 (E)wjom,

(1.11)
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where
d

ij(t)wjm —> up in V.as m — oo
j=1
dm
an(t)wjm — w1 in V.as m — 00

j=1
In pursuance of the theory of ordinary differential equations, the system
(1.11) has unique local solution which is extend to a maximal interval
[0,t,,[ by Zorn lemma since the non-linear terms have the suitable regu-
larity. In the next step, we obtain a priori estimates for the solution, so

that can be extended outside [0, ¢,,[ to obtain one solution defined for all

t >0.

1.3.2 A priori estimation and convergence

Using the following estimation

T

et 1+l 1 < C{Hum(O)H2 + [, (0)]° +/0 Hf(S)IIzdS}  0<t<T
and the Gronwall lemma we deduce that the solution u,, of the approx-
imate problem (1.11) converges to the solution u of the initial problem
(1.9). The uniqueness proves that u is the solution.

1.3.3 Gronwall’s lemma

Lemma 1.3.1. Let ci, ¢y be two positives constants and let g, €

LY0,T) be non negative function such that gp € L'(0,T) and

o(t) < + 02/0 g(s)p(s)ds a.e in (0,T).
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Then, we have

o(t) < crexp <02 /0 t g(s)ds) a.e in (0,T).

1.4 Stabilization

The energie E(t) of The following problem:
'y + L(Vu) + g(u) = F(u) in Dx]0, 400].

are determined as:

1< Jug|'uge, up >= fD | g, wpdz = & (75 [ lw]2da) = 4 (25w 2)
2. < L(Vu),us >= 3 4 ([, B Vu)d:p)

3. < F(u),ue >= g (fp f(u)de).

Then E(t) = 5wl +fD (Vu)dz — [, f(

The problem of stabilization consists to determmate the asymptotic be-
haviour of the energy E(t), to study its limits in order to determine if
this limit is null or not and if this limit is null, to give an estimate of the

decay rate of the energy to zero.

Definition 1.4.1. ( stability degree): We distinguish three degrees of
stability We say that
1. The Stability is Strong if

2. The Stability is Uniform if

Vi >0, B(t) < cf(t),
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where ¢ is constant depending on the norm of the initial data and f is a

decreasing function f : Ry — Ry which satisfy

lim f(t) =0.

t—+00

3. The Stability is weak if
u(z,t) — 0 (weakly)
and
ur(x,t) — 0 (weakly) whent — +o00

in some Hilbert space.

1.5 Generalities on Stochastic Calculus

In this section, we will collect definitions and basic results of probability

theory in infinite dimensions.

1.5.1 Measure and probability

Definition 1.5.1.

A o-algebra (or o-field)(in French language it is said "une tribu” or "o-
algebre”) over a non-empty set ) is a family F of subsets of Q such that
i) Qe F

i) A e F implies A € F

i) if (An, n > 1) is a countable family of elements in F then | J,— Ay, €
F.

Definition 1.5.2.
Let Q be a metric space, the Borel o-algebra (or Borel field) Bg of §2 is the
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smallest o-algebra which contains all open sets. Br is also the smallest

o-algebra which contains all open intervals.

Definition 1.5.3. (Measure Spaces)
A pair (Q, F), where Q is a set and F is a o—algebra of subsets of €2,

is called a measurable space. A function p: F — [0, 00] is a measure on
(Q, F) provided that

1) u(@) =0
i) If {A}>2, C F is disjoint, then

M(U An) = ZM(ATL)

in which case we say that p is countably additive.
The triple (2, F, i) where (2, F) is a measurable space and p a measure

on (€2, F) is called a measure space.

Definition 1.5.4.

The measure 1 characterized by
p(la, b)) =b—a;a,b e Ra<b
is the Lebesque measure over (R, Bg) .

Definition 1.5.5.
A measure p o— finite if there exists (A,) C F such that A, C Anii,
U, An = Q and p(A,) < oo, n > 1.

Definition 1.5.6.
Let (Q, Fi, i), i = 1,2 two measure spaces with p;, 1 = 1,2 are o—finite.
the Product space measure (21 X Qo, F1®F2, 1 ®i2) is defined as: F1RF»
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is the smallest o—algebra which contains all Ay X Ao, with Ay € Fi,
Ay € Fo and py ® g is the unique measure over (€21 X Qo, F1 @ Fo) such
that

(11 @ p2) (A1 x Ag) = 1 (A1) pa(Az)

Definition 1.5.7.

A probability P is a measure such that P(Q)) = 1. If P is a Probability
over (), F), then (Q, F, P) is a Probability space,

where ) is the set of possible outcomes of the experience, F s called the

set of events and (2, F, P) is called sample space.

Definition 1.5.8. (Measurable Functions)
Let (21, F1) and (2, F2) be measurable spaces. A function

f : (Qbfl) — (927f2)
is (F1, Fo)—measurable if f~1(0) € F| for every 0 € Fy. If Qy = R, we

said f 1s F1—measurable.

1.5.2 Random variables

Definition 1.5.9.
A real random variable defined over the probability space (0, F, P) is a

mapping
X : Q — R such that X 1(B) € F for all B € Bg (i.e. a F— measurable

mapping) where By is c—algebra of Borel sets on the metric space R.

With this definition, we will given law of random variable X .
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Definition 1.5.10.
The map Px : Br — [0, 1] defined by

is a probability on Bgr. It is called the law of X and (R, Bg, Px) the
numerical replica of (Q, F, P) given by X.

A notion related with the law of a random variable is that of the distri-

bution function

Definition 1.5.11.
the distribution function of random variable X is a map Fx : R — [0, 1]
defined by

Fx(z) = P(X " ((—00,2])).

In the sequel, we shall write F' instead of Fx.

Properties 1.5.1.

The distribution function has the following properties:
(1) F is non-decreasing,

(2) F is right-continuous,

(3) lim, o F(z) =0 and lim,_, 1, F(x) = 1.

Definition 1.5.12.
1. A random variable X is discrete if it takes a countable number of

values, it has the following form

X:ZxHIAn
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where x, € R and A, = {X = x,} are disjoint events.
2. A random variable X is continuous if its distribution function can be

written as N
Fa)= [ty

where f 1s a positive, Riemann integrable function, such that fj;o fly)dy =
1.

The function f is called the density of F' and, by extension, the density
of X.

Definition 1.5.13. (expectation of a random variable)

The mathematical expectation of a random variable X is given as

E(X) = / XdP = / X(w)P(dw)
Q )
Hence
1. If X a discrete random variable then the mathematical expectation of
X emists if and only if

>zl P(Ay) < 00

neN
and it is defined as

E(X) =) x,P(A,).
neN
2. If X a continuous random variable then the expectation of X exists if

and only if

+00
/ |z| f(z)dz < oo
and it is defined as

E(X) :/_ xf(x)dx.

oo
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Definition 1.5.14.
The random variables Y and X , with distribution functions Fy and Fx

respectively, are said to be independent if and only if
Fixy)(w,y) = Fx(x)Fy(x).
where Fixyy : R x R = [0, 1] 4s distribution function (X,Y") defined as
Fixy(z,y) = P(X7'((—00,2]), Y~} ((~00,4])).

Definition 1.5.15.
Let X is a real random variable,

1. If E(X?) < oo one defines the variance of X as

V(X)=EX —-EX)%

2. The covariance of two real random variables Y and X s given as
Cou(X,Y) =E((X —EX)(Y —EY)).
Similarly definitions in R? valued random variables.

Definition 1.5.16. Let X = (X7, ..., X4) a random vecteur The expecta-
tion is defined coordinatewise (i.e.E(X) = (E(X3), ..., E(Xy))). Variance
is replaced by the covariance matriz : If B(X?) < oo; fori=1,...,d,

then the covariance matriz of X s defined as the d X d—matrix

CX =K ((AX'Z — EXZ)(X] — ]EX])) = OOU(XZ',XJ').
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[ V(X)) Cov(X1,Xz) ... Cov(X1,Xy) \
COU(XQ,Xl) V(XQ) COU(XQ,Xd)
\ Cov(X4, X1) Cov(Xg, Xa) .. V(Xa) )

1.5.3 Necessary inequalities

Theorem 1.5.1. (Hélder’s inequality)
For any real-valued random variables X andY defined on the probability
space (2, F, P), we have

EIXY| < (E|X]?)? (B[Y|7)"
where}%—l—%zl if p € (1,00).

Theorem 1.5.2. Jensen’s inequality
Let X is an integrable random variable(i.e. E(|X|) < oo) defined on the
probability space (2, F, P) and ¢ is a convex function, then

p(E(X)) < E(p(X)).

1.5.4 Random Processes

In what follow we will consider (2, F, P) a complete probability space

and 7" the unit interval .

Definition 1.5.17.

Let X == (X4, t€T) = (Xt) be a family of random variables defined

teT
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on (Q, F, P) and with values in a measurable space (E,B). X is called a
stochastic process (or random process) with sample space (), F, P),
state space (E,B), and time set T

The random variable w — X;(w) is the state of at time t and the mapping

t — Xi(w) is the sample path of X associated with w.

Definition 1.5.18. (processes types)

1. If T is countable (as T =N or Z), X is a discrete-time process.

2. If T is an interval in R (as T = [a,b], R+ or R), X is a continuous-
time process.

3. If (E,B) = (R, Br), X is said to be a real stochastic process.

Definition 1.5.19.

A process (X’f)teT is said to be measurable if the map X : T x 0 — R,
giwven by X(t,w) = Xi(w) is B(t) @ F—measurable where B(t) is the
Borel field of subsets of T'.

Definition 1.5.20.

We say that the stochastic process (Xt)t€[0,+oo) (T could be [0,Tp] or Ny
instead of [0,00) ) is progressively measurable (or, simply, progressive) if,
for every time t, the map [0,t] x Q — E defined by (s,w) — X (w) —
Xs(w) is B([0,t]) ® Fr—mesurable.

Definition 1.5.21.
A filtration (Fy, t € T) on a measurable space (2, F) is a family of
increasing sub o—algebra of F (i.e. Fs C Fy C F whenever s <t ).

Definition 1.5.22.
Let (F;, t € T) be a filtration. A process (Xy, t € T) is said to be adapted
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to the filtration (Fy, t € T) if Xy is Fr— measurable for allt € T.

Definition 1.5.23.
For a fired w € Q, the function t — X (w) is called a trajectory of X .

Proposition 1.5.1.
Suppose that the adapted stochastic process X = (X¢, t € T) has the
property that all of its trajectories are continuous . Then, X is progres-

siwely measurable.

Definition 1.5.24.
Let pu be a measure over (2, F). For 1 < p < oo, LY (Q, F, 1) is space
of functions f : Q0 — R such that

£l = ( / |f|pdu)p ifp<oo

| flloo = inf{c: uf{|f| > c}}, if p= 0.

All properties of lebesgue spaces cited in section 1.2.5 extended to LY (2, F, u).

and

Definition 1.5.25.

Let (2, F, P) be a Probability space and let G be a sub o-algebra of
F. Conditional expectation with respect to G is the mapping E(. /' G) :
L'(Q,F,P)— L' (Q,G, P) characterized by [, E(X /G)dP = [, XdP,B ¢
G, X e LY(Q, F,P).

Considered as a mapping from L*(Q, A, P) to L*(Q, G, P) it becomes
the orthogonal projector of L*(Q, G, P) (i.e. for each X in L*(Q,G, P)

, E(X /G) is the best approximation of X by a square-integrable G-

measurable random variable).
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In particular if G = o(Xy,t € T) (i.e. G is the smallest o-algebra such
that each X; 1s G - measurable and if F a filtration we said it natu-
ral filtration ) then B(X / G) is the conditional expectation of X given
(X, teT).

Definition 1.5.26.

A process (Xt) rer U8 said to be a martingale with respect to a filtration
(Fi, t €T) (or simply Fy-martingale) if

. It is (Fi)ier adapted.

E(Xy) < oo forallteT.

CE(X; S F) =X foralls <t, s,t €T

where E(. / Fs) denotes the conditional expectation with respect to Fs.

In what follow we consider H be a real separable Hilbert space with norm

||| and scalar product < .,. >.

Proposition 1.5.2.

Let R a linear selfadjoint and nonnegative operator on H (i.e. R = R* >
0 ) then it admits a bounded sequence of nonnegative real numbers (\;);>1
of eigenvalues, the corresponding eigenvectors (e;);>1 form an orthonor-

mal basis in H, satisfies that Re; = N\je;, j =1,2,....

Definition 1.5.27.

An bounded linear operator R is nuclear (or trace-class) operator on H
if

o

Z| <R6j,€j> ’ < 0

j=1
where (e;) is any orthonormal bases of H .The class N (H) of nuclear

operators is a Banach space with respect to the norm ||.[x = Y222 [Aj]-
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The trace operator

TrR = Z < Rej,ej >

j=1

is a well defined continuous linear functional on N'(H).

Proposition 1.5.3.

An operator R selfadjoint and nonnegative is nuclear if

TTR:i<R6j7€j >:§:<)\j€j,€j >= i)\j<oo

j=1 j=1 j=1

The space of this operators is denoted by N*(H).
In what follow we consider R € N'*(H).

Definition 1.5.28. A probability measure p on (H, N*(H)) is called

Gaussian if its characteristic function equal to

1 :
@u(u) == exp (z <mu> =g < Ru,u >> = / e <" u(dx)
H

where m(€ H) is called mean and R(€ N1(H))) is called covariance
(operator), p will be denoted N'(m,R) and if the random variable X

follow p, we said that X s a gaussian random and we note by u ~

N(m,R). Furthermore, for all h,g € H
/ < x,h > pu(dr) =<m,h >
and

/(<x,h>—<m,h>)(<$,g>—<m,g>)u(dx) =< Rh,g > .
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Moreover, for every m € H and R € N*(H) there exists a Gaussian

measure with mean m and covariance R

Definition 1.5.29.
A second order process X = (Xt € T) (i.e. E[|X|*> < o0) is called
Gaussian if all the random variables Zle a; Xy, 0 € Ry € T =

1,.., k are real Gaussian random variables.

Definition 1.5.30.
For a process X = (Xy,t € T) , the function t — X (w) is belongs to

some function space F' for all w € Q. We said X a F-valued process.

Definition 1.5.31. A Wiener process (or Brownian motion process)
We call W = (Wh)ier a R-Wiener process (or Brownian motion process)
for the filtration F; if a H-valued process and the following properties
hold:

i/ Wo =0 and W has continuous trajectories.

i/For every s < t, Wy — Wy is independent of Fs and Wy — Wy ~
N, (t —s)R),

where N'(m,T") design the gaussian law with mean m and covariance

operator I".
We have equivalent definitions for a R-Wiener process.

Theorem 1.5.3. Let W = (Wy)ier a H-valued process such that Wy = 0
and W has continuous trajectories. The following expressions are equiv-
alent:

i/ Wy is a R-Wiener process
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ii/ Wy is a centered Gaussian process (or zero-mean Gaussian process)

with covariance

Cov(Wi(x), Ws(y)) = min(t,s)R

iii/ the increments of W are independent, i.e. the random wvariables
Wy Wiy, — Wiy, o oW — Wi are independent for all 0 < ¢t < ... <
t, <T,n € N.

i/ There exist real and independent Brownian motion {(Bk(t))ier Hi>15uch

that

We=) VABit)e;

Jj=1

Proposition 1.5.4. 1. Let 0 < T < oo and denote by MZ(H) the
space of all H-valued continuous, square integrable Fy-martingales W =

(Wi)tejo.r), this space equipped with the following norm

[ M || vy = SEP] (E(IM]))

N
Mm
N
N —

1s a Banach space.
2. If W = (Wy)iepor) @ H-valued R-Wiener process for the filtration F;
then w € M%(H).

1.6 Stochastic Integral

For the whole section we fix a positive real number T and a probability
space (€2; A; P) and we define Q7 :=[0,T] x Q and Pr := dt ® P where
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dt is the Lebesgue measure. Moreover, let W = (W});c0m) a H-valued
R-Wiener process for the filtration F; . We set

Fr=cWs:Qr >R, 0<s<1)

and we define the class 7 of stochastic processes X = (Xj);co,m) such
that

(1) (t,w) = Xi(w) is L*(Qr, T ® A, Pr).

(2) X is adapted to (F)epo1] -

7 is called the class of stochastically integrable processes on [0, T]. Now
let € be the subclass of Z constituted by the elementary (step) process:
Xefif X €T and

k-1

Xi(w) =Y filw)lp (D) weQ0<EST.
1=0

Where 0 =ty < t; < ... < ty = T, [t;,t;11) open on the right except
[tx_1,t) which is closed, f; is member of L?(Q, F,, P), 0 <i <k — 1.

For such a process one defines the stochastic integral as

t t k—1
Int(X)(t) = /0 X dW, = /O X()AW(s) = 3 f (W(min{tisr. 1)) — W(min{t,.1}))

This Stochastic integral is a continuous square integrable martingale with

respect to Fy, t € [0,T], i.e.
Int :€ &€ - M3(H).

and it is linear isomorphism. Since M%(H) is a Banach space, this implies
that Int can be extended to the abstract completion & = 7 (i.e. £ dense
in 7), by continuity, Int(X)(t) has a unique linear extension to Z which
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is called stochastic integral on [0, 7] with respect to W denoted by
t t
Int(X)(t) := / XdWs = / X(s)dW(s),X €T
0 0

Stochastic integral has the following proprieties

1.6.1 Properties of the stochastic integral

The stochastic integral has the following properties:
o [ (aH\ +bHo)(s)dW (s) = a [, Hi(s)dW (s) +b [, Hy(s)dW (s)
o E(J;| H(s)dW(s)) = 0.

(o )?) =E( [y H(s)ds).

(ﬁH mﬁm@m%m:mﬁm&@m.

o B(fy H(s)dW (s)/Fu) = [ H(s)dW s).

Now we introduce It6’s formula, which will play a key role for our stability

QE

analysis.

Definition 1.6.1. (Ito processus):
Let F; be an increasing family of sub o-fields of F. A stochastic process
Y} is said to have a stochastic differential on [0,T], if fort <T

Y=Yy + /t Kds + /tG(s)dW(s), (1.12)
0 0

where
Yy is Fo measurable, K is adapted to F; with fOT | K|dt < oo with the
probability 1 and fOT |G4|?dt < oo with the probability 1.
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Theorem 1.6.1. (Ito’s formula)
Suppose that f € C?*(H; R™) and (Yy)o<i<r It processus :
t t
Y, = Y[)—|—/ sts-l—/ G(s)dW(s),
0 0

then
FO0 = SO0 [ ) Rds s [ FYIGE ()5 (VIGERE ()

Example 1.6.1. (Brownian stochastic integral example)

We apply 1t6’s theorem to ordinary standard Brownian motion with f(z) =
x?. We start in ( 1.12 ) being dW (we have Ky = 0 and G(s) = 1) we

obtaine

t 1 t
W? :2/ W(s)dW(s)+§/ 2ds.
0 0
We get
t
WE—t= 2/ W (s)dW (s).
0

Figure 1.2: It6 integral fot W (s)dW (s) (blue) of Brownian
motion W; (red) with respect to itself, i.e. Both the integrand
and the integrator are Brownian. It turns out fg W (s)dW (s) = (W2 —t).



Chapter 2

Energy Decay of Solutions of
Viscoelastic non-Degenerate

Kirchhoff Equation with a Time
Varying Delay Term

2.1 Introduction

In this chapter, we study the decay properties of solutions for the ini-
tial boundary value the problem of viscoelastic non-degenerate Kirchhoff
equation of the form

uy — M(||Vul?)Au — Aug + [§ bt — s)Au(s) ds
+ug(ug(z, t —7(t))) =0 in Dx]0, +o0],
u(z,t) =0 on 9D x [0, +o0], (2.1)
u(z,0) = up(z), u(z,0)=ui(x) in D,
[ ue(z,t —7(0)) = folz,t —7(0)) in Dx]0,7(0)[

where D is a bounded domain in R", n € N*, with a smooth boundary
0D, p is positive real number, h is a positive function which decays ex-

ponentially, 7(¢) > 0 is a time varying delay, ¢ is function and the data
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(uo, u1, fo) are initial conditions supposed to be in a suitable function
space. M(s) = a + bs? is a C'-function for s > 0, with a,b > 0 and
v =L

Due to their special properties in keeping the memory of their past trace,
viscoelastic materials present a natural damping. Effects of this later are
mathematically modeled by integrodifferential operators. Several impor-
tant physical processes like quasilinear bidirectional waves of shallow wa-
ter [66], the velocity evolution of ion-acoustic waves in a collisionless
plasma when an ion viscosity is invoked [59], the heat conduction in
viscoelastic materials analysis, electric signals in nonlinear telegraph line
with nonlinear damping, vibration of nonlinear elastic rod with viscosity
[41] and viscous flow in viscoelastic materials [5] are described by such
equations with the viscoelastic term.

For quite a long time, many authors have given attention to the non-
linear viscoelastic wave equations with homogeneous Dirichlet boundary
condition and then several works were achieved about the existence or the
nonexistence of global solutions, blow up results in finite time, and the
asymptotic behavior of the solutions for the viscoelastic equations. For in-
stance, Berrimi and Messaoudi [13] studied the problem when M (s) =1
without dispersion term or delay one but with the presence of a source

term:

¢
Uy — Ay + / h(t — s)Au(s)ds = |u|"u.
0

They gave a local existence result and under suitable conditions on h
with specific initial data proved that the solution became global with ex-

ponentially or polynomially decaying energy at the same time as the rate
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of the decay of the relaxation function h. While, Messaoudi [48] estab-
lished a particular decay result which is not necessarily of exponential or

polynomial type for the following similar problem in a bounded domain
gy — Auy + /Ot h(t — s)Au(s)ds =0
Generally speaking the problems of form
uy — o Auy + Au + /Ot h(t — s)Au(s)ds = §(u)

are really overworked, we refer the reader for example, but not limited
to Munoz Rivera et al. [54], Santos [65], Cavalcanti and Oquendo [17],
and so on.

In collaboration with Benaissa [11], Massoudi established the global ex-
istence of solution and the decay rate of the energy for the following

problem :
U — Aupyo(t) g1 (ug(x, t))+ poo (t) go(u(z, t—7(t))) = 0 in Dx]0, +00]

To be more precise in modeling real systems, there was a great interest
to partial differential equations with time delay which appears naturally
in many practical situations where it was shown that even an arbitrarily
delay can cause instability to the system. There were a lot of works that
deals with problem of constant delay perturbed systems, we can mention
the work of Kafini and Messaoudi [37] and the one of Yiiksekkaya and
Pigkin [72]. Yiiksekkaya et al. [73] treated the same issu in the case of
higher-order Kirchoff equation. Others authors like Mezouar et al. [52],
[51] took into consideration that the delay can depend on time .Recently,

Pigkin et al. [62] have gave a more general case where they delt with a
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coupled nonlinear viscoelastic Kirchhoff system with distributed delay
and source term. In our work we are interested to the Kirchhoff-type
M (|| Vu||?) viscoelastic equation (2.1) with distributed delay (g (us(z,t—
7(t))) without source terms. We intent to we obtain the decay properties
of solutions for the equation (2.1) and using Lyapunov functional, we are
meant for proving the stability of solution.

This chapter is organized as follows: In Section 2, we set necessary hy-
potheses and results. In Section 3, we state our main result. Finally, in

Section 4, we prove the uniform energy decay.

2.2 Preliminaries and Assumptions

Using the Sobolev spaces H?(D), H}(D) and the Hilbert space L*(D)
with their usual scalar products and norms.

The prime " and the subscript ¢ will denote time differentiation.

We introduce, as in the work of in Nicaise and Pignotti [55], the new

variable
Z(x7p7 t) - ut(xat - pT(t))7 LS Du pE (07 1)7 t>0.
Then, we get

T(t)ze(z, p, t)+ (1 —p7'(t))2,(x, p,t) = 0, in Dx (0,1) % (0, +00). (2.2)
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We rewrite the problem (2.1) as follows :

.

uy — M(||Vul]?)Au — Auy + fot h(t — s)Au(s)ds
+ug(z(x,1,t)) =0 in Dx]0, 400,
7(t)ze(x, p, ) + (1 = p7'(t))2(2, p, t) = 0, in Dx]0, 1[x]0, +o0|
§ u(z,t) = on 9D x [0, 00|
2(x,0,t) = ut(x t), on D x [0, 00|
u(z,0) = ug(x), uz,0)=ui(x), in D
| 2(z,p.0) = fo(z, —p7(0)), in Dx]0, 1].
(2.3)

We present some assumptions needed in the proof of our results.
(A1) For the relaxation function h : Ry — R, it is a bounded C*

function satisfying
a—/ h(s)ds =k > 0,
0
and suppose that there exist a constant ¢ > 0 such that
R'(t) + Ch(t) <0

(A2) g : R — R is non decreasing function of class C*(R) such that

there exist aq, g, ¢, co are non-negative constants, such that

{ a159(s) SSG(S) < ansg(s), (2.4)
— fo g(r)dr
and
{ cls| < lg(s)| < eals| if [s| > ¢ (2.5)
s2+g(s)? < H '(sg(s)) if|s| <e

where H : R, — R, is convex, increasing function of class C*(Ry) N

C?(R%) satisfying H(0) = 0 if H is linear on [0,¢] or H'(0) = 0 and
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H"” >0 on ]0,¢] and H~! denotes the inverse function of H.

(A3) 7 is a function in W2+>([0,T]), T > 0, such that

O<mp<7(t)<m, Vt>0
T'(t) <d <1, Vt>0

where 7y and 7 are positive numbers.

(A4) We also assume that

062(1 — 052)
——= < 1.
a2(d—1)
We define the energy associated to the solution of system (2.3) by
1 b ov11) 1 ! 1
E(1) = glhul+ g Vel + 5 (e = [ hds) IVulf+ 519

1 1
+ §(h0Vu)(t) + &7(t) / / G(z(x,p,t))dpdx
D Jo
(2.6)
where £ is positive constant such that

(1 — o) pron
ar(d—1) <é< oy’ 2D

and
wwmw=éhu—@wuw—w@@W@.

A crucial property of the convolution operator is stated in the following

lemma.

Lemma 2.2.1. /2] (Sobolev-Poincarés inequality ) Let ¢ be a num-
ber with

2<g<+o0 (ifn=1,2) or 2<q¢<2n/(n—2) (ifn>3),



2.2 Preliminaries and Assumptions 58

then there ezists a constant Cs = Cs(D, q) such that
lully < CllVullz for u € Hy(D).

Lemma 2.2.2. [58] For h,p € C([0, +oo[,R) we have

[ b = =50l oo 05 5w 0= | s )l

Remark 2.2.1. /6] Let us denote by ®* the conjugate function of the

differentiable convex function ®, i.e.,

d*(s) = stlelﬂg(st — ®(1)).

Then ®* is the Legendre-Fenchel (LF) transform of ®, which is given by
' (s) = s(0) () - B[@) )], if s€O,F@),  (28)

and ®* satisfies the generalized Young inequality
AB < ®*(A)+ ®(B), if Ae (0,9 (r)] Be(0,r]. (2.9)

Remark 2.2.2. [69] The Legendre-Fenchel (LF) transforms can also be

defined using an infimum (min) rather than a supremum (max)

®*(s) = inf(st — ®(t)).

teR
Now, the following theorem indicates the existence of global solution of

our problem. Its proof derives from the combination of the proofs given
in [51].

Theorem 2.2.1. (Global existence)

Let (ug,uy, fo) € HX(D)NHY(D) x H} (D) x HY(D, H*(0,1)) satisfy the
compatibility condition

fo(., O) = U.
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Assume That (A1)-(A4) hold. Then the problem (2.1) admits a weak

solution

u € L>([0,00); H*(D)NHy (D)), us € L>¥([0,00); Hy (D)), uss € L=([0, 00); L*(D)).

2.3 Main results

We have the following theorem concerning Uniform decay rates of energy

Theorem 2.3.1. Assume That (A1)-(A4) hold. Then, there exist pos-
itive constants wy, we, ws and gy such that the solution energy of (2.1)
satisfies

E(t) < ngfl(wlt —+ wg) vVt >0 (210)

where
1

Hy(t) :/t mds. (2.11)

Here, Hy is strictly decreasing and convex on (0, 1] with limy_,o Hy(t) =

+00,

Lemma 2.3.1. Let (u, z) be a solution of the problem (2.3). Then, the
energy functional defined by (2.6) satisfies

E'(t) < —)\/Dutg(ut) dx—ﬁ/pz(x, L, t)g(z(z, 1,t))d:l?—%h(t)”VU(t)HQ—F%(h,OVU)(t) <

where X = poy — &g and = E(1 — d)ag + p(1 — ).
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Proof. By multiplying the first equation in (2.3) by u; and integrating by

parts over D, we obtain

2 3l + =S IPulE ™ + Sall Dl + 17wl
t
—// h(t — s)Vu(s)Vu(t) dsd:v+,u/ut(:c,t)g(z(:v,l,t))d:v:().
D Jo D

(2.12)

Then, according to Lemma 2.2.2; the equation (2.12) becomes

[l + 5t VBT 4 2 ([ o)) IVl + Sl + Shovue
7 wl|s + 1) ully G i s)ds ulla + 5 IIVullz + S (hoVu) (&

+ SHOIVUOI = 5oVt + 4 [ wla.o(e(a1,0) do = 0.
(2.13)

Now we multiply the second equation in (2.3) by £g(2) and integrate the
result over
D x (0,1)

/ / zi(z, p, t)g(z(z, p,t)) dpdx = —f/ / (1—pr'(t G(z(z,p,t))dpdz.
So, we obtain
jt(fT(t)/D/Ol G(z(x,p,t)) dpdx) :§T’(t)/p/01 G(z(x,p,t)) dpdx
! 0
—¢ [ [ a=oren g Gt ) dpds
= [ [ (0 rm@nai ) dods

:—g(l—T/(t))/DG(z(x,l,t)) dm—i—f/DG(ut(x,t)) dx.
(2.14)
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Combining (2.13) and (2.14), we get

B(t) = €1 -7(0) [

D

+ 3 Wova)®) ~ 1 [ wloOg(e(a,1,0) do

G(z(x,1,t))dx+§/DG(ut(x,t))daz — %h(t)HVu(t)H2

From (2.4) and (A3), it follows that

E'() < —£(1 — d)ay /

A 2(x,1,t)g(z(x,1,1)) do + 5042/ ur(z, t)g(ug(x,t))

D
~ 1 [ e g(el, 1,8)) de = SHOITult)|? + 5(HoVu)(0)

(2.15)
From the definition of G and (2.8) we have
G*(g(z(x,1,1))) = 2(x,1,t)g(2(z, 1,t)) — G(z(x, 1,1)).
From (2.4), we obtain
G*(g(z(x,1,1)) > (1 — ag)z(z, 1,t)g(2(x, 1,1)). (2.16)
and
G(ug(x,t)) > aque(x, t)g(u(x, t)). (2.17)

By using the Remark 2.2.2, we get

ug(2(z, 1, 1)) = G*(g9(2(x, 1, 1)) + G(u(x, 1))

By combining (2.16) and (2.17), we deduce that

—Mutg(z(x, 17 t)) < _M(l - OQ)Z(‘rv 1,t))(g(2(56, 17t))) - Malut(xvt)g(ut(xvt))' (2'18>
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By replacing (2.18) in (2.15), we obtain

E(t) < —f(l—d)al/ z(m,l,t)g(z(m,1,t))d:n+§a2/ sz, £)g(ue(z, 1)) dz

D D
(1 — ag)/Dz(:n,1,t))(g(z($,1,t)))dz —ual/put(m,t)g(ut(m,t))dx

— AU + 5 (oTu) (1)
< (600 = d)or + (1 — 02)) [ (1. )g(:(.1,0)) da
~ (s = €02) | wla,g(ue.t) = SHOIVAOI + 5 (oVa)(0)

According to (2.7) we get non-increasing energy function. This completes

the proof. O

2.4 Uniform Decay: Proof of Theorem2.3.1

In the current section we study the solution’s asymptotic behavior of
system (2.1).

In order to prove our main result, we construct a Lyapunov functional
F' equivalent to E by defining some functionals which allow us to obtain

the desired estimate.

Lemma 2.4.1. Let (u,z) be a solution of the problem (2.3). Then, the

functional

1
I(t) :T(t)// e PG (2(x, p,t)) dp de, (2.19)
D Jo
satisfies the estimate
1)
10)] < ZE0).
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ii)
1
I <—2T(t)e—2ﬂ/p/0 G(z(x,p,t))dpd:v—al(l—d)e_QTl/Dz(x,l,t)g(z(x,l,t))dx
+a2/put(x,t)g(ut(:v,t))dx.

Proof. i) Since e=2"®7 is a decreasing function for 7(t) € [1y, 7] and by
using the definition of energy F(t), we have

]<Tt// —20rG(2(x, pyt)) dp da

ii) Taking the derivative of I with respect to ¢ we obtain

m\»—t

1
:// e_2T(t)p ()G (2(z, p,t)) + 7(t)2e(x, p, t)g(2(z, p, 1)) | dp dx

_2// DG (2(x, p,t)) dp da

/ / “or(t 1 —pr'(t ))G(z(w,p,t))> dp dz

—2// DrG(z(x, p,t)) dp da
where the second equality has been gotten from (2.2), so I'(t) becomes
1o
= / / aip e_QT(t)p(l le(t)p)G(z(m,p,t))) dpdx
2 / / 2001 — 7 (£)p)G(2(w, p, ) dp d
—27(t // pe 2T OPG(2(x, p, 1)) dp da

—/Gutxt ) dx — QT(t /G (z,1,1))

- // (1 -+ {(Bple T DPG (= (w, p, 1)) dp da.
Finally by using (2.4) and (A3) we find

I't) < —2I(t)+a2/

D

ut(a:,t)g(ut(x,t))da:—e_%(t)(l—d)oq/pz(x, Lt)g(z(x, 1,t)) du.
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As e i5 a decreasing function over [0,1] x [, 71], we have

1
I(t) ZT(t)// e MG(2(x, p,t)) dpde.
D Jo
Which achieves the proof. H

Lemma 2.4.2. Let (u,z) be a solution of the problem (2.3). Then, the

functional
o(t) :/utuda:Jr/ Vu;Vudz,
D D

satisfies the estimate
1)
1 o L7, 2 1 2
9] < Sl + 5 (e + 1) IVul? + 5 | Vel .
2 2 2
i)

1
¢ (t) < lluel® = M(IVull®)[Vull® + (1 +n)(a = k)| Vul* + @(’wVU)(t) + |V

- ,u/Du(:L‘,t)g(z(m, 1,t)) dx

where n > 0 and c4 is the Sobolev embedding constant.

Proof. 1) Using Young’s inequality, the Sobolov embedding, we deduce

1 1 1 1
6O < 5 lull3 + S lhull® + SV + 5|V

L
2

1 1 1
< Sl + 5 (4 1) 1Vul? + 511 Vul .

1 1 1
< Sl + 5EIVul? + S|Vl + 5Vl

ii) We derivative ¢(t) with respect to t and we use the first equation of
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(2.3), we obtain

&' (t) =/uttudx+/ |ut|2da;‘+/VuttVuder/VutVutda:
D D D D

— HUtH2 + / [utt — Autt}udaz + HVutHQ
D
'
= HUtH2 — M(HVUHQ)HVUH2 +/ Vu(t)/ h(t — s)Vu(s)dsdx
D 0

u /D ug(z(x, 1)) dz + | Va2
(2.20)

Young’s inequality, Sobolev embedding and (A1), allows to estimate the
third term in the right side as follow:

/DVu(t) /Ot h(t — s)Vu(s) dsdz < /Oth(t —s) /D ‘Vu(t)(Vu(s) — Vu(t))‘ dx ds
- HVu(t)HQ/Oth(t — 5)ds
< IVu0I [ 1) ds +nlvu? [ his)ds

L t
an Jo
< (L+n)(a—k)[[Vu(®)|* + ﬁ(how)(t)-

h(t — s)||Vu(s) — Vu(t))||* ds

which achieves the proof. H

Lemma 2.4.3. Let (u,z) be a solution of the problem (2.3). Then, the

functional

o(t) = /D (D — ) /O Bt — $)(u(t) — u(s)) ds dz.
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satisfies the estimates
1)

0(0)] < IVl + 50— k) (14 ) (hoVu) 1) +

5!
i)
V() < 8(a — k)M (|| Vul*) [ Vul* + 26(a — &)*[[Vul®

(M (25+%+uzz>( k)) (hoVu) ()

— %(1 -+ ci))(h’oVu)(t) + (5 + ¢ — /Ot h(s) dS) [V |
+ o]l g(=(z, 1,0))|I* — /Oth(S) ds )3

where My = a + b <%(O))W, cs 1s the Sobolev embedding constant and ¢

15 mon-negative real number.

Proof. i) From definition of ¢ we have

_ /D Vu, /O 't — $)(Vu(t) — Vu(s)) ds da

_/put /Oth(t—s)(u(t)—u(s))dsd:c.

By using Young’s and Hoélder’s inequality, we find
‘—/Dut/oth(t—s)(u(t)—u(s))dsdaj‘
; L (=) (e = ) u) = o)) as] o o
/ h(t —s) ds // h(t — s)|u(t) — u(s)|? ds dz

el | + 2(@ — k) (hoVu)(t).

IN
g5
S
+

I

IN

N | = [\D\H N | —
<
=
_w

IN
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Similarly
t 1 t 2
’—/DVut/O h(t—s)(Vu(t)—Vu(s))dsda:‘ < /D(/O h(t—s)\vu(t)—vu(s)ms) dx
+ 2 IVl
< 3o~ B)(hoVu)() + 3| Vu?

(2.22)

Combining (2.21) and (2.22), we obtain

1 1
S(a=k)(1+ ) (hoVu)(t) + 5 e
ii) We derivative ¢ by using the Liebnitz formula and by recalling the

first equation of (2.3), we get

1
90| < S Vul +

/M Vul|2) Vult )/th(t—s)(Vu(t) — Vu(s)) ds dz
// (t — $)Vu(s ds/ h(t — $)(Vu(t) — Vu(s)) ds do
[ et [ 0= s)(wlo) ~ u(s) ds do
- /D Vs /0 Bt — $)(Vu(t) — Vu(s)) ds da (2.23)
—/Dut/Oth’(t—s)(u(t)—u(s))dsd:n—HVut]Z/O h(s) ds
~ul® [ ns)ds

t t
:11+12+13+14+15—HvutH?/ h(s)ds—HutHQ/ h(s) ds.
0 0

Now we will estimate I, ..., I5 by applying Holder’s and Young’s inequal-
ities. We get

1

il < Mul) [ vu( [ neas) ([ ae = 91vut) - vats)as) i
< M(IVul®) (3| Vu()|? /0 h(s) ds + 4 (hoVu)(1)).
From (2.6) and lemma 2.3.1 we obtain

1] < SM([Vull)[Vu(®)[*(a — k) + %(how)( t) (2.24)
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where My = a + b(QEa(O)

D] <5/ /Oth £ — 5)(|Vu(s) (t)|+\vu(t)y)ds)2da;
</0tht—s |Vu(t) u(s)|ds>2dx
< 20| Vu(t)|? </0th(s) d5>2 (26 + 416> / (/Ot h(t — s)|Vu(t) — Vu(s)] ds)de

< 265||Vu(®)|2(a — k) + (25 + %)(a — ) (hoVu)(2).

(2.25)
2
lfs\Su<5Hg( (z, 1,1)* + 45( —k)(how)(t))- (2.26)
From (A1) we get
I4|<5/ |Vug)? dac+ / |R(t — 8)||Vu(t) u(s)|ds>2d$
<5Hvut||2+B —h'(t—s)) S/D/O (—h'(t — 3))|Vu(t) — Vu(s)|?dsdz  (2.27)
h() /
< 6[|Vu IIQ—E(h oVu)(t).
And recalling lemma 2.2.1, we get
1 t 2
Is| < 6| w3 + — B (t — —u(s)|ds) d
< sl ulg+ g5 [ ([ =l - ue)ds) ar .
2 2 h(O)cg !
< ocs|| Vuel|s — m; (h'oVu)(t).

Then, we completes the proof by substituting (2.24)-(2.28) in (2.23) . O

Now, for N, €1 > 0, we introduce the following functional

F(t) = NE(t) +e10(t) +(t) + 1(1). (2.29)
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Lemma 2.4.4. Let (u, z) be a solution of the problem (2.3). Assume that
(A1)- (A4) hold then F(t) satisfies,
)
F(0) < —mE(®) + c[lgtew L)+ [ ulr.0g(:(,1,0)]da],
D
(2.30)

with m, ¢ are non-negative constants.
ii) F(t) is equivalent to E(t).
Proof. By using ii) of lemmas 2.3.1-2.4.3 and by (A1), we obtain

F'(t) < —bl/Dz(azjl,t)g(z(azjl,t))dx—bQ/DUt(a:,t)g(ut(x,t))daj

1
—2T@w—%{/c/ Gl p. ) dpda — by M(|Vul®) |V
DJO
bl — bslIVurl? — b Fu(®)[2 — br(hoVa)(2)

+uwm4mem2—agéumxmw@J¢»m

for t > tg > 0 where

by = NB+ai(l—d)e ™ >0,

bo = NAX— g,

by = €1 —9d(a—k),

by = ho—eu,

bs = hy—6(14c%) — ey,

by = ot (1 n)a— ) — 25(a — k)"

B N h(0) 5 g1 Mo 1 c

to
hy = / h(s)ds and hy = min{h(t),t >ty > 0}.
0
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We take hy > e1 and ¢ is non-negative reel sufficiently small such that
bs, by and b5 are non-negative. After that we choose IV large enough such
that b9, bg and b; are non-negative.

Hence

F'(t) < =bsM([|Vul®)[[Vul|* = ballugl3 = bs||Vue||* = br(hoVu) (1)
1
- 27(t>€_2T1/ / G(z(z,p,t)) dpdx
D JO
+ gt LI+ per [ futag(x(e.1.0)| do
< —mE(t) + C[llg(Z(ﬂﬁ, L)|* + /D lu(z, t)g(z(x,1,1))| dﬂ«"}
where m = 2min{bs, %, bs, by, b7} and ¢ = pmax{J, e1}.
To show that F(t) is equivalent to E(t), we prove that there exist two
positive constants A\; and Ay such that

ME(t) < F(t) < ME(®). (2.31)

By recalling i) of lemmas 2.4.1-2.4.3, we obtain A3 non-negative constant
depending of €1, a, ¢5, E(0), k, & such that

)F(t) - NE(t)’ < ME(D).

By choosing N large enough such that Ay = N — A3 non-negative, This
finishes the proof. ]

2.4.1 Proof of Theorem 2.3.1

In the same way as in Mezouar and Boulaaras [51], we consider the

following partition of D

Di={x€D: |z(z,1,t)| <e}, Dy={xe€D: |z(x,1,t)] > e}.
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By using Young’s inequality and from (2.5), (2.6) and lemma 2.2.1, we
find

[ a1 0o + a1 015 < 0l + (55 +1) lote(e. 10}
< <415 + 1) A H ' (2(z,1,t)g (2(x,1,1))) dz
+ <415 + 1) Co /D z(x,1,t)g(z(z, 1,t)) dz
+6C7 | Vul3
<cs A H™ (2(x,1,8)g (2(,1,1))) dz

26C2
a

+ E(t) — CsE'(t)

(2.32)

where H! is inverse function of H.

By substituting in (2.30) we obtain

F'(t) < — <m — 25552> E(t)—CsE'(t)+cs A H Y 2(2,1,t)g9(2(x, 1,1))) da.
We put
B =m— 25552 > 0, for ¢ small enough
and
J(t) = F(t) + CsE(t).
So

J(t) < =BLE(t) + cs ; H (2(x,1,t)g(2(x,1,1))) dx (2.33)

and

J(t) still equivalent to E(t).

Now, under (2.5) we distinguish two cases corresponding to linearity of
H



2.4 Uniform Decay: Proof of Theorem2.3.1 72

e First Case: H is linear on [0, ].
From Lemma 2.3.1, we deduce that

J'(t) < —BLE(t) — cE'(t).

Thus
(J(t) + cE(t) < =B E(t).

We put L = J + ¢FE which still equivalent to £ and from the above

estimation L(t) satisfies

L(t) < L(0)e "

Hence,
E(t) < C(E(0))e ",

Since H is linear and from (2.11) we get Hi(t) = —cInt then
H{'(t) = e, this implies that

e Second Case: H is nonlinear on [0,&], in this case we benefit the

concavity of H~! and we apply Jensen’s inequality to obtain

-1 L zZ(x zZ(x T & Lz zZ(x T
(o [ e pee ) de) 2 [ B0 G gtete1.0) de

Hence (2.33) leads

J(t) < =BE(t)+cH™! (ﬁ A z(x, 1,t)g(z(x, 1,t))d:€> :

(2.34)
Now, we define the function Jy by:
E(t)
Jo(t) == H' J(t E(t
o) i= 1 (2ot ) J0) + (D)
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with €9 < € and 89 > 0. Then, we can find two non-negative con-

stants 71, 72 such that
mdo(t) < E(t) < vyado(t) < E(t) ~ Jo(t). (2.35)
Taking a derivative of Jy, we obtain
E'(t E(t E(t
Ji(t) = E((O))H” ( %) J(t) + H' (50%> J'(t) + BoE'(t).

Since £ <0, H >0, H” > 0 on (0,¢] and (2.34) we get

Jo(t) < cH' ( g((é))> H! (‘Dlﬂ . 2(z,1,t)g(2(, l,t))da:)
+ B2E'(t) — BLE(t)H' (aog((é))) :

According to the remark 2.2.1, we will get

H! <|1>11| [ =100t 1.1) dx) Jod <

5)=m (7 (+50))

x’ 17t g Z($7 17t))
|D1\ D

(
<eozn (250
(

z(x,1,t)g(z(z, 1,t)) dz

|D1| D1
Hence
J(t) < — (BiE(0) - >§((3))H <€o§((f)))>
+ S a1, )g(z(a, 1,1)) dx + BoE'(F).
|D1’ D1

From lemma 2.3.1, we get

B o (- E() ,
) < = (BB - ) o 1 (2o )+ (82— 2 ) B
We put 5 = 5

D | By choosing ¢y small enough, we have

Jo(t) < —wg((é))f[’ <50§((8))> (2.36)
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where w = 1 E(0) — cgp > 0.

Now, let Ji(t) = VEE‘](OO(; ) still equivalent to E(t).

As tH'(eot) a positive increasing function on (0, 1] then from (2.35),
(2.36) gives

J{(t) S —lel(t)H/ (€0J1(t)) .

Therefore, from (2.11), we deduce that

1

Ji(t) < lei A’

which leads to
!/
{Hl(Jl(t))} < wy.

Then by a simple integration we obtain
Hl (Jl(t)) S wlt + Hl (Jl(O)) s

thus,
Jl(t) < Hl_l(wlt + "LUQ). (237)

Finally, from the equivalence between J;(t) and E(t), (2.10) is de-
duce from (2.37).



Chapter 3

Local well-posedness and blow up of
solution to a Logarithmic quasilinear

equation with delay term

3.1 Introduction

3.1.1 The model

In this chapter we investigate the following initial boundary value prob-

lem:
[ Jusl'wre — div(p(|Vul?)Vu) — Dug + g ug[ g
Fpalug(t — 7)™ Tug(t — 7) = ulu[P72 1n |ul*, in D x (0,7),
u(z,t) =0 on 9D x (0,7T), (3.1)
u(z,0) = up(z), u(z,0)=ui(x) in D,
ug(x,t — 1) = folx, t —7) inDx]0, 7|

where D is a bounded domain with a sufficiently smooth boundary in
R", (n > 1), 1, m, p1, pe, p, k are positive constants, 7 > 0 is a time de-
lay and (ug, u1, fo) are the initial data in a suitable function space. Here,
u(x,t) represent displacement. —Auwuy and |u|™ tuy are the dispersion
term and the nonlinear damping term respectively.



3.1 Introduction 76

In the presence of viscoelastic term on wave equation many authors stud-
ied the following problem:

g gy — Au— Augy + fg h(t — s)Au(s)ds + f(ur) = g(u) in Dx]0, +o0],
u(z,t) =0 on D x [0,+oco[, (3.2
u(z,0) = up(z), u(z,0)=ui(x) in D.

In the absence of source term (i.e. g(u) = 0), Hang and Wang [35] ob-
tained the global existence and established uniform decay results for
flus) = u(x,t) and for f(u;) = —yAu; Cavalcanti et al [15] proved
a global existence of weak solutions and showed the relaxation function
decays exponentially. In the absence of damping term (i.e. flur) = O)
and for g(u) = blu[P?u with b > 0 and p > 2, Liu [45] discussed the
general decay result for the global solution with positive energy that blow
up in finite time. However, Messaoudi and Tatar [50] used the potential
well method, they studied that the viscoelastic term is strong enough to
ensure the global existence and uniform decay of solutions provided that
the initial data are in same stable set. Song [67] considered the problem
(3.2) without dispersion term (i.e. — Auy = 0), for f(us) = |u|* %u; and
g(u) = |u[P~2u. He studied the global nonexistence with positive initial
energy solution. The same issue was treated by Messaoudi [46] for [ = 0,
he showed a blow up result for the solution with negative initial energy
if p > m, and a global result for p < m.

Pigkin [60] studied the following non linear hyperbolic equation

ug — div(|Vu|™Vu) — Aug + g7 uy = ululP~t, in D, t >0,
u(z,t) =0 on 9D, t > 0, (3.3)
u(z,0) = up(xz), u(z,0)=ui(x) in D.

He investigated the global existence, decay and blow up of solution.
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In the absence of dispersion term, Park [57] treated problem (3.1) for
[=0,p=1, m=1and p=2

gy — Au A+ pyug + poug(t — 1) = ulnul®, in D x (0,7),
u(z,t) =0 on 0D x (0,7,
u(z,0) = up(x), u(z,0)=ui(x) in D,
u(x, t — 1) = folz,t —7) inDx]0, 7.

She showed the local and global existence of solutions using Faedo-Galerkin
's method and the logarithmic Sobolev Inequality and they establish the
de cay rates and infinite time blow-up for the solution using the potential

well and perturbed energy methods.
In [37], Kafini and Messaoudi have treated a similar problem with the
absence of viscoelastic term for / =0, m =1 and p=1

ug — Au+ prug + poug(t — 1) = u|ulP~2In|ul¥, in D x (0,T),

u(z,t) =0 on 0D x (0,7), (3.5)
U(IL', 0) = uﬂ(x)7 Ut(JJ, 0) = u1<l') in D,
u(x,t — 1) = fo(z,t — 1) inDx]0, 7.

They proved the local existence result by using the semigroup theory
and they showed a blow up result for the solution with negative initial

energy.
In [51], Mezouar and Boulaaras have studied the global existence and
stability of solutions of a nonlinear viscoelastic kirchhoff equation in a
bounded domain with a time varying delay in the weakly nonlinear inter-
nal feedback in suitable Sobolev spaces by means of the energy method
combined with Faedo-Galarkin procedure with respect to the condition
of the weight of the delay term:

gl uge — M(|[Vul|?)Au — Aug + [3 h(t — s)Au(s) ds

+u1g1(ue(z, ) + poge(ue(z, t — 7(t))) =0 in Dx]0, +oof,
u(z,t) =0 on &D x [0, +oo], (3.6)
u(z,0) = up(z), u(z,0)=ui(x) in D,

[ w(z,t —7(0)) = fo(z,t —7(0)) in Dx]0,7(0)].
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After that in [52] they studied with the collaboration of Allahem the
following problem:

Jug|'uge — M(|[Vul|?)Au — Aug + [3 h(t — s)Au(s) ds

+rng1(ue(z, 1)) + paga(ue(w, t — 7(t))) = kuln ful in Dx]0, +00f,

u(z,t) =0 on 9D x [0, +oo], (3.7)
u(x,0) = ug(z), w(x,0)=ui(zx) in D,

ut(z,t —7(0)) = fo(z,t —7(0)) in Dx]0,7(0)[.

Note that, the naturally appearance of logarithmic nonlinearity in in-
flation cosmology and supersymmetric filed theories, quantum mechanics
and nuclear physics (see [10], [31]) makes of it to be of much use in
physics. Such kind of problem can be applied in many different areas of
physics such as nuclear physics, optics and geophysics (see [9]).
Recently, Piskin and Irikil [61] show the finite-time blow up of solutions
negative initial energy to the following problem with p—laplacian and
logarithmic nonlinearity:

uy — Au — div(|VuP=2Vau) — Aug + |ug|™ 2u = uluP~2In|u|, in D x (0,T),
u(z,t) =0 on 9D x (0,T),
u(z,0) = up(x), u(z,0)=ui(x) in D.

(3.8)

The organization of this chapter as follows: In Section 2, we give some
hypotheses and state local existence. We finish by Section 3 when we

prove the blow up of solutions.

3.2 Preliminaries

Throughout this paper, we denote by .|| and ||.||, norms of L*(D) and

/

LP(D) respectively. The prime ' and the subscript ¢ will denote time

differentiation.
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Now we introduce, as in the work of in Nicaise and Pignotti [55], the new

variable
z2(x,p,t) = w(x, t —1p), x €D, pe(0,1),t>0.
Then, we have
Tz (z, p,t) + 2,(x, p,t) =0, in D x (0,1) x (0, 4+00). (3.9)

Therefore, the problem (3.1) is equivalent to

(

|ug|'ug — div(p(|Vul?) V) — Aug + g Jug|™ g
tpolz(z, 1,8)|™ t2(2, 1,t) = ululP~2 1n |ul”, in Dx]0, +o0],
Tz(z, p, t) + 2,(x, p,t) = 0, in Dx]0, 1[x]0, +o0]
§ u(z,t) =0, on 9D x [0, 00|
2(x,0,t) = w(x,t), on D x [0, 00]
u(z,0) = up(z), u(z,0) =u(x), in D
| 2(z.p,0) = fo(z, —pT), in Dx]0, 1].
(3.10)

To state and prove our result, we need the following assumptions.

(A1) Assume that [ satisfies

2

0<l<-% ifn>3
O<l<oo ifn=1,2.

(A2) Let p(s) = by + bes?, ¢ > 0 where by, by are non-negative constants
and by + by > 0, for s > 0.
(A3)
2<p< -5 ifn>3
{ =S = (3.11)

2<p< o ifn=1,2.
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(Ad) p2 < pu.

2(np+2)

(A5) k < ™he

where ¢ = [vulp Is a positive constant
~ Vur B AP '
We define the energy associated to the solution of system (3.10) by

1 42 1/ 2 1 2 K
P(|Vul?)dz + ||V —||ul?
gl + 5 [ POV de + IVl + 5 ull

! 1
+§// zmH(aj,p,t)dpdx——/ P In |u|* da
D Jo D Jp

where £ is a positive constant such that

E(t) =
(3.12)

Ham

M2
Tm+1 ( )

<E<
§ < 7( m 1

S

and P(s) = / p(&)dE, s > 0.

0
Now, we state the following lemmas needed later.

Lemma 3.2.1. (Sobolev-Poincaré’s inequality ) Let q be a number with
2<g<+oo(n=1,2) or 2<q<2n/(n—2)(n>3),
then there exists a constant Cs = Cs(D, q) such that
lully < CslIVull for u € Hy(D).

Lemma 3.2.2. (The general logarithmic Sobolev inequality )[18, 1]

2

U\x a

/‘u |p10g I ()] )dx+n(1+1oga)|\u||gp(p) < —|IVull, ), Yu € H)(D)
lull (o) m

where a s any positive number and D C R".
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Lemma 3.2.3. [37] There ezists a positive constant C > 0 depending
on D only such that

[Jul[h < C’[/ |ulPIn|u|Fdx + HVuHﬂ’
D
for any u € LP(D), provided that [, |ul|Pln|ul*dz > 0.

Lemma 3.2.4. [37] There exists a positive constant C' > 0 depending
on D only such that

lully < € [llully + 1 Vul?),
for any uw € LP(D) and 2 < s < p.

Lemma 3.2.5. [19] ( logarithmic Gronwall inequality)
Let ¢ >0,y € LY0, T, RT) and

w: [0,T] = [1,00)
satisfies
w(t) < el +/0 y(s)w(s)in(w(s))ds), Vt € (0,T).

Then ,
w(t) < cexp (c/o y(s)ds), vt € (0,T].

3.3 Local existence of solution

Theorem 3.3.1. (Local existence) Let ug € Wol’z(qH)(D) N LPT(D)
and u; € L*(D). Assume that (A1)-(A5) hold. Then, for some T, > 0,

the problem (3.1) admits a weak solution

w e C(10,T,); W2+ (D) 0 171(D)),
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and

w, € C([0,T5,); LA(D)) N L™(D x (0,T5,)).

we proof the local existence after showing that the energy functional
(3.12) is uniformly bounded by E(0) and is decreasing in the following

lemma.

Lemma 3.3.1. Let u is a solution of the problem (3.1). Then, there exists

a positive constance Cy such that the energy functional (3.12) satisfies

E'(t) < =Co [lue(t) i + ll2(z, L[] <0. (3.13)

Proof. By multiplying the first equation in (3.10) by wu;, integrating by
parts over D, we obtain
d/ 1

(g3 + 5 (sl vl +

2(q+1) 1 2
s ) + i)
+ gy || || +u2/ wlz(z,1,8) " 2(x, 1,t) do = / wpu|ulP~? In ju|* de.
D D

(3.14)

We have

1
/utu|u|p_2ln]u|kdx: i / |u|pln|u|kdaz} —k/ upu|ulP? dx
D dt p D

drl
p Ege — 2P
=&l [Pl do = Sl

Consequently, equation (3.14) becomes

d 1 [+2 1 2 1 9 k
dt(HQHutHZiQ 2/DP(IW\ ) dz + 5 IVudll; + 5 luly

— = [P falt de) = il = e [ wlse 107 (w10 do
D

(3.15)
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"

We multiply the second equation in (3.10) by &|z(z, p, t) z(x, p,t), we

integrate the result over D x (0, 1), to obtain

1 1
ﬁ/p/o zi(z, p, t)|2(z, p, )| 2(x, p,t) dpdx = —5/ / zp(z, p, t)|2(2, p, t) | L2 (, p, t) dp da

!Z z,p,t) Im“) dp da

ey (Hz(x, LDt = 12(@,0,0 175,

Hence

d 1
5 [ [ 1ot dpds = £ (e 101 = e lla1)
t D Jo T
(3.16)
Summing up (3.15)-(3.16) and using Young’s inequality to estimate the

last term in (3.15) the assertion (3.13) is established where Cy = min{pu; —
£ po & _ pam

T m+1’ 7 m+1

} positive. O

Proof. Local Existence

Let ug € W2 (D), uy € HY(D) and f, € HY(D, H'(0,1)) we will
use Faedo-Galerkin method to prove the existence of solution of (3.1).
Let T > 0 and {w’ };en be a basis of VV1 2(qH)(D) and V, = Vect {w’, j =
L,r}.

We construct an approximate solution leads to this basis as follow

r

u'(t) =) I (tw (x).

j=1

Now we define, for 1 < j < r, the sequence ¢’(z, p) as follows:
¢ (2,0) = w’.

Then, we may extend ¢’(z,0) by ¢’(z, p) over L*(D x (0,1)) such that
(¢7); forms a basis of L*(D, H*(0,1)) and Z, = Vect{¢’; j = 1,r}; so
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the approximate solutions z, take the following form

r

(1) = 30 A0 (o).

j=1

Hence (u”, 2¥) satisfying, for all 1 < j < r, the following ordinary differ-

ential equations:
(Juf["ugy, w?) = (div(p(|Vu'?)Vu'), w?) + (Vug, Vo) + g (Jug [ g, w?)
+(po|2"(x, 1, )" 12" (2,1, 1), w) = (u"|u"|P~2 1In [u" |F, w),

(721 + 2, ®) =0,

(3.17)
corresponding with the following initials conditions:
( 2"(x,0,t) = uy(z,1),
u'(0) = ufhy = 3 (ug, w)w! — ug, in WHAHD(D),
j=1
< . (3.18)
U;(O) - u?{ - Z(ulawj)wj — Uy, in H&(D)7
j=1
Zr(p’ O) - 256 - Zl(f())gb])gb] — f07 n H&(D7H1(07 1))
\ J=

From the generalized Holder inequality and according to Sobolev embed-
ding this term (|u}|'u?,, w’) make sense.

The ODE theory ensure the existence and uniquess of solution of system
(3.17), the solution is (™7, d'7) is twice differentiating in [0, ¢,.), for some

0 <t. <T.We can extend ¢, to T by this first a priori estimate.
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From lemma 3.3.1, we have

(F®) < -a[lwon+ 1 @ o] <o

m+1
By integration, we get

m+1

t
E'(t) - E'(0) < —Co/0 )t + 1127 (1, )| ds.

Then, we obtain

t
F)+Co [ [l + 12 @ 1ol < 20,

the (3.18) implies that

t
B0+ G [ [l + @ lilas <o 319
0

where

. 1
B (1) = s 53 + 5 (v +

k T
) + S IV + I

—|—§// 12" (z, p, )| dpdx — /\u P 1n |u"|” da.

Consequently

1 r
Sl + 5 (7 +

r12(g+1 1 r k r
wS) + IV +
p
t
v [ [ 1 nortdpae 0o [ [l + 1 sl o
D JO 0
1 r rk
<c+-— [ [WPlnlu|"de.
pPJp

Now by applying Lemma 3.2.2 we get
/\u\pln\u\kdx— /|u|pln\u|daj
a2

. [ [l o [l ||p+—HVu I5 = 5(1 +1n a)l[u"[|7] -

| /\
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We introduce this estimation on the above calculus, we obtain

1
Pl + 5 (VP + 29w + IVl
kE/1 n 2k
# 20 S o)) | = IV < e+ o
pi\p 2
(3.20)
As 2 < p, hence ||Vu'||* < Cp||Vu'||h where Cp = |D|%
So we choose # a positive number such that
biCp — 2L ) Vg
b < < _( w ) IVl (3.21)

[Vur|]> — Cp||Vur]y’
Such that

r r r a2k r
0 < (b = 0) (IV||* = Cpl| Vu[[}) < bu|[Vu'||* - W—pHVU 15

Then (3.20) leads

by 2+ | Lo s
g + sV 5 + 51V
[+2 2(¢+1) 2
o . (3.22)
Yiilaa )TP< B2 m (|,
Ho (g m @)Wl < ea [ ]
Note that (3.21) holds true if
a* IV mpby || V|2
< by =a < : (3.23)
IVur]y k[ Vur(p
Now, we choose a small enough such that
1 np
—+g(1+1na)>02>a<e_ e (3.24)
p

In conclusion, we will choose

[0 [[ VU2
e a
k(| Vur|lp
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and this selection is possible from (A5).
Let us note that:

p [P s = W@~ O)F
By integration over D we get
t
lu" (@)1l = HUT(O)H%LP/D/O [ (5) [P~ ug(s)ds da.

We apply the Young’s inequality with exponents ]% and p, we find

@y < O+ | [ Sl @las + - [ ltolgas]
Under (A3) and lemma 4.2.1 this estimation becomes
01 < O +o | [ 5191 + S [ 19
From (3.22), we obtain
t
[u" ()]} < Hur(0)|\§+p0/0 IVu"(s)[[p n [[u”(s)[[ds.
Applying lemma 3.2.5 | we get
P < CecT. (3.25)
So, from (3.19), we get the first estimate:
152+ IV |2 + Va2 + a2+ [V 20
+ 0o [ Ml + 1w Llgt]as 620

<c(1+Ce“in(CeT)) = Ay
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The estimate implies that the solution (u”, 2") exists in [0, T") and it yields

u” is bounded in L3, (0,00, H' (D)), (3.27)
uy is bounded in Ly, (0,00, Hy(D)) , (3.28)
2"(x,1,t),u; are bounded in 73, (0,00, L™ (D)), (3.29)
u" is bounded in L7;. (O, 00, Wol’Q(qH)(D)) : (3.30)

)

and once A is a bounded operator from Wol’Q(qH)(D) — (I/Vol’2<qu1 (D))
defined by Aw = div (p(|Vw|?)Vw) . It follows from (3.27) that

A(u") is bounded in L ([0, al (W(}’?@“)(D))') . (3.31)

loc
Applying a similar priori estimate II to [64], we get
we L™ ([O,T]; w2 (py o LPH(D)),ut e L ([0, T; LA(D))NL™*1 (D x (0, T)).
Using a well-known result (Lemmas 8.1-8.2, Lions and Magenes [44]) it
follows that u € C, ([O, Ty WOI’Q(qH)(D) N Lp“(D)) and u; € Cy, ([0, T]; L*(D))N
L™ (D x (0,T)). By using the lemma 2.11 in [63] we get regularity. The
proof of Theorem 3.3.1 is finished. ]

3.4 Blow up of solutions

In this section, we study the blow up of solutions of (3.1).
Before starting the result of blow up of solutions we need to stating the

following lemmas which will be used in the proof.

Lemma 3.4.1. There exists a positive constant C' > 0 depending on D

only such that

N
(/ [ufP In ]u|kdx) gc[/ [ulP In |u|kdx+||vu||2]
D D
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for any v € LPY(D) and
0.

]% <N <1, provided that [ |ulPIn |u|*dz >

Proof. We distingue two cases :

e Case 1. If [ |ulPIn |u|*dz > 1,
N
then as A/ < 1, we have (fp |ul? In |u|kd:1:> < [o|ulPIn |u|tdz.

e Case 2. If [ |ulPIn |ul*dz < 1, then as 2% < N <1 we have

(/D|u|pln \u\kdx)N < (/D\u|pln \u\kdx)pil
< (/ [ul? In |u|kd:z:>pil,
Dy

where Dy = {x € D : |u| > 1}.

Hence

N
([ 1 ultde)” <l < C2Ivalf,

So the result of lemma 3.4.1. O

Lemma 3.4.2. There exist a positive constant C' > 0 depending on D
only such that:

Jul? < C[( [ JuPn fu'de) + |9ul]
D
provided that [}, |u’In |u|dz > 0.

Proof. First, we set a partition the D as follow:

D,={zxe€D:|u/>e}and D_={z € D: |u| <e}.
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From (A3) and the increasing of logarithmic function on D, we have

1
[Jul[f < —/ |u|pln|u|kdx+ep/ ‘E‘pdx
k D, p_ €

1
< —/ |u|p1n|u|kd$+ep/ ‘E‘de
k D, p_ €

< 0[/ uf In Jul'dz + |Vul?)
D,

where C' = max{}, C2e?~?}.

Using the fact that
lull* < Collull;

< c[/ up Inful*dz + |[Vul]’
D

SC'[(/D|u|pln|u|kdx)§+||Vu||§].

The proof is finished.
O

Theorem 3.4.1. (Blow up of solution) Suppose that (Al)- (A4)
hold, furthermore assume thatl > 2, p > max{m+1, 2(q+1)%, [+2}
and the initial energy E(0) define by

1
142

k 1 1
+—2HUOH£+§// zm“(x,p,())dpd:v——/\uO\pln\uO\kdI,
P D Jo PJp

1

1
B0) = g lullz3+ 31Vl + 5 | POVl da

is negative. Then, the solution of (3.1) blows up in finite time.

Proof. Let u be a solution to (3.1).
We assume that [ > 2, p > max{m+1, 2(q+1)%, [4+2} and E(0) < 0.
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We define
o(t) l+1/ |ut|utudx+/VutVudx (3.32)
Gt):/ P In Jul* da (3.33)
and i
H(t) = —E(t). (3.34)

The assumption £(0) < 0, (3.13) and (3.12) implies that H is a positive
increasing function and

H'(t) > Co([lue(t) i1 + 2z, 1O ImTh), (3.35)
H(0) < H(t) < G(1). '
We set ) . )
— + q 1
Y= T g D) 2 (3.36)

Differentiating (3.32) with respect to ¢ and using the first of (3.10), we

obtain
60 = [ [div(oVaP)Tu) = funf s = gl 10" o(o 1.
D
1
el ol | wde + —— w1+ |V
[+1
el + IVl = [ p1vaP)vaf o

RS
— ,ul/ |y | P dae — ,ug/ |2(z, 1,8)|"  2(2, 1, H)ude + / |ul? In |u|* da.
D D D
(3.37)
From the definition of E(t) and (3.34), we note that
[ TPVl do < o+ b)) Vul S
b (3.38)

<2+ 1) :2 b (—H(t) + %G(t)) |
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Also by using Hoélder’s inequality, we have

[ wde] < uful de <l el o
D D

Since p > m+ 1, by using the embedding ||u|[m+1 < Cp||u||, and Lemma
3.2.3, we obtain

1/p
| [t wuds] < Eo( [ il do -+ [ 9ulR)

< oG ([ fupinfulde-+ 1 9u?) ™ iz
(3.39)

By recalling (3.36), (3.35) and using Young’s inequality, (3.39) leads
/ | M da| < OpH(t )p S / |ul? In |ul® dz + ||Vul| ) +4dm HutHnm,Liﬂ
< CDH(O)TTH(S / ul? In |ul* dz + || Vul )

+OSTmH(0)m T H () VH ().
(3.40)

Similarly, we obtain
‘/ (2, 1,8)|" 2z, 1, Hude| < CpH(0)r 7714 /\u\pln\u\kdx—l—HVuH )

+C§ wH(0 )p mHHH( YYH'(t).
(3.41)

Combining (3.38), (3.40) and (3.41) in (3.37), and recalling the definition
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of energy we obtain

1 by +b 11 2
& (1) 2 Il + IV + (2(q + 1) == + Ol + o) H(0) 7713 H (1)
b1 + b9 11,2
1-2 1 —0 HQ)r m1(— +1 t
1200 D = 600G+ p)HO) 70 (4 1] GO)
— 67w C o1 + ) H(O)r 7 H () H (1),

Since p > 2(q + 1)blb—tb2, by taking 0 small enough such that

by + b 1, 2
0= 1 =20+ 1) 22 500 + po) H(0)F 75 (—— 4 1) > 0.
pbs pb
Consequently
&' (1) = C Il + I Vud + H(t) + G()
s o (3.43)
=5+ ) HO T B (),
Now, we set as in [6, 8, 29]
U(t) = H(1)' + eo(t) (341

where € is a positive constant to determine later.

We have

W'(t) > LH' () H 7 (t) + eC |luell 3 + [ Vue|* + H(t) + G(t)|. (3.45)

For a choice of € < 1 small enough such that

1 1

L=1—7—el nC(p1+ po)H(0)r 1t >0

and
H(0)+ e/ ]u1|lu1u0 dr > 0,
D
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and as H is a positive increasing function (3.45) becomes
W)z Cllull+ IVul® + HO +GO)| - (3.40)

which implies ¥(t) > ¥(0) > 0.

Now we will show that there exists a positive constant ¢ such that
P'(t) > cep(t)” for t €[0,T), (3.47)

!
Wherey—m>1.

To do so, we distingue two cases:

e Case 1. If ¢(t) < 0 for some t € (0,7], then we have the following

result
Y(t) = (HE)' ™ +eo(t)” < H(t) for t€[0,T). (3.48)

Hence
Y'(t) > CeH(t) > Cep(t)” for t €[0,T). (3.49)

e Case 2. If ¢(t) > 0 for some t € (0,T], we note that
Y(t) <2V N (H(t) + ep(t)”) for t€[0,T). (3.50)

By using Holder’s, Young’s inequalities, p > [ 4+ 2 and noting that
1 < v <2 forsome t € (0,7T], we have

1 v
60" < |l el + [Vl
< C(Jlullilul, + [ Ful | Val)
(3.51)

I+1)v v v v
< C (Il Nully + Va1 Vul)

v(i+2)

C (53 + ™ + [Vl + |Vl

IA
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Since 2 < s = % < p, we apply successively lemma 3.2.4 and

Lemma 3.2.3, we obtain
lully < Cllullh + [IVull?)
(3.52)
<C (/ ulP In |ul® do + \|Vu\|2> :
D

From Lemma 3.3.1 we have E(t) < E(0) < 0, hence

IVull 2 < ¢ (I ulde)) =

<o D gy ey

2(q + 1)
bs

<C (G(t)) eETIcEsyl

Since v < 7, 80 we have [C=TIeTS)] < 1, then by using Lemma

2(g+1) +1
3.4.1 the assertion (3.53) becomes

IVull;™ < (G +[|Vul®) - (3.54)

Combining (3.52) and (3.54) in (3.51) we obtain

()" < C (luell 23 + Vel * + I Vul® + G (1))

2 1
SCOMM@HWWW+E(<mﬂ+?W0+G®)
2 2
<0 (i + IVall? = 2H0) + (2 +1) 60)).

By substituting (3.55) into (3.50) we get

vy <2 | (1-55) 10+ Ce(lulig + 19wl + 6) .

(3.56)
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We choose € small enough such that 1 — % > 0 we can find a
positive constant ¢ such that
(1) < ce| H(E) + w53 + [Vl + Go)]. (3.57)
From (3.46) and (3.57) we have
U (t) > cep(t)”, YVt € [0,T). (3.58)

Hence, (3.47) is established and v (¢) blows up in finite time 7', where

T < celap(0)7/ 07,

The proof is completed. ]



Chapter 4

Blow-Up for a Stochastic Viscoelastic
Lamé Equation with Logarithmic

Nonlinearity

4.1 Introduction

In recent years, stochastic partial differential equations in a separable
Hilbert space have been studied by many authors and various results
on the existence, uniqueness, stability, blow-up, other quantitative and
qualitative properties of solutions have been established.

In this chapter, we consider the following problem of stochastic wave
equation :

up — pAu — (A + p)V(divu) + /t h(t — s)Au(s) ds

e |72y = ululP~2in|ulf + ea(;,t)Wt(x, t) in Dx]0, 00|, (4.1)
u(z,t) =0 on 0D x [0, +o0],

u(x,0) = ug(z), w(x,0)=uq(x) in D,

where D is a bounded domain in IR", n € IN*, with a smooth boundary
0D , u, A are the Lamé constants which satisfy > 0, A+ >0, his a

positive function, p > g > 2, the constant k is a small non-negative real
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number; and L?(D) is the set of square integrable function on D equipped
with the inner product (.,.) and its norm ||.||s.

W (z,t) is an infinite dimensional Wiener process, o(z,t) is L?(D) valued
progressively measurable and e is positive constant which measures the

strength of noise.

It is commonly to observe a wave motion as physical phenomenon which
is mathematically modeled by a partial differential equation of hyperbolic
type. Much has been written about such equations regarding their wide
spread applications to engineering and sciences. However, for more real-
istic models, the random fluctuation had been taken into consideration
which led to introduced stochastic wave equation in 1960’s. Several exam-
ples of linear stochastic wave propagation and applications can be found
in [24]. Mueller [53| was the first who investigate the existence of explo-
sive solutions for some stochastic wave equation. Motivated by Mueller
[53], Chow [23] was interested by knowing how does a random perturba-
tion affect the solution behavior for a wave equation with a polynomial
nonlinearity. He was concerned with the existence of a local and global
solutions the stochastic equation:

{ Ut = Au + f(u) + O'(U)Wt(l',t) inze Rda > 07 (4'2)

u(z,0) = g(z), u(z,0) = h(x),

where the initial data g and h are given functions, the nonlinear terms
f(u) and o(u) are assumed to be polynomials in u. Four years later, he
[22] established an energy inequality and the exponential bound for a
linear stochastic equation and gave the existence theorem for a unique
global solution for the randomly perturbed wave equation:

(4.3)

{ ug + 20u; — Az, 0x)u(z,t) = f(z,t) + o(x, ) Wi(x,t) inx € Rt >0,
u(z,0) = up(z), u(z,0)=wvo(x).

In 2009, Chow |21] studied the problem of explosive solutions for a class
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of nonlinear stochastic wave equation in a domain D C R? for d > 3,

{ g = (A — a)u+ f(u) + o(u,x,t)W(x,t) inz €D, t>0, (4.4)

u(z,0) = g(z), u(z,0) = h(zx).

We can mention some other works such as Cheng et al. [20] who studied
the existence of a global solution and blow-up solutions for the nonlinear
stochastic viscoelastic wave equation with nonlinear damping and source
terms:

t
up — Au + / h(t — s)Au(s) ds

0
|92 uy = ululP~2 + eo(x, t)Wi(x,t)  in Dx]0, 400, (4.5)
u(z,t) =0 on 0D x [0, +o0],
u(z,0) = uo(z), w(x,0)=ui(z) in D.

The authors proved that finite time blow-up with non-negative proba-
bility or it is explosive or it is explosive in energy sense for p > q.
Moreover, Kim et al. [38] considered the stochastic quasi-linear viscoelas-
tic wave equation with nonlinear damping and source terms:

t
|ug|Pug — Au — Auy + / h(t — s)Au(s) ds

0
+|ut|q_2ut = u|u’p_2 +€O’($,t)Wt(l‘,t) in DX]07+OO[7 (46)
u(x,t) =0 on 9D x [0, +o0],
u(z,0) = up(z), u(z,0)=ui(x) in D.

They showed the existence of a global solution and blow-up in finite
time.

Recently, Yang et al. [71] treated the following stochastic nonlinear vis-
coelastic wave equation:

t
|ut|Puge — Au — Augy + / h(t — s)Au(s)ds = o(x,t)Wy(z,t) in Dx]0,+ool,
0
u(z,t) =0 on 0D x [0, +o0],
u(z,0) = up(z), u(z,0)=ui(x) in D.
(4.7)
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They established the existence of global solution and asymptotic stabil-
ity of the solution by using some properties of the convex function.
However, it was noticed that the logarithmic nonlinearity appears nat-
urally in many branches of physics such as nuclear physics, optics and
geophysics (see [31] and [27]). These specific applications in physics and
other fields attract a lot of mathematical scientists to work with such
problems. In the deterministic case, Al-Gharabli [4] investigated the sta-
bility of the solution of a viscoelastic plate equation with a logarithmic
nonlinearity source term for the following problem:

¢
u + A%+ u+ / h(t — s)Au?(s) ds = uln|u|® in Dx]0, +oo],
0

w=29 =0 in D x]0, +oo] (4.8)

u(z,0) = up(z), u(z,0)=ui(x) in D,

where D C R? is a bounded domain with a smooth boundary 0D. The
vector v is the unit outer normal to 0D, and h is nondecreasing non-
negative function.

Mezouar et al. [52] treated a more general problem where they consid-
ered the following nonlinear viscoelastic Kirchhoff equation with a time-
varying delay term:

([ Juefug — M(|Vul|?) Au — Ay + [ h(t — s)Au(s) ds
+p1g1 (ue(x, b)) + pogo(u(x, t — 7(t))) = kuln |u| in Dx]0, +o0],
u(x,t) =0 on 9D x [0, +o0], (4.9)
u(z,0) = up(z), u(z,0)=ui(x) in D,

[ w(z,t —7(0)) = fo(z,t —7(0)) in Dx]0,7(0)[.

The chapter is organized as follows: In section 2, we introduce some ba-
sic definitions, necessary assumptions, and lemmas that are helpful in
proving our main result. Section 3 is devoted to show the blow-up of the

solution of our problem.
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4.2 Preliminaries

Let (€2, F, P) be a complete probability space for which a filtration {F;, ¢ >
0} of increasing sub o—fields F; is given and W (x,t) be a continuous
Wiener random field in this space with mean zero and the covariance

operator @) satisfying

Tr(Q) = Z)\i < 00.

W (x,t) is defined by
Wz, t) =Y VABi(ei(t), j € IN*, £ >0,
j=1

where §;(t) is a sequence of real-valued standard Brownian motions mu-
tually independent on the probability space (€2, F, P), A; are the eigen-

values of (), and e; are the corresponding eigenvectors. That is,
er = /\jej.

Note E(.) stands for expectation with respect to probability measure P.

Let H be the set of LY = L2(Q2V, V)-valued processes with the norm

()1 =& [ 106:) yds = E [ Tro(s)Qo (s))ds < o,

where ¢*(s) denotes the adjoint operator of ¢(s) and V' = Hg (D) which is
equivalent to H*(D). For any process ¢(s) € H, we can define the stochas-
tic integral with respect to the ()-Wiener process as fot ¢(s)dW (s) which
is a martingale. For more details about the infinite dimension Wiener

process and stochastic integral, we refer to Da Prato et al. [25] (p. 90-96).
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To state and prove our result, we need some assumptions.

(A1) Assume that k : IRY — IR" is a C! nonincreasing function satis-
fying .
h(0) > 0, ,LL—/ h(s)ds =1>0
0

and there exist tow nonnegative constants ¢; and ¢, such that
—qh(t) < B (t) < —gh(t), t>0.

(A2)

(A3) p>q>2and

2 _

2= s

n—2 (4.10)
2<p<+4o00 ifn=12.

2<p<

The following theorem state the existence and uniqueness of a local solu-
tion of our problem; the proof can be established by combining the proof

given in |20, 52].

Theorem 4.2.1. Assume that (A1) and (A3) hold. if (ug,u1) € H(D)x
L*(D) and Efg lo(t)]|3dt < oo, then there exists a solution in which
holds (4.1) on the interval [0, T] in the sense of distributions over (0,T") X

D for almost all w a test function such that
(u,up) € L2(Q; L([0, T]; (H*(D) N Hy(D)) x Hy(D)))

NL*(Q; C([0. T); Hy(D) x L*(D))).
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We define the energy associated to the solution of system (4.1) by

1 1 ! A
e(t) = gllull + 5 (1~ [ his)ds) IValf + 252 divul
2 2 0 2
) I 1 (4.11)
~(hoVu)(t) + —|lul> — = Pln|ul*d
+3(hoVu®) + Slully = [ fuinfulds
where ,
(hov)(®) = [ bt = 9)o(t) = (9 ds.
0
We rewrite (4.1) as an equivalent [t6’s system
du = vdt,
t
dv = [,uAu + (A + )V (divu) — / h(t — s)Au(s) ds
0
—|v]|9720 + u|u|p_2ln|u|k] dt + eo(x,t)dWy(z,t) in Dx]0, +o0], (4.12)
u(z,t) =0 on 0D x [0, +o0],
U((II, 0) = uU(x)7 'U(.’B, 0) - Ul(-’II) n 57
which can be written as the integral equation
( u(t) = up + fg v(s)ds,
t
v(t) =v(0) + fg [uAu + (A + p)V(divu) — / h(s — r)Au(r) dr
0
—|v|9=2v + u]u‘P—2ln]u\k} ds + fot eo(x, s)dWs(z,t) in Dx]0, 400,
u(z,t) =0 on 9D x [0, +o0],
u(z,0) = up(z), v(z,0)=ui(z) in D.
(4.13)

Lemma 4.2.1. [2/(Sobolev-Poincaré’ s inequality ). Let m be a number

with
2<m < 4oo(n=1,2) or 2<m<2n/(n—2)(n>3)
then there exists a constant Cs = Cs(D, m) such that

lull < CillVullz for w e Hy(D).
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Lemma 4.2.2. [58]. For h,p € C(]0, +oo[, IR) we have

[ b = —gn0lle(ol5ow) 55 [(ow) = | als) )]

Lemma 4.2.3. Let (u,v) be a solution of the problem (4.12) with the
t

initial data (ug,vo) € H} (D) x L*(D), E/ |o(s)|l3ds < co. Then, the
0

energy functional defined by (4.11) satisfies

O [ ollas—3 [ (MVMMMB+;/Wwvw@¢

+ /0 (0(s), oz, $)dW,) + / / (2, 5)dads.

(4.14)

Proof. We can apply the Itd formula to (4.12) for each x € D after

integrating the above equation over D to get
1012 =I[v(0)2 + 2/ / )2+ (0 4 )V (i) — / h(s — ) Au(r) dr
0
t
— Jol %+ ulul?2Inful*] dsdz + 2 / (0(s), e, 5)dIV.)
0

+622//)\e o*(z, s)dxds.

(4.15)

By using integration by parts, we get

t t
,u// Auv(s)dzds = —,u// VuVudsdx
D Jo D Jo (4.16)

— L (I ult)} - IVu()3).



4.2 Preliminaries 105

/D/Oto‘ + 1)V (divu(s))v(s)dsdr = —(A + p) /D /Ot divu(s)divu(s)dsdx

A, :
= —2E ldivu(®)]3 — [divu(0)]

(4.17)

By applying Lemma 4.2.2, we have

/t/ /Sh(s — 7)Au(r)v(s)drdxds
/ / / s — 7)Vu(r)Vo(s)drdzds -

= [ (3HIvue)1z - 50 0T
+ 550w = [ hyanvuts) ] )as

We have

// ul|ulP™ 2ln|u|kué,,dsdgr:—// \p ln\u|kdxd5
-[{/ {}?d%w oty

_ %\u(s)\p%(m\u\k)}dw}ds

1 k
— - p k _ P
[ Guinful'y)ds = -l

By replacing (4.16)-(4.19) in (4.15) and multiplying equation (4.15) by

3, we arrive at (4.14), O
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4.3 Blow Up

We prove our main result for p > ¢ we purpose

E/ /02(£E,t)d£€dt< 00,
o Jp
t
E/ /)\jei(x)az(a:,s)da:ds,
o Jp

G(o0 / /)\ e; (x, s)dzxds

(4.20)
_ETT cgE/ / (x,s)dzxds == Ey < o0,
where
Tr(Q Z)\ < oo and co—sup|\ej\|oo<oo
j=1

Lemma 4.3.1. Let (u,v) be a solution of system (4.12) with initial data
(ug,vo) € H (D) x L*(D). Then, we have

d 1 5 1 /
%Ee( ) =—El@)|i- §h(t)EHVU(t)||2 + §E(h oVu)(t)
(4.21)
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Eu(t), v(t)) = Euo, ur) — / E|[Vu(s)|2ds
~(x +tu) / E|divu(s)|3ds
+E/0 /0 h(s —r)(Vu(r), Vu(s))drds
_E / t<u<s>, o(s)|120(s))ds
IE / (u(s), u(s)[u(s)Pinfu(s) F)ds
—i—E/O Hv(s)H%ds

Proof. Using It6 formula and by following the same way as our discussions

(4.22)

in lemma 4.2.3 with taking the expectations, we obtain (4.21) .
We multiply the second equation in (4.13) by u and integrate the result

over D, and we take expectation; we obtain (4.22). [

We set H(t) = G(t) — Ee(t). As h is a positive decreasing function so

d 1
H'(t) =G'(t) — 2 Be(t) = Eljv[[§ + §h(t)EHVU(t)H§
) (4.23)
— §]E(h'0Vu)(t) > EHUHZ.
Consequently,
H'(t) > 0. (4.24)

Lemma 4.3.2. Let (u,v) be a solution of system (4.12). Assume that
(A1) holds. Then, there exists a positive constant C such that

. 1 1
Elut)l11 <C(G(0) — () = ZEI0l + 0E [ fuPinful'ds -
4.25

1 A+ .
- SE(hoVu)(t) - =5 PE|divul} + Ellul1),
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where 2 < s < p+ 1.
Proof.
1 5 1 k
G(t) — H(t) — SE[v]z + —]E \“‘pl"‘“‘ dz
1 A
— §]E(h0Vu)( ) — —EHdzqu2 + Eflu %E
1
= Ee(t) — _EHUHQ + —E/ |u|pln’u’kd$
2 p Jp

1 A
— SE(hoVu)(t) + Ellull} - ST LB divl}

p+1
1 1 !
:—Euutn%—ﬁ(u— | tsyas) v
A+ k
+ —E||dwu||2 + E(hoVu)( )+ EEHqu (4.26)

——E/ uplnukd:c——]E v||?
5 D\ [Inful SElv
1 1
+ —E/ |ulPIn|u|"dz — §E(h0Vu)(t)

At 1
——Elldivulls + Ellu[
1

t
k
=5 (0= [ heas) BNV + SRl + Bl

1
> 5nauvuug + E||ul’t].

p+1

The last inequality is getting from (A1).

e Case 1. If |Jullp41 <1, then |lull®, < |ull?

p+1 p+1-

By applying lemma 4.2.1, we obtain [|ul|?,; < ¢||Vul|3, then

1 k 1 1 s
§lEHVUH§+]§EH ullpiy > lEHu”p+1+ EIIUHZLZEHUHM-

1
o Case 2. 1f [[uflpy1 > 1 then [JullT; > [Julls,;.
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Hence,
1 1.1 5 5
SEIVulls +Ellullyt > SEIVulls + Ellullpsy > Elfull;...
Consequently we obtain (4.25). O

We are ready to state and prove our main result for p > ¢. For this

purpose, we define
L(t) := H(t) + 6E(u, v),

where

p—1 p+1—q}
(p+1)" (p+1)q

and ¢ is a very small constant determined later.

0<ac< mm{2 (4.27)

Theorem 4.3.1. Assume (A1) and (A2) hold. Let (u,v) be a solution
of system (4.12) with initial data (ug,vy) € Hi(D) x L*(D) satisfying

Ee(0) < —(1+ 8) By, (4.28)

where [ is nonnegative constant and Ey is given (4.20). If p > q, then
there exists a positive time Ty € [0,T] such that

lim E(e(t)) = 400,
t—=Ty

where
1l —«

T aKLTR(0)
L(0) = H™*(0) + 6E(ug, uy) > 0,

To

and K 1s given later.
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Proof. Let
L(t) = H(t) + 0E(u,v).

A direct differentiation of L(t) gives
L(t) = (1= a)H (O H'(t) + 8| — uB||Vu(t) [}
t
— O\ B dival|2 + IE/ h(t — r)(Vu(r), Va(t))dr
0

= Eu(t), [v(t)|* (1))
+ E(u(t), u(t)|u()"infu()|") + Ellvo(t)||3

(4.29)
= (1= Q) H () H'(t) + | ~ uE||Vu(?)]}

~ (A + p)E||divul]? + E /Ot h(t — r)(Vu(r), Vu(t))dr
— E(u(t), [o(t)|*%0(t)) + E(u(t), u(t)[u(t)~?inlu(t)]")
+ Ello(t)3] + op| H(t) - G(t) + Ee(t)].
Recalling (4.23) and (4.11), (4.29) leads to
L'(t) > (1= a)H*(O)E|o||? + op(H(t) — G(t))
52— BV + 62 + DB

- SB{ult) (O 20(e) ~ TE [ h(s)as]|Tul

t (4.30)
+ 6]E/0 h(t —r){Vu(r), Vu(t))dr

ok
+ Ot 35 = DE|divl3 + ~TEulf

+ %E(h oVu)(t).
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By using Young’s and Holder’s inequalities, we get
t t
E/ h(t — r)(Vu(r), Vu(t))dr = E/ h(t — r)(Vu(r) — Vu(t), Vu(t))dr
0 0

n E/o h(s)ds||Vu(t)]f3

P 1 t 2
> —SE(hoVu)(t) - 2_29E/0 h(s)ds||Vu(t)]2

+ E/O h(s)ds||Vu(t)][3.
(4.31)

Hence,
L(t) > (1 - a)H “(OE|lv]l2 + op(H(t) — G(¢))
+6(2 — WEIVu() + 62 + DEJo)3
— OE(u(t), [v(t)|"v(t))

L p t 2
51 = 52 = DE [ b Vulo)
op

_ ?]E(hOVu)(t) + %E(hOVU)(t)

Ok 8G - DBl + DBy )
> (1 ) B (OE[oll] + dp(H (1) — G (1)
+3(5 — WEIVu()}

+ 5(‘; + DE[Jvll3 — 0Eu(t), [v()[**(?))

51— 5= B [ nlas|Vulo)

ok
+ (A4 m)3(5 — VE||divul}3 + —Elulf;
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As ¢ < p+ 1 then Efu(t)[|? < cEHu(t)|gﬁ so by using Young's and

Holder’s inequality; we obtain

Eu(t), [o(t)[0(t)) < (Euv<t>|!q)qql(ﬂ«:uuu)uq);

< c(Eo(@)]|9) T (Elu(t)|2])7

< (Bl T E (@) (Bl
q—1 51_ p+1 p+l 7
Sc(Té(EH ®112) + >—(Ellu <>Hp+1>> (Bl D)

‘ =

—

(4.33)
where ¢ and ¢ are constants.
We consider the following partition of D:
Di={zxeD: |ul>1}, Dy={zxeD: |ul <1}
We have
]E/ |ulPln|u|fde = E/ ulPIn|u|"dx + E/ |ulPIn|u|dx
D D, D,
< IE/ ulPinlultdz
D, (4.34)

< E/ k\u\pﬂda:
D,
1
< KE[ul??).

By (4.24), (4.28) and —Ee(0) = H(0) we have

(1+ 96 < (14 BB < HO) < H(®)
<G+ 1R / ufPInultd (4:35)
< B ulPln|ul"dx.
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Therefore
1
G(t) < ——H(t 4.36
() < 500 (4.3
From (4.34), (4.35) and (4.36), we get
B
VEu) 1 > B [ Ml 2 p(10) - G) 2 pr ),
1 (4.37)
As H is increasing positive nonnegative function and by recalling ( 4.27),
we get
F pr1\ P s (=) gGE-1
< p+l ¢
(EROED)™ < (v ) ()
B ><,,¢1;> ;
< H*(t 4.38
< (rins () (4.38)
s

Taking into account (4.38) in (4.33) we find

Blute). o)) < (el )7 ) T e (Bl o)

+ (el ) 2 Bl ) o)
(4.39)
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Substituting (4.39) into (4.32), we get

L'(t) > (1= a)H *(OE|vll§ + 0p(H(t) = G(1)) + (5 ~ DE[Vu(b)]l

D 1 p !
+ 5(5 + DE|jv[5 + (1 — 5 §)E/ h(s)ds||Vu(t)]]3
% 0

+ v )3 — DB dival - s Delol e
ok
— 0Bl (0) +
(4.40)

1 1

where a1 = c(k(f—fﬁ))pﬂ 0.

Using lemma 4.3.2 we arrive at

L0 = (- a -2 sl + p((0) - 610) + ol - VEIVu()

1 t
+ 5(%’ + DE|jv| +6(1 — % g)E/ h(s)ds|[Vu(t)|l3 + (X + u)é(g — DE||divu
0
p+1

1 1
- 52 0)C (GO — H(®) ~ Sl + JE [ Jultnful‘de + Blul]
D
A ok »
—EE(hoVu)() =5 Elldivul}) + ~"ElJul},
(4.41)

Once € is fixed, we pick 6 small enough so that

| _a_smle=D. oy
q
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it implies that

L(t) > 6(p+ € ) (H(1) ~ G(0)) + (5 + 1+ azi

1
= 8¢ E [ [ullnful'ds + 50+ ) (6705 + (&~ 1)) Eldivul
)

k .
— Ellelly - Saz€' E|ully ;.

TOE[v]l3

1
+ 5a2£1_q§]E(h0Vu)(t) + dazE|| Vu(t)|3 +
(4.42)
where ay = CUH(0) and a3 = p(§ — 1) + (1 — > — g)/ h(s)ds
0

which is positive from (A2).
From (A1), (4.11) and Lemma 4.2.1, we have

1 A +,u
H(t) ~ G0) > 5Bl — (5 +20)B|Vull3 — T Elldivul} ~ JE(hoVu)(1)

k ]
—_2E||u\|g+—E/ |u|pznyu|kdx+1a||u\|gﬁ.

D D D
(4.43)

Now we add and subtract das(H(¢) — G(t)) in (4.42) and using (4.43),
we find

>6(p —a4—|—a2§1*q)( (t)— G(t))
5( +1——+a2 51 NE|v||3
+4(

3 )\+u)( 712 + (5 -1) - ) Elldivul
+ 0 (agg'” q——a4) (hoVu)(t) (4.44)
(- a () BV u(o)

5k

p (1- E)EHUHP 2(@4 — agﬁlq)]E/D |ulPln|u|*dz

+0(as — a2§1_q)EHUH§ﬁ,
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where ay = min{a' 9, 2%} > (.

? u+4C,
Using (4.37), we obtain
! B 1-
> op—— S q
L(t)_5p1+5H()+5( +1-5 * o+ as 5 )E||vl3
1—q®2 Py _ M '
+o0+p) (€2 +(E-1) 2>E\|dwu\|2
J
+ §(agfl_q — ay)E(hoVu)(t)
p+ 4Cs 2
+5(a3—a4( 5 ))EHVu(t)H2 (4.45)
5k
t —(1— ;)EHUHP + 8(as — ast" " E||ullp 1

> y(H(t) 4 E|v||3 + E||divul|? + E(ho Vu)(t)
+E[[Vu@®)[]5 + Ellul? + EHUH?E)
> 0,

where v > 0 is the minimum of the coefficients of H(t), E||v||3, E|/divul|3,
E(hoVu)(t), E[|[Vu(t)|5 and E|[u| in (4.45).
Consequently

L(t) > L(0) > 0,Vt > 0.

Next, we have

1

(L()™s = (H'(t) + 6E(u, v)) 7=

< o™ (H(t) + 675 |E / wvdz] ). (4.46)
D
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Therefore, by using Holder’s and Young’s inequalities, we obtain

|E/ uvdz| T < < c(Blull741)? (Ellol3 )2>
D

< ¢(E|lu))?,) 7 (Bljo||2) 7= (0.47)
_<
(Ellull )™ (Eljv]3)™=
+
g ¢

: 1 1 _

We choose ( =2(1 —a), n = 21(1:23) and we use (4.27) so (4.47) becomes

B [ udel s < (1= 2Bl + Bl

(4.48)

<c By +E\|v|\§] ]
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By applying Lemma 4.3.2 with s = %20& and recalling (4.11), we obtain

1

|E/ wode| ™5 < c[G(t) — H(t) - %EHUH%
D

1 1
+ —E/ ulinful*dz — ZE(ho Vu)()

A+ 1
- TEHdZWHQ +Efulpiy +Ellv]l3]

1 1 !
(BN + 5= [ h(o)ETul?
0

Atpi k
+ “LE| divul)3 + SE|ul};
p

1
+ §]E(h0Vu)(t)

1 1 1
_ —]E/ uPlnful*dz — SE[o]3 + —IE/ ulPinlul*dz

Db Jp

1 A
~ SE(hoVu)(t) - °5 E||dwu||2+E|\v||2+EHunziﬂ

At g

1
< c[Elloll + BNVl + Sl + =5 Bl divul}

CE(ho V) (r) + Eful]].
(4.49)

1 1 1 1 A+ :
= < 277 (H() + 077 |Elvl}} + SuE|Vull} + S LE| divul

k 1
+ Ellully + GE(ho Vu)() + Ellully])
< C|H() + Eljoll3 + B Vul}} + Elldivull} + Ellul

L E(hoVu)(t) + Euungﬁ],
(4.50)
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Ap <k
cOT-a 51,
2 chris k)

~ N a1
where C' = 2T-amax{l, cdT=, c)Ta

According to (4.45) and (4.50), we have
L 5 / T/
ey < S < ko).
Y

In a direct integration of (4.51), we get
1

(L(t)™= > - :
—a Ko
(L(0)) e — £
11—«
aKLTa(0)

Therefore, L(t) blows up in time T' < Ty =

completed.

(4.51)

and the proof is

[]
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