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Abstract

The present thesis investigates the global well-posedness and the asymptotic behaviour of the
global solution for some problems arising in Mathematical elasticity. The first model consid-
ered is an abstract viscoelastic equation that includes several PDEs of hyperbolic type such
as the wave or plate equation. The second problem is a non-dissipative wave equation with
memory-type boundary condition localized on a part of the boundary. The third system is
the one-dimensional Timoshenko beam with a linear strong damping and a strong constant
delay acting on the transverse displacement of the system. The fourth one is the Porous
system subjected to a nonlinear delayed damping acting on the volume fraction equation.
The last one is the Bresse system with three control boundary conditions and interior delay
in all the three equations. Some well-posedness results are based on the semigroup theory,
whereas the others are obtained by combining the Faedo-Galerkin’s procedure with some en-
ergies estimates. Furthermore, to study the solution’s asymptotic behavior we employ the
multipiliers method which relies on the construction of a Lyapunov functional satisfying a
proper differential inequality that leads to the desired stability estimate. For the first and
the fourth problems, we use also some properties of convex functions and some techniques
developped in these studies [22, 23, 102].

key-words: Evolution equation, Wave-Plate equation, Timoshenko system, Porous sys-
tem, Bresse system, Global well-posedness, Lyapunov functional, Delay term, Viscolastic
damping, Convexity.
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Introduction

Elasticity is the ability of a body to resist a distorting influence and to return to its
original size and shape when that influence or force is removed. Solid objects will deform
when adequate loads are applied to them; if the material is elastic, the object will return to
its initial shape and size after removal. This is in contrast to plasticity, in which the object
fails to do so and instead remains in its deformed state.

In engineering, the elasticity of a material is quantified by the elastic modulus such as
the Young’s modulus, bulk modulus or shear modulus which measure the amount of stress
needed to achieve a unit of strain; a higher modulus indicates that the material is harder to
deform. The material’s elastic limit or yield strength is the maximum stress that can arise
before the onset of plastic deformation.

On the other hand, a viscous fluid in a stress state has a capacity for dissipation energy
without storing, and so it flows irreversibly. Material that exhibit both viscous and elastic
characteristics when undergoing deformation is called viscoelastic material. Such material is
used in a vast range of applications due to its property of dissipation of mechanical energy.
Thus one of the importance of this material is to reduce the excessive vibrations which can
typically cause the most problems.

The concept of stability of elastic systems is also connected with the concept of stability
of motion that my be defined as the ability of physical system to return to equilibrium when
slightly distrubed. The classical definition due to Lyapunov states that an equilibrium state
is stable if and only if all motions of the system starting close to the equilibrium state remain
close to this state for all time.

Time delay is a physical property by which the response to applied forces are delayed in
its effect. It appears in many applications, for example, chemical, biological, thermal and
economic phenomena. For this reason, it is no surprise that the study of systems with delay
effects has been in the focus of attention in the recent years. In fact, it was shown that the
delay may be a source of instability. For instance, Datko [34] proved that the time delay may
destabilize the system

U (T, 1) = Uy (2, 1) — 2uy(x,t — 7) in [0,1] x [0, o],
u(0,t) = u(l,t) =0 in  [—7,00], (0.0.1)
u(z,0) = ug(x), u(x,0)=u(z) in [0,1].

The same result was obtained in [35] by replacing the internal delay in (0.0.1) by a time delay
in the boundary feedback control. Whereas, in the absence of delay, the system is uniformly



asymptotically stable ( see [64]). So, to stabilize a delayed system, adding control terms will
be necessary. In this regard, let us consider the following linear wave equation

(g (z,t) — Au(z, t) + pyug(x,t) + poug(z,t —7) =0 in Q x [0, 00],

u(z,t) =0 in Ty x [0, 00,

Oyu =0 in I'y x [0, 00, (0.0.2)
u(z,0) = ug(x), w(z,0) =u(x), in  Q,

| u(z,t —7) = fola,t — 1), in Q x [0, 7],

where p; is a fixed postive constant, s is a real number, €2 is a bounded domain in R", n > 1,
' =ToUTIy and I'y, I'; are closed subsets of I with I'o N I'; = (. It is well-known that the
system (0.0.2) is exponentially stable if uy = 0, that is, in the absence of delay. On the
contrary, Nicaise and Pignotti [36] showed that the exponential stability holds if and only if
|t2| < p1. This one was obtained by introducing a proper Lyapunov functional and by using
appropriate observability inequalities. However, if |us| > pq, they constructed a sequence of
delays for which the associated solution does not converge to zero. This study was generalized
by the same authors [37] where they treated the wave equation with a time-varying delay, in
which they got an exponential decay result provided that |us| < /1 — dpy, where d is a fixed
positive constant such that 7/(¢t) < d < 1, for all t € RT. Subsequently, Benaissa and Louhibi
[38] considered the wave equation with a nonlinear damping and a delayed nonlinear internal
feedback. Namely, they studied the following problem

(w2, 1) — Au(z,t) + pygr (ue(z, 1) 4 poge(u(z,t — 7)) =0 in Q x [0, 00],

u(z,t) =0 in Ty x [0, 00,

dyu =0 in 'y x [0,00, (0.0.3)
uw(z,0) = ug(x), w(z,0) =u(x), in  Q

| w(w,t —7) = folz,t —1), in Q x [0, 7],

with g3 = ¢go and proved its stability under a proper relationship between p; and ps. The
authors of [61] examined (0.0.3) with 7 = 7(¢) and p191,1292 are multiplied by a positive
decreasing function o of class C'(R ) satisfying

/Oooo(t)dt:Jroo, and  |o'(t)| < co(t),

and gave a general and explicit formula for the decay of solutions in term of 0. Very recently,
Messaoudi et al.[39] studied a linear wave equation with a strong damping in the presence of
a strong constant delay of the form

(

ug(x,t) — Au(z,t) — pnAug(z,t) — ppAug(z,t —7) =0 in Q x [0, 00],

u(x,t) = in Ty x [0, 0],
dyu=0 in I'; x [0, 0o, (0.0.4)
u(z,0) = ug(x), u(x,0)=uy(z), in  Q,

w(z,t — 1) = folx, t — 1), in Q x [0, 7],



and obtained the exponential stability under the assumption |us| < p1. In the same paper,

they treated a linear wave equation with a strong damping and a distributed delay by replacing
T2

the constant delay by / p2(s)ds, where s : [11, 2] — R is a bounded function and 71 < 73
are two positive constants. They proved that the uniform stability holds if and only if

/ laa(s)|ds < ps.

T1

On the other hand, Ammari et al.[65] investigated a boundary stabilization problem for
the wave equation with interior delay. The problem considered is (0.0.2) when the damping
is acting in the boundary, that is if g1 = 0 and (0.0.2)3 is replaced by

dyu = —kuy in 'y x [0, 400], (0.0.5)

where k£ > 0. Under some Lions geometric condition, they showed that this system is uni-
formly stable for ps sufficiently small.

Also, we recall two important works of abstract systems with time delay. In [116], Nicaise
and Pignotti studied the second-order evolution equation:

U(t) = AU(t) + F(U(t)) + KBU(t — 1),
U)="U,, BUt-T)=f(t),

where B is a bounded operator. They showed that the operator associated to the part
without delay is a generator of a strongly continuous semigroup, which is exponentially stable.
Moreover, they obtained, under a smallness condition on the time delay feedback, that the
system with delay is also exponentially stable. The same authors (see [115]) considered the
following second-order evolution equations with time delay

uy + Au+ By Biug(t) + BoByuy(t —7) =0 in [0, 0o,
u(—t) = uo, ur(0) = uy in [0, oo

Byu(t) = fo(t) in [—7,0],

where the bounded operator Bj is the delay feedback operator. They proved that the system
is exponentially stable when By = 0 and that the exponential stability is preserved if || B3|| is
sufficiently small.

The main aim of this thesis is to adress some problems related to the global well-posedness
and asymptotic stability of systems coming from elasticity in the presence of time delays.
Regarding the issue of stabilization, the main purpose is to attenuate the vibrations by
viscoelastic feedback or damping which is usually assumed to be viscous or proportional to
velocity. So, we are interested in analyzing the decay of the energy (norm of solutions) to
7€ro, 1i.e.

E(t)— 0 as t— o0,

and then we give the rate of the decay.

This thesis, which consists of six chapters, presents results of global existence and stability
behavior of solutions for five evolution systems. The monograph is organized as follows.



Chapter 1 surveys the necessary notations and the main tools needed throughout this
thesis. Also, we introduce the stability concepts for abstract problems that include the
systems we consider here.

Chapter 2 adresses a second-order viscoelastic equation with a weak internal damping, a
time-varying delay term and nonlinear weights together with suitable initial conditions. We
first prove the existence of a unique global weak solution by means of the classical Faedo-
Galerkin method. Then, we consider finite memory kernels g : R, — R, satisfying

g(t) < =E(H)H(g(t), Vt=0,

where H is a positive increasing and convex function and £ is a positive function which is not
necessarily monotone. And, under this general assumption, we establish optimal explicit and
general stability estimates by using the well-known multipliers method and some properties
of convex functions. This study generalizes and improves many earlier ones in the existing
literature.

Chapter 3 presents an important contribution on decay properties of solutions for a wave
equation with a viscoelastic boundary damping acting on a part of the boundary. We general-
ize the work of Messaoudi and Soufyane [67] by adding a non-dissipative term and establish
a general decay rate result that allows a larger class of relaxation functions and improves
previous results.

Chapter 4 deals with a linear Timoshenko system with a strong damping and a strong
constant delay acting on the transverse displacement of the beam. Using the semigroup
techniques, we first establish the global well-posedness of solutions under a condition on the
weight of the delayed feedback and the weight of the non-delayed feedback. By using Priiss’s
theorem, we obtain that the system is not exponentially stable even in the case of equal-speed
wave propagations. In this regard, we prove that the solution decays polynomially with rate
t=2. And in addition, we show the optimality of that rate.

Chapter 5 investigates a nonlinearly damped Porous system with nonlinear delay term
together with Dirichlet-Dirichlet boundary conditions in [0, 1] x [0, +o00[. By the classical
Faedo-Galerkin procedure, we first prove the well-posedness of solutions without paying any
attention to the weights of feedbacks (delayed or not). This improves many earlier works
existing in the literature by removing the usual restrictions imposed on these weights. Fur-
thermore, we establish two general decay estimates with rates that depend on the speeds of
wave propagation and the smoothness of the initial data. The result is new and leads to
open more research areas into the provided system. The novelty lies also in the study of the
nonequal-speeds case, which has never been discussed for nonlinear damped systems even in
the absence of delay

Chapter 6 studies the asymptotic behaviour of a Bresse system together with three bound-
ary controls, with delay terms in the first, second and third equation. By using semigroup
method, we prove the global well-posedness of solutions. Then, assuming the weights of
the delay are small, we establish the exponential decay of energy to the system by using an
appropriate Lyapunov functional.



Chapter 1

Basic concepts

This chapter gathers some preliminaries facts and concepts that will be needed throughout
this thesis. Also, some methods on which the well-posedness of evolution problems proof is
based will be presented.

1.1 Functional Spaces

In this section, we shall introduce the key notions of Sobolev spaces, which can be considered
as one of the main tools that made possible the wide development of the theory of partial
differential equations in the last several decades.

Let X be a Banach space over the field K = R or C and X" its dual space, i.e., the Banach
space of all continuous linear forms on X equipped with the norm ||.||xs given by

||f||X’ = sup |<.f7 33>‘

20 |zl

In the same way, we can define the dual space of X’ that we denote by X”. The Banach
space X" is also called the bi-dual space of X.

Definition 1.1.1. A Banach space X 1is reflexive if X = X”.

Definition 1.1.2. A Banach space X s called separable if it contains a countable dense
subset.

Theorem 1.1.3. (Riesz). Let (X;(.,.)) be a Hilbert space then X' = X in the sense: to each
f € X' there exists a unique x € X such that f = (x,.) and || f|]lx = ||z||x-

Remark 1.1.4. As a result of the this Theorem we have that X" = X, which means that a
Hilbert space is reflezive.

Corollary 1.1.5. The following two assertions are equivalent: (i) E is reflexive; (i1) E' is
reflexive.

13



1.1 Functional Spaces 14

1.1.1 Lebesgue Spaces
Definition 1.1.6. For p <€ [0, 00[, we define

Lr(Q) = {u : Q — R is measurable and / }u(:v)}pcm < oo}.
0

[ull e = (/Q }u(x)}pda;)’l’.

L>*(Q) = {u : Q0 — R is measurable and it exists C' > 0 such that |u(z)| < C a.e in Q},

with the following norm

In addition, if p = oo, we have

and

|lu|| L = inf {C’, lu(z)| < C a.ein Q}
Theorem 1.1.7. The LP(2) spaces have the following properties:
i. LP(QY) is a Banach space.

. L*(Q) is a Hilbert space with respect to the following scalar product
(u,v)2(0) = /u(x)v(x)dx
Q

iti. LP(§2) is reflexive and separable for 1 < p < oo and its dual is Lppfl(Q)
w. LY(Q) is separable but not reflerive and its dual is L=().
v. L>(Q) is not separable, not reflexive and its dual contains strictly L*(£2).

Notation 1.1.8. We denote by L} () the space of functions which are LP on any bounded
sub-domain of €2.

Theorem 1.1.9. C5°(2) is dense in L*().

The LP(0, T; X) Spaces

Definition 1.1.10. Let X be a Banach space, 1 < p < +o00, then LP(0,T; X) is the space of
LP functions u from (0,T) into X which is a Banach space for the norm

T 1/p
ol = ([ Tu@lar) <400 for p<itoc,
0
and for the norm

[ull L orix) = sup [Ju(z)|[x <+oo  for p=-+oo.
te(0,T)
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1.1.2 Sobolev Spaces
weak derivative

Definition 1.1.11. Let u,v € LP(2). We say that v is the a™-weak partial derivative of u,
written

D%u = v,
provided
[ u)D*o(a)ds = (1) [ wlx)oterts, o e C@)
Q Q
where

0*l¢(x)

D¢lz) = Dr {1 0x?...0xen’

and a = (aq, ..., ) is called a multi-index of dimension n and |o| = > «a; is the length .
i=1

Definition of Sobolev spaces

We now define the Sobolev spaces whose members have weak derivatives of various orders
lying in various LP spaces.

Definition 1.1.12. Fiz p € [1,00) and let k be a nonnegative integer. The Sobolev space
WHP(Q) is the set

Whe(Q) = {u € I’(Q) : Du e LP(Q). Yoo < k}

The space W5P(Q) is a Banack space with respect to the following norm

1/p
[ullwer @ (Z 1 D%ull7, Q)) , for p < +oo,

[[llwroe @) = ZIID Uiy » forp=+oo.

Notation 1.1.13. We usually write W*2(Q) as H*(Q).
Theorem 1.1.14. The spaces W P(Q) have the following properties:
i. For1<p<oo, WkP(Q) is separable and it is reflexive space for 1 < p < oo.

i. the H*(Q) is a Hilbert space with a scalar product defined in terms of the L* scalar
product

(U, U)Hk(Q) = Z (Dau, Dav)LQ(Q) .

| <k

Notation 1.1.15. We denote by WiP(Q) the closure of C°() in WHP(Q).
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1.1.3 The Rellich-Kondrachov Compactness Theorem

The following Theorem will be fundamental in our study of the well-posedness of some non-
linear PDEs.

Theorem 1.1.16. Let 2 C R™ be an open, bounded Lipschitz domain, and let 1 < p < n. Set
x np
p* = .
n—p

Then, the Sobolev space WHP(Q) is continuously embedded in LP"(Q) and is compactly em-
bedded in L1(QY) for every 1 < q < p*. In symbols,

WhP(Q) — LP (Q)

and
WP(Q) cc LYQ) for 1<q<p*

Theorem 1.1.17. Let p > n, then WHP(R™) C L>®(R"), with continuous imbedding.

The WXP(0, T; X) spaces

Definition 1.1.18. Let X be a Hilbert space, 1 < p < +oo, then WkP(0,T; X) is defined by
Wh2(0,T; X) = {u € L0, T;X): Dwe LP(0,T;X) Va; |of < k:}

Furthermore, W*?(0,T; X) is a Banach space with respect to the norm

1/p
Wk (0,T;X) — LP(0,T;X) ) ’
[[ul D% ul|; for p < +o0
la|<k
HUHW’WO 0,7:X) Z | D UHLoo(OTX ) Jor p = +o0.
la|<k

And, in particular, the space W*2(0,T; X), which is noted H*(0,T; X), is a Hilbert space
with the inner product:

(UUHkOTX Z/ U,Da d

la| <k

1.2 The weak and weak-star topologies

1.2.1 Weak topology

Denote
e X — R

r— 90f<x) = <f,:L‘>,
when f cover X', we obtain a family (¢f)sexs of applications to X in R.

Definition 1.2.1. The weak topology on X denoted o(X, X') is the weakest topology for which
every (¢y) fex is continous.



1.2 The weak and weak-star topologies 17

1.2.2 Weak-star topology

For all z € X, denote
0, X' — R
when z cover X, we obtain a family (¢,).cx of applications to X’ in R.

Definition 1.2.2. The weak-star topology on X' denoted o(X', X) is the weakest topology for
which every (pz)zex: 1S continous.

1.2.3 Weak and weak-star convergence

e Strong convergence. A sequence f, is said to be strongly convergent if there exitsts
f € X such that

lim ||f, — f|l =0,
n—aoo
written
o — f.

e Weak convergence. We say that a sequence {z,} C X weakly converges to x in X,
written z,, — x in X, if

(fszn) = (f,z),
for all f e X"
e Weak-star convergence. A sequence {f,} C X' is weak-star convergent to f € X', and
we write f, —=* in F/, if

(fr, ) = (f, 7),
for all z € X.

Remark 1.2.3. If dim X < oo then strong, weak and weak star convergence are equivalent.

Remark 1.2.4. Since X C X" we have f, — f in X' implies f, —* f in X'. And, if X is
reflexive then notions of weak convergence and weak star convergence coincide.

1.2.4 Weak and weak-star compactness in Lebesgue Spaces

In finite dimension, we have the following Bolzano-Weierstrass’s theorem which is a strong
compactness theorem.

Theorem 1.2.5. (Bolzano-Weierstrass). If dim X < oo and if {x,} C X is bounded, then it
erist t € X and a subsequence {x,, } of {x,} such that x,, — x.

In Lebesgue Spaces, we have the following two Theorems.

Theorem 1.2.6. (weak compactness in LP(Q) with 1 < p < o0). Given {f,} C LP(Q) , if
{fn} is bounded, then there exist f € LP(Q2) and a subsequence {f,, } of {fn} such that f, — f
in LP(Q2).

Theorem 1.2.7. (weak-star compactness in L>(2)).

Given {f.} C L®(Q), if {fn} is bounded, then it exist f € L>() and a subsequence { f,, }
of {fn} such that f, = f in L®(Q).
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1.3 Inequalities

Here in this section we collect some useful inequalities.
e Poincaré’s inequality. Let () be a bounded open domain in R®, n > 1. Then, it exists
a fixed positive constant ¢, = C' (Q) such that

lullz < el[Vulla Yu € Hy(Q).

Moreover, if we take n = 1 and Q =0, L[ we obtain that ¢, = L/7.

e Young’s inequality. Let a, b and € be fixed positive constants and m,n > 1, %%—% =1.
Then we have the inequality
€ma™ D"

m nen’

ab <

e Gronwall’s inequality. Let T > 0, g € L'(0,T), g > 0 a.e and ¢;, ¢y are positives
constants.Let ¢ € L1(0,T) ¢ > 0 a.e such that gp € L'(0,7T) and

o(t) < +cz/0 g(s)p(s)ds a.e in (0,7,

then, we have
t
o(t) < crexp (02/ g(s)ds) a.e in (0,7T).
0

e Jensen’s inequality Let ({2, A, 1) be a measure space, such that pu(Q) = 1. If g is a
real-valued function that is p-integrable, and if is a convex function on the real line, then

¢(/gdu>§/¢ogdu-
Q Q

b
In real analysis, we may require an estimate on ¢ g(x) dx | where a, b are real numbers,

a
and ¢ is a non-negative real-valued function that is Lebesgue-integrable. In this case, the
Lebesgue measure of [a,b] don’t need to be unity. However, by integration by substitution,
the interval can be rescaled so that it has measure unity. Then Jensen’s inequality can be

applied to get . )
© (/a g(x) d:v) < ﬁ/ﬂ o((b—a)g(x)) d.

1.4 The Faedo-Galerkin method

The Faedo-Galerkin approximation is a powerful tool for solving the nonlinear partial differ-
ential equations. We explain in this section how the method works through studying a simple
example. Consider the initial value problem

u(t) + Au(t) + f(u(t)) =0 in [0, L] x [0, o],
(P) < u(0,t) =u(L,t) =0 in [0, o0, (1.4.1)
uw(0,2) = ug(x), u(0,2) =wus(x) in [0, L],
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where A = —9/02? with the domain D(A) = H2NH}(0, L) and Az = §/dz with the domain
D(A7) = H{(0, L), ||.|| is the norm of (H = L*(0, L); {.))

To study problem (P) we need the following assumption:
(A1) fis a C! function such that f(0) = 0 and that it exists 8 > 0 satisfying

If'(s)| < B, VseR.

The existence result is ensured by the following Theorem.

Theorem 1.4.1. Assuming that (A1) holds and that (ug,uy) € (D(A), D(Az)). Then, prob-
lem (P) has a unique weak solution u satisfying

u € L} (O, 0; D(A)), Uy € L‘l’(fc<0, 00; D(A%)>, Uy € L}fc<0, 00; H).

loc

Proof. To prove this result, we will employ the approximation process of Fadeo-Galerkin.
For, we consider the following three steps.

i. Approximate problem. Let V™ a sub-space of D(A) with the finite dimension d™,
and let {w/™} one basis of V™. Define the solution u™ by

dm
u"(t) =Y (™. (1.4.2)
=1
We will seek an approximate solution ™ in the form (1.4.2) where &/(t) are determined by

(P.) { Ui (0 w7 (A3 (1), AR 4 (F (u(®) ™) =0, TG o

t
u™(0) =uy',  u*(0) =ul".

u' — uy in D(A)
W' —suy in D(A2). (144)
By virtue of the theory of EDOs, system (P,,) accepts a unique local solution on [0, t,,[.
In the next step, we obtain a priori estimates for the solution, so that can be extended outside
[0, %[, to obtain one solution defined for all £ > 0.
1. Priori estimates.
e The first priori estimate. Replacing w’™ by v™ in (1.4.3); and using Young’s inequality
assumption (A;) and Poincare’s inequality, it follows that

2 11 A3 2] < el + el| A3,

the integration over [0,%], 0 <t < T, using (1.4.4), gives

t
" | + 1A |* < e+ / o2+ A% |12 at.
0
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employing then Gronwall’s inequality, we can get
la|” + Az < e, (1.4.5)

from which we conclude that u™ exists globally in [0, +00) and

u™ is uniformly bounded in Ly <0, 00; D(A%)>, ( )
1.4.6
™ is uniformly bounded in L (o, 0; H).

e The second priori estimate. First, we shall estimate uj}(0) in the H-norm. For that,
let w/™ = u!7(0) in (1.4.3); and the exploit Young’s inequality, assumption (H) and (1.4.4) in
order to have

Jugy (0)[* < c. (1.4.7)

Then, differentiating (1.4.3); with respect to t and letting w/™ = w(0) in the resulting
equation, we obtain that

d = m
2 A B 2] = G ), )
utilizing Young’ inequality, the boundedness of f’ and (1.4.5), one gets
© T2 + AR 7] < e+ g2
dt !
Integrating this latter estimate over [0,¢] and using (1.4.7), (1.4.4), we have that
e R ey WA
by applying Gronwall’s inequality, we arrive at
| + | A2 < e, (1.4.8)
we, therefore, deduce that

u®  is uniformly bounded in L. <0 00; D(A> )> (1.4.9)
<0, 00; H). h

e The third priori estimate. Let w’ = Au in (1.4.3);, exploit Young’s inequality, (A1),
(1.4.5) and (1.4.5) to get

mo e . o
uj  is uniformly bounded in Ly

|Au™|* < c. (1.4.10)
We thereupon have that

u™  is uniformly bounded in Ly, <0, 00; D(A)). (1.4.11)

iii. Passage to the limit. First, we have form (A;) that
1f @™ < Bllu™],
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and so
Lf(u™)]* < e, (1.4.12)

we then conclude that
f(u™) s uniformly bounded in L (0, T H). (1.4.13)
It follows from the estimates (1.4.6), (1.4.9), (1.4.11) and (1.4.12) that it exists a sequence
{u"}se, C {um}oo_, satisfying

n

u — u weakly-star in Ly, (O, oo; D (A)) ,

uy — Uy weakly-star in Ly (07 oo; D (A% )) ’
(1.4.14)
Uy — Uy weakly-star in L. <0, oo H ) ’

fw") — x weakly-star in L? (0, 00; H).

We now want to prove that xy = f(u). This will be done by applying the following two
lemmas.

Lemma 1.4.2. Let X, Xy, X7 be three Banack spaces such that Xo C X C X;. Assuming
that Xy is compactly embedded in X and that X is continuously embedded in X1, also, assume
that Xo and X, are reflexive spaces. For 1 < p, q < 0o, let

W= {u e LP(0,T; Xo) /4 € L9(0, T Xl)}.

Then, the embedding of W — LP(0,T; X) is also compact.
Lemma 1.4.3. Let Q) = Q x [0,T] an open bounded domain in R" x R, and f,, f are two
functions in L9 (Q), 1 < q < oo such that
1fullzag) < ¢, fu—g aein@.
Then, f, — f weakly in LI(Q).

Going back to the proof of Theorem 1.4.1. It follows from (1.4.5) that u™ is bounded in
L>=(0,T; D(A?)) and uj is bounded in L>°(0,7; H). Then, the injection by continuity in L?
gives us the boundedness of v in L2(0,T; D(Az2)) and u? in L*(0,T; D(A?)). It is known
that the embedding D(Az) < H is compact. Then, with

W= {u € L2(0,T; D(A%)) Ja € L*(0,T; H)},

it results that the embedding W — L?(0,T; H) is compact. And so, we can extract a
subsequence of u", represented again by u", such that

u" — u  strongly in  L? (O,T; H),

which implies
u —  u a.e. on ().
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By the continuity of f, we have
f(u") — f(u)  ae. on Q. (1.4.15)
Combining this with (1.4.12), and using Lemma 1.4.3, we obtain
fu™) — f(u) weakly-star in  L*(Q),

which implies that x = f(u).
Now, we are ready to prove that is u a weak solution of (1.4.1). Consider function
v € C(0,T; H) having the form

o(t) = Z ()W, (1.4.16)

where N > n is a fixed integer.
Then, by multiplying (1.4.3); by ¢™(¢) and summing the resultants over i from 1 to N, we
find that

T
/ (ujy + Au™ + f(u"))vdt = 0. (1.4.17)
0

After passing to the limit in (1.4.17) as n — +o0 and using (1.4.14), we arrive at

/ (ug + Au+ f(u))vdt = 0.
0

The above equation holds for all v € L? (0, T:H ) since the functions of the forms (1.4.16) are
dense in L*(0,7T; H). This ends the proof. O

1.5 Semigroups

Let (X, (.,.),|.]l) be a Hilbert space and let A : D(A) C X — X be a linear operator. We
introduce in this section some basic concepts that will be needed in the study of the initial
value problem

{ut(t) =Au(t), 0<t<T, (1.5.1)

By a strong solution here we mean a function w : [0,7] — X such that it is continuously
differentiable, u(t) € D(A) for ¢ > 0 and (1.5.1) is satisfied. And, by a weak solution we
mean a function u € C(O, T; X) such that for each v € D(A*) where A* is adjoint of A, the
function (u,v) is absolutely continous on [0, 7] and

d

(W) = (wA") ae on[0,7].

When A is an n X n constant matrix, it is well-known that the solution of (1.5.1) is given by

u(t) = e, (1.5.2)
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where

A
At
e _§0 e (1.5.3)

The family of matrices e is called a semigroup. And, it has the following properties, the

so-called semigroup properties,

A0 _ I A(t+s) 6A15€As
, .

(& g

The vast majority of evolution equations can be written in the form (1.5.1), and so the

solution should be given by
u(t) = e

However, the definition (1.5.3) of the matrix exponential no longer makes a sense in that case
and we have to explain what e’ means. This leads to the concept of semigroup in a Banach
space.

1.5.1 Definitions and Properties

Definition 1.5.1. Let X be a Banach space. A family (S(t))i>o0 of bounded linear operators
from X into X is called a semigroup of bounded linear operators on X if

i. S(0) =1d.
ii. Vs,t >0, S(t+s) = S(t)S(s).
If moreover the semigroup S(t) also fulfills

lim S(t)z ==,
t—0t
then S(t) is called a strongly continuous semigroup (in short, a Cy-semigroup) of bounded
linear operators on X.

It is clear that the definition of semigroup is an extension of e defined in (1.5.3). For
the matrix A, one has

ety —u oMy — e dtetty
Au= lim — = lim =
t—0+ t t—s0+ t dt

(1.5.4)

t=0

We can say that the semigroup is generated by A. The relation (1.5.4) can be generalized to
the case of Cy-semigroup. Indeed, the linear operator A defined by

At,
D(A) = {u € X+ lim — 2T axists }
t—0t t
and s d+S
Au = lim (t)u — u = (t)u forue X
t—s0+ t dt

t=0

is called the infinitesimal generator of the semigroup S(¢). We usually write S(t) = e

Let us now present some important properties of Cy-semigroups.
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Theorem 1.5.2. Let S(t) = e be a Cy-semigroup. Then

1. It exist constants w > 0 and M > 1 such that

I1S#)]] < Me**,  for 0 <t <oo. (1.5.5)

it. For each x € X, t — S(t)x is a continuous function from [0,00) into X.

iii. For x € D(A), S(t)xr € D(A) and

%S(t)x — AS(t)z = S(t) Ax. (1.5.6)

w. The domain of A is dense in X and A is a closed linear operator.

v. If B is a bounded linear operator on X, then A+ B is the infinitesimal generator of a
Co-semigroup T(t) on X satisfying ||T(t)|| < Mew+MIBIE,

It is concluded from the property (1.5.6) that u(t) = S(t)z is the solution of the equation
w(t) = Au,

that is why the theory of semigroup is an efficient tool for studying linear partial differential
equations.

Theorem 1.5.3. If A is the infinitesimal generator of a Cy-semigroup S(t) on X, then

i. for every x € D(A) the abstract Cauchy problem (1.5.1) has a unique strong solution
given by u(t) = S(t)x.

it. for all x € X the abstract Cauchy problem (1.5.1) has a unique weak solution given by
u(t) = S(t)x.

Remark 1.5.4. If w = 0 in (1.5.5) then the corresponding semigroup is uniformly bounded.
If moreover M =1 then (S(t))i>o is called a Cy-semigroup of contractions.

1.5.2 The Lumer-Phillips Theorem

We shall characterize the infinitesimal generators of Cy-semigroup, that is, we will give con-
ditions on an unbounded operator A to be the infinitesimal generator of C-semigroup. For
this purpose, we start by recalling the notion of m-dissipative operators.

Definition 1.5.5. Let A: D(A) C X — X be an unbounded linear operator. A is said to
be dissipative (monotone) if Re(Au,u))x <0 (Re{Au,u))x > 0). The dissipative operator A
is m-dissipative if \I — A is surjective for some A > 0.

Let us now present the so-called Lumer-Phyllips Theorem.

Theorem 1.5.6. A linear operator A : D(A) C X — X is the infinitesimal generator of a
Co-semigroup (S(t))e>o if and only if A is m-dissipative.
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1.6 Stability Concepts

Various types of stability have been defined for the solutions of differential equations describ-
ing dynamical systems. The most important one is that concerning the stability of solutions
near to a point of equilibrium. This may be discussed by the theory of A. Lyapunov. In the
simplest of terms, if the solutions that start out near an equilibrium point u. stay near wu,
forever, then u, is Lyapunov stable. More strongly, if u. is Lyapunov stable and all solutions
that start out near u, converge to u., then u, is asymptotically stable. Consider in a Hilbert
space X, the differential equation

du(t)
dt

where A is an unbounded operator with domain D(A) C X. Suppose that the above differ-
ential equation subject to the condition u(0) = x is uniquely solvable and that v = 0 is an
equilibrium point for (1.6.1). We are interested in the asymptotic stability of the null solution
in the sense.

= Au(t), (1.6.1)

Definition 1.6.1. The equilibrium of (1.6.1) is:

i. exponentially stable if it exist constants a,b,e > 0 such that if ||z|| < €, then

|lu(t, )] < ae_bt||x||, YVt > 0.

it. polynomially stable if it exist constants «, B,€ > 0 such that if |z|| < €, then

Ju(t, z)|| < Bt~||z|l, Vt>0.

1.6.1 Stability of semigroup

We present in what follows some definitions about strong, exponential and polynomial sta-
bility of a C-semigroup.

Definition 1.6.2. Assume that A is the infinitesimal generator of a strongly continuous
semigroup of contractions (S(t))i>0 on X. We say that the Cy -semigroup (S(t))e>o is:
1. strongly stable if
lim [|S(t)ullx =0, Vue X.
t——+o00
1. uniformly stable if
tim [1S(8) e = 0.

t——4o00

1. exponentially stable if it exist two positive constants M and € such that

[St)ullx < Me™ullx, Vt>0,Yuec X,

w. polynomially stable if it exist two positive constants C' and « such that

IS(t)ullx < Cllullx, Vt>0,Yue X



Chapter 2

Global well-posedness and stability
results for an abstract viscoelastic
equation with a non-constant delay
term and nonlinear weight

2.1 Introduction

Let p; : Ry —]0,+o00[ and ps : Ry — R be given functions. Let A : D(A) — H be a self-
adjoint linear positive definite operator with dense domain D(A) C H where (K, (.,.),[.||) is
a real separable Hilbert space. In the present chapter, we deal with the following second-order
evolution equation

u(t) + Au(t) — (g % Aw)(t) + 1 (E)ue(t) + po(t)ue(t — 7(¢)) =0 in ]0, 400,
u(—t) = ug, u(0) =wy in [0,+o0[, (2.1.1)
u(t —7(0)) = fo(t — 7(0)) [0, 7(0)],

where u : Ry — H is the displacement vector, 7(¢) > 0 is the time-varying delay, the initial

data (ug,uq, fo) are given in suitable function spaces, the so-called relaxation function ¢ is
positive non-increasing defined on R™ and * means the usual convolution product in ¢

in
n

(6 * )(t) = / Bt - s)p(s)ds.

The above general model includes several PDEs of hyperbolic type like the wave and plate
equations. So, to illustrate our abstract result, some applications will be given in section 5.
In the absence of delay (i.e. if us = 0), the issues of well-posedness, stability and long-
time dynamics to problem (2.1.1) have been addressed in many papers, see for instance [1-9].
In [1], Dafermos proved that the solutions converge to 0 as t tends to oo, but no explicit
rate of decay was given. Later on, it has been proved that if the kernel function g decays

exponentially, i.e.,

26
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then the solutions decay exponentially. And, when g decays polynomially then the solutions
also decay polynomially with the same rate, see for example [10, 13, 14]. Messaoudi [15]
proposed a general condition on g that gives a general decay result where the usual expo-
nential, polynomial and logarithmic decay rates are only special cases. To be specific, he
considered the following viscoelastic wave equation

ug(z,t) — Au(z, t) + (g * Au)(z,t) =0 (2.1.3)

together with Dirichlet boundary condition in © x [0, 4-00[ where € is a bounded domain in
R™ n > 1. And, for kernel function g satisfying

g t) < —ko(t)g(t) VteRT, (2.1.4)

where kg : RT™ — RT is a non-increasing differentiable function, he established a general
energy decay result. This condition has been employed by several authors in their study
of the solution’s asymptotic stability for systems related to (2.1.3), see for instance [16-
21]. After that, inspired by the pioneer work of Lasiecka and Tataru [22], a more general
assumption of the form:

g )< —H(g(t)) VteR", (2.1.5)

where H is an increasing convex function with H(0) = 0, was introduced by Alabau-
Boussouira et al.[23] and used then in a great number of papers (see [24, 25]), in which
explicit formulas for the decay rates of the solutions were obtained in terms of H. Very
recently, Mustafa [26] considered a viscoelastic wave equation with the kernel function g
satisfying

g t) < —ko(t)H(g(t)) VteR" (2.1.6)

and gained a new general energy decay. For some papers employed (2.1.6), we refer the
interested readers to [27-33].

As is well-known, if the weight of the delayed feedback is smaller than the non-delayed
one then we can obtain the stability result for the wave equation (see [36, 37]). In this
regard, an interesting problem was examined by Benaissa et al.[40]. In that work the authors
considered the wave equation with time dependent weights p1(t), p2(t) and a constant delay
and established a general decay estimate. Analogous result was obtained in [41] for the one
space dimension and in the case of time-varying delay. We also recall the contribution of
Remil and Hakem [42], who realized the same results for a viscoelastic wave equation with a
constant delay term.

On the other hand, problems similar to (2.1.1) with constant weights p; and ps have been
considered in a series of papers, see for instance [43-51]. In [47], Benaissa et al. discussed a
nonlinear wave equation with homogeneous Dirichlet boundary condition of the form

u(x,t) — Au(z, t) + (9 % Au)(z,t) + p Fi (w(z, ) + poFoug(z, t — 7)) = 0. (2.1.7)

in 2x]0,+o0o[, where F; and Fy are two real functions. In that paper they got, under a
suitable relation between p; and ps, a general energy decay result in the case of kernel
function satisfying (2.1.4). Also, we would like to mention the contribution of Kirane and
Said-Houari [43], who investigated (2.1.7) with Fi(s) = Fy(s) = s and obtained, under the
assumptions: 0 < po < gy and (2.1.4), a general decay of the total energy. Due to the
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presence of the internal memory-feedback, they showed that the uniform stability takes place
even if 3 = po in contrast to [36] where no memory-feedback was available. It is worth to
note that the frictional damping term p;u; played a crucial role in the proof of this results
that is why the authors indicated that the case when p; = 0 is an open problem. Guesmia
[44] solved that open problem where he considered the following general model

g (t) + Au(t) — /0 N g(t — s)Au(s)ds + pu(t —7) =0 in |0, 400, (2.1.8)

of second-order evolution equation with infinite memory and a time delay term in a real
Hilbert space H. Under appropriate assumptions on the operator A and the weight of the
delay g, he realized the uniform stability of the above mentioned system. Precisely, by
assuming ¢ fulfills (2.1.2), he proved that the memory-type damping is enough to stabilize
(2.1.8) exponentially.

Equation (2.1.1) is a second-order evolution equation with finite memory and a non-
constant delay term and non-linear weight. As far as we know, the general rate of decay for
abstract equations of the form (2.1.1) has never been considered.

The aims of this chapter are:

(i) to give the global solvability without the usual restrictions of:

i, pe >0, |po| < V1 —dpy, € W*(0,T).

(ii) to prove, under a wider class of relaxation functions, general decay results which improve
many earlier related works with finite and infinite memory.

The remaining parts are written as follows. In the next section, we give the needed
assumptions, notations and materials. In section 3, we state and prove the global well-
posedness result. In section 4, we study the solution’s asymptotic stability by using the
multiplier method integrated with some ideas developed in [22, 23, 26], taking into account
the nature of our problem. Finally, we give in section 5 some applications in order to illustrate
our abstract result.

2.2 Preliminaries

In this section, we shall provide some assumptions, preliminary facts and notations which are
used in the course of our investigation. We start, as in the work [37], by introducing the new
variable
2(p,t) = w(t — pr(t)), pel0,1], t>0,
which satisfies
()z(pt) + (1= pr' () 2p(p,t) =0 in [0,1] x [0, +00].

Hence, our problem (2.1.1) is equivalent to

(i (t) + Au(t) — (g% Auw)(t) + pa(Hue(t) + p2(t)z(1,1) =0 in 0, 00],

T(t)ze(p, t) + (1 — p'(1)) 2,(p, t) =0 in|0,1] x [0, 00[,
2(0,t) = uy in [0, 00], (2.2.1)
u(—t) = ug, u(0) = 1wy in [0, 00],

L2(p, 0) = fo(—p7(0)) i [0,1].
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In order to deal with the new variable z, we consider the following spaces

1
vi={z 00— #. / (. )lPdp < o0},
0

1
Vo= {z401[— %, / A3 2(p,0)%dp < oo},
0

Vs

1
[290[— n. /0 A3y (p. 1) %dp < o0}

We know that V;, i = 1,2, 3, are Hilbert spaces and endowed with the following inner products

<Z’Z>V1 :/0 <Z(p,t>,g(p,t)>,ﬂdp,
2,5>V2:/0 <A%z(p,t),,4%'zv(p,t)>%dp,

1
(52, = [ (A o). AT (1)

For the sake of simplicity, we consider the following notations

(bop)(t) = / B(t - s)((t) — (s))ds,

(6 0 )(t) = / (- 9)l|o(t) — o(s)]%ds.

To study system (2.2.1), we require the following assumptions:
(A1) It exists a fixed positive constant 7 satisfying

ul]> < || AZul®>, Vu e D(A?).
(Ag) 7 is a differentiable function such that

0<7m <7(t) <1, Vt>0,

Pt)<d<1, vt > 0.
(A3) g : Ry — R, is a decreasing differentiable function such that

g(0) >0, /Ooog(s)ds =0<1

(2.2.2)

(2.2.3)

(2.2.4)

(2.2.5)

(A4) There exist a C° function £ : Ry —]0, +oo[ which is not necessarily monotone and a
Cl-function H : R, — [0, 400 which is either linear or strictly increasing and strictly convex

of class C? on [0,7], r < g(0), with H(0) = H'(0) = 0 such that
g'(t) < =€ H(g(t), VE=0,

and
g(t) S Cl7 Vt Z 07

where ¢; is a fixed positive constant.

(2.2.6)

(2.2.7)
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Remark 2.2.1. As &(t) > 0 for allt > 0, then it exists co > 0 such that
co < £(t), Vt>0. (2.2.8)
Remark 2.2.2. [26] 1. Assumption (As) and (Ay) imply that it exists to such that
g(te) =r and g(t) <r, forallt>t.
As g is decreasing, then we have
0 < g(to) < g(t) < 9(0).
The Combination of this fact with the continuity of H, yield that, for b,k > 0,
b<H(g(t) <k, Vtel0,to

Then, we can get for any t € [0, to]

/ b b
g(t) < =€) H(g(t) < —bE(t) = —mﬁ(t)g(o) < —mﬁ(t)g(t),
hence, thanks to (2.2.8), we can infer
0 < o
and so
(1) < %g'(t), Vt € [0, to]. (2.2.9)

2. If H is a strictly increasing and strictly convez function of class C* on [0, r] with
H(0) = H'(0) =0,

then it has an extension H, which is also strictly increasing and strictly convex C? function
on (0,00). For example, we can define H for anyt > 1 as

H”Q(r) r? — H(r)r) )

In what follows, we state some essential Lemmas which will be used later.

Lemma 2.2.3. ([54]) For all p,¢ € C*(Ry;R), we have

2 + (H’(r) — H”(T)T)t + (H(r) +

1d

(b= —30l0lol + 3 o)~ 335 [wo ) - ([ wioras) 1o

Lemma 2.2.4. ([26, 55]) Assume that (A3) holds, then, with f(t) = [ g(s)ds, the func-
tional

t
RO = [ ft = o) Abuls) s
0
fulfills an estimate of the form

R'(t) < —= (g0 A2u)(t) + 36]|A2u|%.

DN —
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Lemma 2.2.5. (Jensen’s inequality) Let H : [a,b] — R be a convez function. Assume
that f : Q — [a,b] and h : Q@ — R are integrable with h(s) > 0 for all x € Q and
Jo h(x)dz =m > 0. Then,

(3 o) <& L

We now define the modified energy functional associated with the solution of our problem
(2.2.1) as

1 1
B0 = 5 [l + 14301 + (g0 A)0) + 0000 [ .01, (2210
where 7 : R, —]0, +-00[ is a non-increasing function of class C'(R,).

Our point of departure will be to provide an explicit upper bound of the derivative of the

modified energy functional E.

Lemma 2.2.6. Let (u, z) be the solution of (2.2.1), then E fulfills for any t > 0

B(0) < (sl®) ~ 51(0) = 5 i) ul?

~ (500~ D)l P (22.11)

4 5o 0 Abu)(t) — so(0)| Abu(e)

Proof. Taking the inner product of Eq.(2.2.1); with u; in H, we obtain the identity

1d

2 [l + IARU] + g 0l + pa () 2(, 1)) = (9 Abw) (), Abu(t)), - (22.12)

by Lemma 2.2.3, the latter term rewrites as

1 1 1dp [ 1 1
(o A2} (o), Au(e) =3 [ [ g()as A3 — (9.0 ALu) o)
o | (2.2.13)
+5(9' 0 A2u)(t) - §g(t)||v4§U(t)ll2,
hence, (2.2.12) becomes
1 d 2 2 1 2
ol (1= [ o) LARE + (5 A5) 0] + @)
. ) (2.2.14)
+ p2(t) (w, 2(2, 1)) = 5 (¢ o Abu)(t) - S ) A u(t)]|?.
After taking the inner product of Eq.(2.2.1)y with n(¢)z(z, p,t) in V}, we may have

%ﬂﬂmw%[:W@JW%p+%ﬂwA(1—mﬁw£ﬂ4mMWm=0
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using the non-increasing property of n, we get

-2 [ On@) (0. 0ldp < — Snl) / <1—m<>>—|| (p,0)|%dp

1/
d
+357 /Hp,!p,

331 | T < = Ga(o) [0 = )G pit) ]

that is,

2

then, since z(0,t) = w,, it results that

N | —
Q.l&

3 | OO0 01 < = G [0 = PN fult]. 2219

The sum of (2.2.14) and (2.2.15), bearing (2.2.10) in mind, yields

(1) <~ (i) — 500l = 25 Ln(0) |G DI + 5 (' 0 Abu)1)

: | (2.2.16)
— 59O Au()]* = pa()(ue, 2(1,1)).

Applying Cauchy-Schwarz’s and Young’s inequalities to the latter term of (2.2.16), we obtain

1 &1
pa(t)(us, 2(1,1)) < 2—61Iua(lf)IQ-IIUnsII2 + 5 =B

Plugging this estimate into (2.2.16), we get (2.2.11). This concludes the proof. O

We end this section by establishing the following Lemma which will be needed in the proof
of global existence.

Lemma 2.2.7. For any reqular solution of system (2.2.1), we have

1
ALOI+ [ Nl 0l dp
) L , (2.2.17)
< P +e / 1200, 0)[%dp + ¢ / l=(p, )l %dp + ¢ / e
0 0 0

Proof. By taking the inner product of Eq.(2.2.1)s with z(p,t) in V4, it holds that

| 002000+ [ [0= @)1 dp =

that is,

1

/ [0, 20.0) + 7O, 01] o + | Ela=m©lst.01]ar o
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and so

(1= 7= 1) =l + A W20, )12 = 7(0) (z(p.1), 2(0,0)) | dp,

utilizing then Cauchy-Schwarz’s and Young’s inequalities, we arrive at

1 1 1
[ 0ldn < clulf + ¢ [ 1 Pdo+ [ o) 2:218)
0 0 0

Besides, taking the inner product of Eq.(2.2.1)y with z(¢, p) in V] and proceeding in the same
way, we can get

1 1
2 [ alotPdp < [ lanto ) P (2.2.19)
0 0

Moreover, we obtain after taking the inner product of Eq.(2.2.1)y with 2z,(p,t) in V; that

1 1
d 2 d 2 _
@) [ 2 (It 0o+ 55 [ 1zl 0ldp = .

This, combined with 2,(0,¢) = uy, leads us to

d 1
G | Vet Pdp < el

the integration on [0, ¢] gives

‘/WM%H@</H%m\WN%/WMWt (2.2.20

Collecting the estimates (2.2.18)-(2.2.20), we end up with (2.2.17). O

2.3 The global well-posedness

This section aims to show the following global well-posedness result:

Theorem 2.3.1. Assume that (A1)-(A43) hold and that p;, i = 1,2, are bounded. Then, for
any (uo, u1, fo) € D(A) x D(A%) x Vi satisfying fo(0,.) = uy, problem (2.1.1) has only one
global weak solution

u € LZOC<O,OO;D(A)>, up € L‘l’(fc<0,oo;D(A%)>, Uy € Lf(fc<0,oo;7-[>.

Proof. In order to prove the result given in Theorem 2.3.1 we will implement the well-known
Faedo-Galerkin procedure.

i. Approximate problem. First, we assume D(A%) to be separable. Let 7" > 0 and for
every m > 1, let {®™},,cn be an Hilbertian basis of D(.A), D(.A%) and H. We denote by
F™ the space generated by ®!, ..., ®™.

Defining, for 1 < ¢ < m, the sequence ¥*(p) as

U (0) = @',
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Then, we may extend U¢(0) by ¥(p) over V; and denote Z™ the space generated by Wl w2 .. ¥™.
We shall construct an approximate solution (u™(t), 2™ (p,t)) in the form

m

u"(t) =Y A" ()P (2.3.1)

=1

m

ZMp,t) = ™M) (p). (2.3.2)

=1

So, we are intend to determine the coeffitions d”™ and €™, i = 1, ..., m, to satisfy
<A%um(t) — (g * A%um) (1), A%®i>
(A (p,t) + (L= pT' ()2 (p, 1), ¥'(p)) =0,

with
u™(0) =ugt — o in D(A),
u"(0) = uy® — w in D(A?), (2.3.4)
2"(,0) = 25" — fo(.) in Vs,

as m — +00.

By the standard methods of EDOs, we may show that the system (2.3.3)-(2.3.4) accepts
only one solution (u™(t), 2™ (p,t)) on the interval [0,7,,], 0 < T,, < T. In the next step, we

will show that T,,, is independent of m, that is, the approximate solution becomes global and
defined for all £ > 0.

1. Priori estimates.
e The first priori estimate. In view of Lemma 2.2.6, the functional

1 1 [ 1 1oy 1 LI
B (0) = P+ 5 (1= an) |Ab 2+ 5 (g0 A™) + 5r(0n(e) [ 170l
satisfies for any €1 > 0
d 1-4d &1
&y < m2_< __) m 2, 2.3.5
L) < el — (520 — )0 (235)

For a suitable £1, an integration over (0,¢) yields that
t
E™(t) < E™(0) +c/ (||| dt. (2.3.6)
0

Taking the convergences (2.3.4) into account and employing the Gronwall’s inequality, we
obtain the first estimate below
E™(t) < Ly, (2.3.7)
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where L; > 0 is independent of m. This estimate assures the global existence of (u™, 2™).
And, it is deduced that

u™ is uniformly bounded in L. (O, 00; D(A%)>7

uy is uniformly bounded in Ly, (0, 00; ’H>, (2.3.8)
2™ is uniformly bounded in L. <0, 00; V1>.

e The second priori estimate. Let ®° = 244" in (2.3.3); and exploit lemma 2.2.3 in order
to have

d 1
7 [HAM?”‘H2 + (1= go) [l A™|* + (g o Aum)} + g(t)[|Au™?

(2.3.9)
— (g o Au™) (t) + 2p (1) | AZw)"||” + 22 () (A2 2™ (1, ), Azu)") = 0.
Next, replacing U¢ by 242" (p,t) in (2.3.3),, we find that
d ! 1 ' d . )
& [ o1 0P =~ [ (1= o )43 0l
0 o ap
which implies
d 1 1 1 1
L[ a4k (o) dp < — (1= DL Ab (L DI + Ak, (23.10)
0

Moreover, with
1 1 1
EM(t) = AZu (| + (1 — go) | Au™|* + (g 0 Au™) + / (8| AZ=" (p, t)|[*dp,
0

it follows from the estimates (2.3.9)-(2.3.10) that

d 1 1 1 1
Sem(t) < (1-2u(0) |ARPIP — (1= )AL (1,0 = 2us(t)(AR"(1,1), Abut).

Due to Cauchy Schwarz’s and Young’s inequalities, one has

d 1 m 1 m
ZE(1) < el Abu 2 = (1= d) = &2 ) [ AR (L))

Up to fixing e, sufficiently small to get

d m 1 m
SEm(E) < cllAbup P,

the integration over (0,t), bearing (2.3.4) in mind, gives

t
£m(t) < c+c/ A2t
0
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By virtue of Gronwall’s inequality, we obtain for L, > 0, that
EM(t) < Lo. (2.3.11)
We, thererfore, conclude that

m

u is uniformly bounded in  L;%. (O, 00; D(A)),

uy” is uniformly bounded in  L;<, (0, o0; D(A%)), (2.3.12)
2™ is uniformly bounded in L. (O, 00; Vg)

e The third priori estimate: Let ® = /" in (2.3.3);, we have the identity

g (O] = —(Au™ () — (g% Au™)(t) + ()" (1) + p2(t)2" (1,1), u; (1))

The boundedness of pu;, i« = 1,2, Cauchy-Schwarz’s inequality and Young’s inequality, yield
that

iy I* < C<HAU O + a1 + 12" (1, 1)) ) + (g * Au™) (), ui} (t)). (2.3.13)

Since Au(s) = (Au(s) — Au(t)) + Au(t), we easily show that

((g* Au)(t),u}) = / (t — s)(Au(s) ), up yds + (Au(t), )
< (g 0 Au) () + el Au(t) 2 + 1w%w
Substituting this latter estimate into (2.3.13) and using (2.3.11), we get
Iell? < e+ ell"(1, )1
which 1is
il e [ 1t 0o < v (e alE+ [ o). 231

Thanks to (2.2.17), we see that (2.3.14) implies

i+ e [ o1

t (2.3.15)

Sc+dmmﬁ+c/'wymnm%m+c/'wmwjm%p+c/|mzwﬁ,
0 0 0

then, by (2.3.4) and (2.3.7), we have

Jugy |1 + / 12" (p, 1) dp<c+c/ |w||dt, (2.3.16)
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and with the help of Gronwall’s inequality, we arrive at

1
2 OIF + [ .0l dp < L, (23.17)
0
where L3 is a fixed postive constant. We hence derive that
uyy  is uniformly bounded in Ly, <0, 00; 7—[),

(2.3.18)
2" is uniformly bounded in Ly, (O, 00; V1>.

It follows from the priori estimates (2.3.8), (2.3.12) and (2.3.18) that it exist subsequences
{u"}ee, c{u™}ee_, and {2"}22, C {2™}2°_, such that

u" — weakly-star in Ly, <O, oo; D(A) ) ,

up > weakly-star in ~ Lps (O, 0o; D (.A%) ) :

uy, —> uy  weakly-star in Ly, (0, 00; ’H) , (2.3.19)
2N — oz weakly-star in Ly (0, 00; Vg) ,

' — weakly-star in Ly, (O, 00; Vl) .

The proof of the existence result can be completed following the same steps of proof of
Theoreme 1.4.1.

For the uniqueness, we assume that (u1, z1) and (us, 22) are two pairs of weak solutions of
(2.2.1). Then, (u, z) = (u1, z1) — (ug, 22) fulfills the system

(i (t) + Au(t) — (g% Au)(t) + pa (D)ue(t) + pa(t)z(1,6) =0 in 0, 00],

T(t)z(pt) + (1= p7'(t)) 25(p. 1) =0 in[0,1] x [0, 00],
2(0,t) = w in [0, 00, (2.3.20)
u(—t) =u; =0 in [0, o00],
L 2(p,0) = in [0,1].

To get the uniquness result, it is sufficient to show that (0,0) is the only weak solution of
(2.3.20). For that, invoking (2.3.6), and noting that £(0) = 0, we obtain

E(t) < c/tE(S)ds.

As E > 0, the reserved Gronwall’s inequality implies that F(t) = 0 for all ¢ > 0 and so
(u,z) = (0,0). Consequently, (2.2.1) has only one global weak solution. O

2.4 Stability

We will divide this section into three subsections: in the first part, we investigate the decay
property in the case of |us| < +/1 — duq, in the second one, we discuss the situation when
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|p2| = V1 —dpy. And, in the last one, we give some examples to illustrate our new general
decay results. As a starting point, letting ¢, = ﬁ]ug(tﬂ in (2.2.11), we immediately get

E’(t) < - (,Ul(t) — %n(t) — 2\/%“@(15”) Hut||2
( - d\Mz(t)|>||z(:v,1)||2 (2.4.1)
1
2

(g o Abuyt) - 1g< DIl Abu(t)2

Then, we assume that the non-increasing function 7 satisfies

1 1

muz(t) <n(t) <2n(t) — ——m(t), i lp(b)] < v1-dun(t), 242)
(1) = n(t) = == la(o)] i |a(t)] = VT = dpu(t). B

2.4.1 General decay for |usz(t)| < v/1 — du(t)

In this subsection, we prove our new general decay result in the case of |us| < V1 — du;.
Recalling (2.4.2), then (2.4.1) implies

B(0) < ~Ciul} = Coll=(e. DIF + (g 0 Abuyt) - Sgnabun 2, (243)
where ) )
C1 = (t) — 577(75) - 2\/ﬁhdtﬂ >0,
Cy = 1%[77(25) - 12_ dluz(t)l > 0.

The main result of this part is ensured by the following Theorem.

Theorem 2.4.1. Let (u, z) be the solution of (2.2.1). Assuming that (Ay)-(A4) are fulfilled,
lp2| < V1 —dpy and that py is a bounded function. Then, it exist two positive constants a
and ay such that the solution of (2.2.1) satisfies

B(t) gaHll(al /t tg(s)d5>, V>t (2.4.4)

to =g ' (r), ¢(t) = min (f(t),,ul(t)), Hi(t) = /tr %(S)ds, and Hy(s) = sH'(eps).

Proof. To derive the stability result stated in Theorem 2.4.1, we shall establish some Lemmas
given for all regular solution of (2.2.1).
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Lemma 2.4.2. The functional K defined by
K(t) = <ut7 u>
fulfills, along the solution of (2.2.1), the estimate

/ 1 1
K(0) < (14 72 mOF ) el = 3 (1= o) 1 AEul?

4
C, Y 2 2
+m(hou)(t)+ _golm(t)l =L D)7,

(2.4.5)

1

for all 0 < v < 1, where
00 2
g°(s) /
C’,,:/ —————ds and h(t) =rvg(t) — g (t).
o 790 - ) 0 =vath) =910
Proof. Taking the derivative of K and using Eq.(2.2.1);, we can get

K'(t) = [|udl* + | A2u]® + ((g * Azu)(t), A2u)
— pa(t) (g, u) — po(t) (2(1,1), ),
which is,
K'(t) = ud* = (1= go) [ AZul]* — ((g o AZu)(t), Azu(t))
+ pa(t) (g, ult)) + pa(t) (2(1,), u(t)).

In view of the assumption (A1), Cauchy Schwarz’s inequality and Young’s inequality, we
obtain that

/ Y 2 2 1 L2
K1) < (14 72 lm@F Il = 5 (1= o) A%
. l(gou)®)l?

g 2 2 1
ANz, 0|2 + ———
)L + s
Now, using Cauchy Schwarz’s inequality, the latter term of the above inequality can be
estimated as

_|_

2

I(g o) < ( [ ot =9l At - A%u@)nds)

(/ \/T\/ )|l Az u(s) A?u(t)Hds) (2.4.6)

<(/ t ﬁd) [ e = ) 14%uts) — At s
< Cy(hou)(t).

Collecting all above equations establishes (2.4.5). O
Lemma 2.4.3. The functional

F(t) = () / e O 2, 1)|Pdp
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has the following property

1
F(t) < —71672/0 1z(p, )]Pdp — (1 = d)e [[2(L, 1)]I* + [lue*. (2.4.7)

Proof. 1t is easy to see that

F0 = [ [Foem.0ra+ [ [roer0 L (10 o

- [ ot a0
then, by (2.2.1),, we can get
o == [ 0L (=)t 0l) | do— [ [orterroelzto. 1] do
that is,
1 d 1
P == [l a0l [do = vi0) [ st
this, together with (2.2.4), implies
() [ O (o, OlPdp — (1 — d)e O (1, DI +
As e7™® < =@ for all p € [0, 1], we have
Ft) < — r(t)e! / 2o, 0l12dp — (1 = d)e " D||=(1, ) + el
using then (2.2.3), we end up with (2.4.7). O

Lemma 2.4.4. For a suitable choice of N and N;, i = 1,2, the functional defined by
L(t)=NE(t)+ N1 K(t) + N2 F(t),

F(t)

IN

satisfies
L~E, (2.4.8)

and

: 1
L£'(t) < —cllugl|* — 48] Azul|* + (goAzu —c/ 12(p, )] 2dp. (2.4.9)

Proof. 1t is not hard to establish that £ ~ E. Then, combining the estimates (2.4.3), (2.4.5),
(2.4.7), we immediately get

£ <= [ = (1 T2 lOF) - 52) |l
= S (1 g0 ARl + (o o At (1)
G (ho Abu) (1) = rie ™, / (o, t)ldp

Ny
2<t>|2] 11 DI

+
I —go

- {02N+ (1—d)e N, — 11
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As pq is bounded, we get that there exists a fixed positive constant « such that
ui(t) <a, forall t>0, (2.4.10)

This, together with |us| < v/1 —dp and ¢ = vg — h, gives

2

/ « N 1
ORS {clzv (s M- Nz} ol = Z (1 = g0 ) A
— Y0

# Pl A0~ | F ] (oAb

1
e N [ (o 0)Pdp
0

21—d
— |:CQN +(1—d)e N, — %Nl] |2(1,¢)[2.
Furthermore, the choices
1
Nl = 6ﬁ ) N2 = gN;
1-— qo 2
give
4 ya 163 i
co < [Dv - (10 29 29 e gt
0= |58 = (14 ) 20 el - apl Akl
Nv 1 N 4ﬁ 1
Cyme™ !
= W EPI
0
Ci(1 —d)e ™ 1657a2(1 — d) )
- |CoN + ————N — 1,t)]*
v+ A0S e | R0
Since % < g(s), then it is readily seen, by the Lebesgue dominated convergence theo-
rem, that
00 2
lim vC, = lim L(S),ds = 0. (2.4.11)
V—00 v—=oo g I/g(S) — g (S)

Consequently, it exist some v (0 < vy < 1) such that if vy < v then

1
48 ’
8 [(1—90)2}

Choosing N sufficiently large and take v satisfying

v(C, <

%N—(H

> 0,

yo? ) 8p
1 —90/1—go

_ - 201 —
Ci(l =d)e ™ 1687y’ (1 —d) _

CyN
2V + 9 (1—go)?2 ~—
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1
V= ﬁ < 1,
and then N 16
—— —7C, > 0.
2 (1—go)?
Hence, (2.4.9) is established. O
Going back to our proof of Theorem 2.4.1 . By (2.4.9) and (2.2.10), one has
L'(t) < —moE(t) + ¢(g 0 A2u) (t),
tha is,
t
L'(t) < —moBE(t) + ¢(g 0 A2u) (to) —I—c/ g(s) || Azu(t) — Azu(t — s)||*ds. (2.4.12)
to
It follows from (2.2.8), that
1 9(0) 1
(90 A2u)(to) < =5 = (g 0 A2u)(to). (2.4.13)
0
Simple substitution of this latter estimate into (2.4.12), using (2.4.3), leads to
t
L(t) < — moB(t) — cE'(£) + ¢ / g(s) || Abu(t) — Abu(t — 5)|2ds. (2.4.14)
to
Hence, with Ly = L + cE, we clearly have £y ~ E and
t
Ly(t) < —moE(t) + c/ g(s) | AZu(t) — Azu(t — s)||*ds. (2.4.15)

to

Now, the main task is to estimate the last term of (2.4.15). For, we distinguish two cases.

(I)._H is linear: Making use of (2.2.7), (2.4.10) and (2.4.3), one obtains
£ift) < ~ (s + oa) )+ [ o) Abutt) - Abult - 9)ds
< =y (§(6) + () ) E(t) + ¢ / §(s)g(s) | Axu(t) — Au(t = s)|*ds

< —mnC(HE() — ¢ / ¢ ()| Abu(t) — Abu(t — 5)|Pds

to

< —myC(t)E(t) — cE'(t),

where m; = min <m @> Obviously, the function £; = Ly 4 cE satisfies

2c1’ 2«
L, ~E,

and

Li(t) < —c((t)La(2),

(2.4.16)

(2.4.17)

(2.4.18)
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the integration over [tg,t] gives

Lut) < El(to)exp( e /t: g(s)ds), (2.4.19)
e Bt) < cE(to)eXp( . /t: ((s)ds). (2.4.20)

(IT)._H is non-linear: We first define the functional

G(t) = L(1) + R(t),

where
=Aﬂ%@M%®%% mif@=lg@%

It is clear that G is positive. Then, using Lemma 2.2.4 and Lemma 2.4.4, we conclude that it
exists ag > 0 such that

! 1 1 !
G'(t) < —cllul® = Bl Azul|* — ;l(g o A2u)(t) — C/o 12(p, t)[1*dp < —aoE(t).
Therefore, .
o [ B(s)ds < (0) - 616 < G(0)
0

this guarantees that
/ E(s)ds < . (2.4.21)
0

We now define 6 by
_ 5/ A3 (1) — Ab(t — 8)|2ds, (2.4.22)

from which, thanks to (2.4.21), we have

/HA )~ Al - s)ds <2 [ [IANOIR + 1Ak - 9 as

to

< 4/t (E(t) +B(t— 5)>d5 (24.23)
< oo,to
this property enables us to take 0 < 0 < 1 so that,
0(t) <1, Vt>t. (2.4.24)

Assuming without any loss of generality that 6(t) > 0 for all ¢t > ¢y; otherwise, (2.4.15) leads
0 (2.4.20). Also, we define

mwz—/yme@W—wﬁa—ﬂma

to
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which obviously satisfies
I(t) < —cE'(t). (2.4.25)
]

Moreover, the strict convexity of H on [0,7] and H(0) = 0 entail that

H(ss) <cH(s), forall 0<¢<1, sel0,r].
Using this fact, Jensen’s inequality, (2.2.6), (2.2.7), (2.2.8) and (2.4.24), it follows that

% = —?lt)/t q'(s) [ Azu(t) — Azu(t — s)||*ds
:iwaﬂle@F@@WA%®—A%@—ﬁﬁk

1 ! 1 1 5
30 ). POLH (o) Au(e) — At — )]s
Cleczt)

>

> /t HO@)g(s)) | ABult) — Abult — s)|Pds (2.4.26)

>t (5o [ o0a1A0 - At - s
=0 ([ gttty — Aute - ))7as)

to

_ 07 ([ g Abut) — Adult — )|2ds )
C1 (/ )

to

where H is a C? extension of H which is also strictly convex and strictly increasing of class
C? on (0,00). This gives that

/t g(S)HA%u(t) — A%u(t — 5)|]2ds < cH ! (%) : (2.4.27)
We hence derive from (2.4.15) that, for any ¢ > t;
Lo(t) < —moE(t) + cH ' <%) : (2.4.28)

Let 0 < ¢g < r and A > 0, then the functional given by

L(t) =H (60%> Lo(t) + AE(1),

fulfills, for some ko and kq,
koL(t) < E(t) < k1 L(t), (2.4.29)

L) = eo%(ot;ﬁ” <eo%> Loty +H' <EO%) (1) + \E'(1).

and
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As H is an increasing-convex function, we have that H > 0, H' >0. Using these facts with
(2.4.28) and E’ < 0, one gets

L'(t) < —moH (60%> E(t)+cH (eo%) 7t (%) + A\E'(t). (2.4.30)

Let H be the convex conjugate of the differential convex function H, i.e.

H (s) = sup (st — H(t)),

teR
then, H is the Legendre transform of H, which satisfies (see Arnold [57], pp.61-64)
XY <H (X)+H(Y) (2.4.31)

and
—

H'(s) = s(H )™ (s) — H[(H)™'(s)]. (2.4.32)

By taking
— [ E@) =1 (9(t)

X:H(“’E(w) md ¥ =A (%)

and using (2.4.31)-(2.4.32) with the fact that H is non-negative, we can obtain

7 (aga) ™ (E0) =7 (7 (o50)) - €6
< eo%ﬁ' <50%) O(t)

So, owing to (2.4.25), we end up with

/ E(t)— E(t) ,
L'(t) < — (moE(0) — ceo) E(O)H (GOE(O)) + (A=) E'(t). (2.4.33)
Since £’ < 0, putting ey = %C(O) and A = 2¢, we can derive
L’(t) < _mog(o) %Hl (60%)
_(moE(0)  moE(0) \ E(t) ., [ E{)
- ( o T T O‘) O (EOW) ’

then, by (2.2.7) and (2.4.10), we get

L'(t) < — (moﬁfo)& (t) + moi (O)ul(t)> %H / (60 g((é))>

E@) ., ( E()
< —aoC(t)mH (EOE(O)) :
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where ag = min <M, M), moreover, with Hy(t) = tH'(eot) one has

4o 4cq
: E(t)
Defining
koL(t)
Ly(t) =
1( ) E(O) )
it then follows from (2.4.29) that L, ~ E. Hence, (2.4.34) may be transformed into
Li(t) < —ar((t)Ha (L1 (2)). (2.4.35)
By the definition of H;, we know that
Hi(t)=— <0, Vt>0,
1( ) Hz(t) =
then, (2.4.35) rewrites as
B < 0
Hj (Ll(t))
that is,
/
[HL(La(1))] > aiC(t). (2.4.36)

Integrating Eq.(2.4.36) on [to, t], we yield that
t
Hi(Li(t)) > Hy(Li(to)) + ay / ((s)ds,
to

we then use the non-increasing property of H; ', we infer

Ly(t) < Hi (Hl (Li(to)) + ax /t:C(S)d8>,

L < i a [ cls)is).

This gives us the required result in Theorem 2.4.1 when combined with L; ~ E. O]

and so

2.4.2 General decay for |us(t)| = v1 —dpuy(t)

In this current subsection, we will show that the result given in Theorem 2.4.1 remains valid
even if |us(t)| = /1 — dpy(t). Firstly, in light of (2.4.2), we have

1

hence, (2.4.3) takes the form
B(1) < 5o o Abu)(t) — go(0) | Abu(r)”. (2.4.37)

The main result of this part is the following.
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Theorem 2.4.5. Let (u, z) be the solution of (2.2.1). Assume that (A1)-(A4) are satisfied and
|| = V1 —dpy. Then, there exist two positive constants w and wy such that the solution of
(2.2.1) satisfies

BEt)<wH! <w1 /t C(s)ds), Vit >t (2.4.38)

Proof. As usual, our argument is based on the construction of a proper Lyapunov functional
A(t) which it is equivalent to E(t) and satisfies

1
N0 < el 45145 + g0 AR —c [ et 01 (2439
To this purpose, we introduce the functional

J(t) = —(ue, (gou)(t)).
Then, we have the following estimate.

Lemma 2.4.6. The functional J satisfies for any positive constants d1, 0o and 03, the estimate

J'(t) < —(go — 260) [Jue||® + Gal| A2 u||? + 85| 2(1, 2)]?

+ (clugit)lz + C'“;SHQ +1)Cy(ho Abu) (1), (2440
Proof. A straightforward computation, using Eq.(2.2.1);, leads to
T (t) == golluel|* = (ur, (9 o u)(£)) + (AZu, (g0 A2u)(t))
— (g A2u)(t), (g A2u) (1)) + pa () (us(t), (g 0 u) (1))
+pa(t)(2(1,1), (g0 u) (1)),
which is,
T (t) = =golludll* = {ur, (g"0u) (1)) + (1 - o) {AZu, (g o A2u)(t))
+l|(g<>A%u) (t)\|i+£b1(t)<ut(t), (gou)(t > + p2(t){2(1,1), (g o u)(t)).

In what follows, we will estimate the terms Iy, ..., I5, using Cauchy-Schwarz’s inequality,
Young’s inequality, (2.2.2) and similar computations in (2.4.6). So, for any §; > 0, one

has
_]1:<ut,(h<>u) )) — (ur, v (g ou)(t))

<l + 7 ([ VRE= VA= 3Tuts) — 0]

+ 4_51(/9(75 — 8)|lu(s) - u(t>||)

< b+ 22 1y )+ a0
< 0w ? —1—5 (hoA2u)() cc:”(hOA%L)(t).
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Analogously,

cC,

Ip < 5|l Azu)? + 5 (ho Azu)(t),

2
Iy < G, (ho Azu)(t),

"g”ml(m?(h o Abu) (1),

Cf;;”|u2<t>\2<h o Abu)(t),

Adding all above estimates, we obtain (2.4.40). O

Iy < 0yf|uel* +

Is < 63]|2(1,8)|* +

Let us then define the Lyapunov functional A by
A(t) = ME(t) + MK (t) + My F(t) + M3 J (t), (2.4.41)

where M and M; are fixed positive constants to be selected posteriori. It is straightforward to
show that E(t) and A(t) are equivalent ( i.e.E ~ A). Then, gathering the estimates (2.4.37),
(2.4.5), (2.4.7) and (2.4.40), we have

N(t) < = | (g0 — 20)) My — (1+ ﬁrul(oI?)Ml - Mz] Jue 2
— Y0

M 1 M 1
- PR ) = st + (o 0 Ar0) @)

| 4
M clm®) | clua(t)? .
:4(1 _go> + ( —+ + 1)M3:| Cl,(hoA2u)(t) (2442)

5 03
M
— (1= d)e My — 1’/12(75)|2—53M3] (1, 8)|1°

I —9go0

+

1
~ne ™M [ et 0l dp
0

As 7 is non-increasing function, it then results that n(t) < n(0) for all ¢ > 0. Hence, thanks

1 ) .
ton=p = m\ug\ and ¢’ = vg — h, we obtain
! 0 2
30 < == 2005~ (14 O ) s ag)
— 90
[ M (1 — 1 M 1
- [ME At + 2 g o bt
M M, ()2 | e(1 = d)n(0) .
[ e 1) M L (h 2 t
E (4(1—go>+< T LM (ho At
I 1—d)|n(0)|?
-0 emag, - 1L OO Ml—asMs] =1, 0)]?
L — Y0

1
e M, / l=(p. ) |dp.
0



2.4 Stability 49

Moreover, by setting

2 21 2
08yl 2BWOE e o B

M, =
! 1— 90’ (1 — 90)2677—2’ 4 ’ M3

we immediately get

, 9 208 [n(0)[? 2167In(0)[?

1 M 1
— 4B A3ul* + (g 0 Aru) (1)

[ (e (20 e

- [—5?7(23)' —53M3] (L, 017 ~ —ﬁfl’@fﬂl’ /0 12(p, 1)1 dp.

Now, we will select our constants M, Ms and d3 very carefully. At the first, we take Mj
sufficiently large so that

9 208 Yn(0)[P\  2157[n(0)]?
oM (1 Tz 90 ) (1= go)2e

277 1—go
Then, for any fixed M3, we pick d3 small enough so that

B~?In

Since lim, o, ¥C, = 0 (for the same raison given in (2.4.11)), it then follows that it exist
some vy (0 < vy < 1) such that if 11 < v then

1
vC, < 53 : (2.4.43)
4e[n(0)? | c(1=d)[n(0)?
8[(1 “g0) ( o T T 1>M3]
Choosing M sufficiently large and take v satisfying
1
V= m <,
MM (58 achOF | - o)
cin ¢l —a)mn
R +( + +1)M )Cy >0
2 <(1 — ) 9o 03 ’
Consequently, we end up with
1 1
N(t) < —cllul? 45145 + (g0 b))~ ¢ [ aloit) P (2.4.44)
0

Therefore, following the same steps as in the proof of (2.4.4), we obtain the claim (2.4.38).
[
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2.4.3 Examples

Along this subsection we assume that £(t) < uq(t) for all t € RT. So our general decay result

takes the form:
E(t) <cH[ < / (s )

In order to illustrate this new general decay result we shall give here some examples.
Example 1: Consider

H(s)=s and g(t) = bexp( — pt — v(ln(Z + qt)))v —oln(2+In(2 + t))),
with v, p,q,0 > 0 and b > 0 is chosen so that (A3) is satisfied, then

g'(t) = —=b&(t)g(1),

where )

q
24 qt

24t)(2+In(2+1))

It is clear that the function & : Rt —]0, oo[ is bounded and not necessarily monotone. Then,
we have for all t > 0

Et)y=p+ (111(2 + qt))v_l +

E(t) < cexp( —pt — v(ln(Q + qt)))v — oln(2 + In(2 +t))), if v,p,q,0 >0,

and
cexp(—ct), ifp>0 and ¢=0=0,
c .
E@t)<{p ifg>0, v=1 and p=0=0,
c

- if o0 >0 d =q=0.
NEEE if o an pP=q

Example 2: Assume that (A1) and (A2) are satisfied and that

H(s)=s?, for 1<p<2.

cexp(—c/f ) if p=1,
(1+/£ ) ifl<p<2.

For more examples, we refer readers to these studies [24, 55, 58, 60].

Then,

E(t) <

2.5 Applications

Our abstract results are valid in many problems. In this section, we give only four illustrative
applications.
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2.5.1 Infinite memory

By adopting the method in [59], our stability results can be extended to the case which the
memory is infinite.

2.5.2 A more general model

Our results hold for the following more general form

u (t) + Au(t) — (g% Bu)(t) + p1 (£)ue(t) + po(t)ue(t — 7(t)) =0 in]0, +o0],
u(—t) = up, u(0) =y in[0, 400/,
u(t —7(0)) = fo(t —7(0)) in[0, 7(0)],

where B : D(A) — H is a self-adjoint linear positive definite operator having domain D(A) C
D(B) C ‘H with dense embeddings such that,

lull? < il B2ul® < 7| AZull” < yslB2ul’,  Vu e D(A2),
where ~; are fixed positive constants and 5 €]0,1/7,].

2.5.3 Abstract system

Consider the following problem:

Cuat) + Au(t) — (9 Au)(5) + pn(O)et) + palt)ualt —7(£) =0 in ]0, 00,
v (t) + Av(t) — (g % A“)(t) + i (t)ve(t) + fia(t)ve(t — 7(¢)) =0 in ]0, +oo]
u(—t) = ug, u(0) =1uy in [0, +o0],
v(—=t) = vy, 1(0) =w; in [0, +o0],
u(t —7(0)) = fo(t —7(0)) in [0, 7(0)],

(o(t = 7(0)) = fo(t —7(0)) in [0, 7(0)],

where a € [0,1]. The energy functional £ associated with the solution of this problem is
defined as

£(1 %Hut(t)n? + 1||v O + I Axu(o)]? + —||A2v< I+ 5(9 0 A2 1) + 5 (9.0 AZ0) (1)

/|| (o, 0)|Pdp + (0 /n S0, 1)2dp

Then, with ((¢) = min (£(¢), 1 (t), 71 (t)), we have the following decay properties

- (c /t:C(s)ds) if a =1,
cH;! (a(/totg(s)ds) 1) if o # 1.

£(t) <
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In particularly, if we consider H(s) = s, we obtain that

cexp<—c/t§(s)ds> if =1,

" ([ o)’ .

2.5.4 Wave-Petrovsky equation

Let €2 be an open bounded domain in R", n > 1, with smooth boundary I". Our results are
valid for the following wave equation with Dirichlet boundary condition:

;

u(x,t) — Au(z, t) + (g * Au)(z, t)
g (B)ug(x,t) + po(t)u(z,t — 7(t)) =0 in x]0, +o0],
u(z,t) =0 in I'x]0, +o0|,
u(z,0) = ug, u(x,0)=1uy in  Q,

L u(z,t —7(0)) = fo(z,t —7(0)) inQ x [0, 7(0)],

which is (2.1.1) with A = —A, D(A) = H*N H}(Q) and H = L*(Q).
Also, one could obtain the same results for the following Petrovsky equation with Dirichlet
and Neumann boundary conditions:

(g (z,t) + Az, t) — (g% A%u)(z, 1)
g (Dug(x,t) + po(t)u(z,t — 7(t)) =0 in 2x]0, +o0,
u(z,t) = Oyu(z,t) =0 in I'x]0, 400,
u(x,0) = ug, u(z,0)=1wuy in  Q,

| u(@,t —7(0)) = fo(z,t —7(0)) inQ x [0, 7(0)],

which is (2.1.1) with A = A% D(A) = H* N HZ(Q) and H = L*(Q).



Chapter 3

The control of a non-dissipative wave
equation by memory-type condition
on the boundary

3.1 Introduction

Let €2 be an open bounded domain of R™, n > 2, with a smooth boundary 0€2. We assume
that 02 = 'y UT'y, where partition I'g, I'; are closed and disjoint with meas(I'y) > 0. In this
work, we are concerned with the following initial boundary value problem of wave equation:

(wy(z,t) — Au(z,t) + g(Vu(z, 1) =0 in  x]0, +oof,
u(z,t) =0 in Iy x]0, 400,
u(z,t) = —(h * O,u)(x,t) in I'y x]0, +o0], (3.1.1)
u(z,0) = ug(x), u(x,0)=uy(z) in Q,
u(z,t — 1) = folx,t —7) in Q x ]0, 7],

\
where v is the unit normal vector and d,u is the normal derivative. Moreover, h is a positive
non-increasing function defined on R, and g is C*(R) function, the initial data (ug,u1, fo)
are taken in a suitable Sobolev space.

Stabilization of wave equations or wave systems by memory-feedback on the boundary has
been widely considered in the literature, see for example [11, 12, 53, 66] and so on. It has
been shown that if & is the resolvent kernel of —h/h(0), then the solutions decay at the same
decay rate as h and A/, that is, the energy decays exponentially when the resolvent kernels
decay exponentially and decay polynomially when the resolvent kernels decay polynomially.
Motivated by the important paper [23] of Alabau-Boussouira and Cannarsa, Mustafa [24]
considered (3.1.1) with ¢ = 0. Under the general assumption: £'(t) < —H(k(t)), where H
is strictly convex and increasing function such that H(0) = 0, he established an explicit and
general decay result.

In [67], Messaoudi and Soufyane studied (3.1.1) with ¢ = 0 and established a general
decay estimate. In fact, they assumed that the resolvent kernel & : [0, 0o[— [0, 00| is a C?
non-increasing function satisfying the following conditions

Jim k() =0, k(0)>0, K@) <-CHEEB), K@) =DKE), (312

23
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where ¢ : Ry —]0, +oo[ is a CY non-increasing function. And, they showed that the energy
of solutions E has the following decay property

E(t) §cexp<—c/t§(s)ds>, if up=0 onIY}.
0

Otherwise,

BE(t) < C[E(O)—i— (/F |u0\2dF1> /Ot k2 (s) [l—i-exp(c/t: C(a)da)])ds] exp(—c/otC(s)ds).

Noting that the problem considered is dissipative where the fact that £/ < 0 played an
important role in the proof of the case when wug # 0 on I'y. Here in this work we discuss the
situation when the problem is not necessary dissipative in the sense that £’ is not negative
in general in which we introduce a new Lemma that gives us a general energy decay where
the exponential, polynomial and logarithm decay rates are only special cases.

This chapter is planned as follows. In section 2, we give some assumptions and materials
that will be needed in the course of our investigation. In the same section, we state, without
proof, the well-posedness result of the system. In the last, we establish a general decay of
solutions by the use of the multiplier method.

3.2 Preliminaries

Due to the condition (3.1.1)3, we introduce the following space
HLQ) = {f . feHY(Q) and f=0 on ro}.

Now, to estimate the term 2% on I'; we shall use the equation (3.1.1)s. For that, by taking

v

the derivative of (3.1.1);3 we obtain the following Volterr’a equation

Ou__ L u——1 h’*@
ov— Rh(0) " R(0) o

Utilizing the Volterra’s inverse operator, we can get

ou__ L u+h’*%
av — h(0) " ov )’

Assuming that h(0) > 0 and we denote by k the resolvant kernel of —%, which satisfies

k(t) + ﬁ(h’ FR)() = ——— W), t>0.

Then, denoting by v = woyr We end up with

ou

v =y (ug + k(0)u — k(t)ug + K * u). (3:2.1)
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Reciprocally, one can show that (3.2.1) imply (3.1.1); by taking the intial data such that
up = 0 on I'y. So, we will use (3.2.1) instead of (3.1.1)s.

We now consider the following assumptions:
(Ay) It exists xy € R™ such that, for w(z) = z — xy, we have

w.r <0 only, (3.2.2)

wr >0 onlj. (3.2.3)

(Ag) k : [0, 00[—> [0, 00[ is a C* non-increasing function satisfying the following conditions

lim £(t) = 0, k(0) >0, K (t) < —C(t)k(1), E'(t) = C)(=K (1), (3.2.4)

t—00

where ¢ : R, —]0, +o00[ is a C° function which is not necessarily monotone such that it exists
a fixed positive constant c; satisfying

C(t) <er, V>0 (3.2.5)
(A3) g: R — R is a C"! function such that ¢(0) = 0 and
g'(s)] < B. (3.2.6)
Remark 3.2.1. e Assumption (Ay) implies that
wr>06>0 on Ty and |w(z)|<r, VzeQ, (3.2.7)

where 0y and r are two fized positive constants.
o As ((t) > 0 for allt > 0, then it exists ¢y > 0 such that

co < ((t), Vt>0. (3.2.8)
o Assumption (As) implies that
lg(s)| < Bls|, VseR. (3.2.9)

Motivated by [66], we introduce the following Lemma:

Lemma 3.2.2. Let £ : Rt — R* be a C! function. Assuming that there exist positive
constants g, A1, Ao and a continous and bounded function ¢ : Ry —|0,4+o00[ which is not
necessarily monotone such that

L(t) < =XL(t) + N\ exp< — Ao /Ot C(s)ds),

then

L) < C’(E(O))exp( e /0 t C(s)ds).
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Proof. Let N > 0, defining a function F' by

F(t) = L(t) + Nexp( ~ /0 t C(s)ds).

Then .
P = £00) - Macesp( e [ cls)as)

< NL(t) — (NAQC() )\1 exp( /g )

Since ((t) > 0 for all £ > 0, we can find a fixed positive constant (y such that ((t) > ¢, for
all t > 0. And so the latter inequality becomes

FI(t) < —XL(t) — (NAQCO - )\1>exp( W /0 t g(s)ds).

Choosing N large enough so that A3 = NAy(y — A1 > 0 and making use of the definition of
F(t), we can get
F'(t) < =M\ F(t

)
As ( is bounded then it exists ¢; > 0 such that ((¢) < (3 for all ¢ > 0. This leads us to

A4
F(t)é—aC() QF

A simple integration over (0,t) gives

F(t) < F(0 exp< /g >: E(t)§(£(0)+NeXp( /g )

This ends the proof. [
For completeness, we state the global well-posedness result in the following Theorem.

Theorem 3.2.3. Assume that (Ay)-(As) hold. Then, for any (up,uy) € H*NH(Q) x H:(Q)
satisfying the compatibility condition
8u0

—_— =0 Iy,
By + Yuyp on I'y

problem (3.1.1) has only one global weak solution

we Ly (0,00 B2 N HAQ)), we Lis (0,00 HAQ)), € Lz (0,00 L2(2)).
Remark 3.2.4. The proof of the existence result given in Theorem 3.2.3 can be done by using
the Faedo-Galerkin method, see, for example [66]. And, the uniqueness of this solution is a
consequence of the assumption (As).
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3.3 Asymptotic Stability

In this section, we investigate the asymptotic stability of our problem by the use of the energy
method. At the first, we define the modified energy functional of the problem (3.1.1) as

E(t) = %/ﬂ [uf—k\Vuﬂdx—i—%/Fl (kO — (& o u)(t)]dr. (3.3.1)

Then, the following Lemma holds true.

Lemma 3.3.1. The energy functional E satisfies along the solutions of (3.1.1), the following
estimate

B(t)<-1 /F 1 [ + (K" 0 w)(t) — K ()0 — K*(t)ud|dT + § /Q [+ Vul|dz. (332)

Proof. By multiplying (3.1.1); by u; and using integration by parts over ), we obtain

1d ou
3di |, [u? + |Vu|2] dr = —/Qutg(Vu)dz = . gutdf. (3.3.3)

Substituting the boundary term by (3.2.1) and using Lemma 2.2.3, we find that
E(t) = - / wg(Vu)de — 1 / [ + (K 0 )(1) — K(0)r® — ()] ar,  (3.3.4)
Q Ty

using then Young’s inequality and (3.2.9), we obtain (3.3.2). That concludes the proof. [

The main result of this chapter is:

Theorem 3.3.2. Let u be the solution of (3.1.1). Assuming that (A1)-(As) hold with 8 small
enough. Then it exists two positive constants a; and as such that the solution of (3.1.1)
satisfies the following decay property

BE(t) < ale:cp( — a /0 t C(s)ds), vt > 0. (3.3.5)

To prove the stability result stated in Theorem 3.3.2 we need the following Lemma.
Lemma 3.3.3. The functional

I(t) = [2w.Vu + (n — 1)14 wdzx, (3.3.6)

satisfies, along the solution of (3.1.1),

2 2
I't) < — /Q || 2da + {Hw”oo + 42 (H(g—OHOO +2(n — 1)20*)} A || 2dl
1 2 (1—n) 2 (2wl 2 2
- {5— (1+C*+ !!w!!oo+T)ﬁ—47 e\, T e R

2
« / Vuldr + {2”;’”% +2(n—1)zc*}c/ (—k’ou)(t)df+ck2(t)/ W2
Q 0 'y IR}
(3.3.7)
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Proof. A simple differentiation with respect to ¢ yields

I'(t) = /Q(Qw.Vut)utdx +(n—1) /Q |us|Pdx + /Q(Qw.Vu + (n — Du)uyde,

by (3.1.1)1, one has

I'(t) =— / |us|Pdx + / (w.v)|uy|*dT + / (2w.Vu + (n — 1)u) Audz
Q r, Q

- /Q(Zw.Vu + (n — 1Du)g(Vu)dx.

(3.3.8)
Using the identity 2Vu.V(w.Vu) = 2|Vu|* + wV(|Vu|?), we can get
/(Qw.Vu)Audx = —/ V(2w.Vu).Vudx +/ (2w.VU)@dF
Q Q o) v
0
_ —/ 2Vl + WV (|Vu])) +/ (20.v) 2%dr
Q i9) v
—(n— 2)/ Vulde — / (w.0)| Vul2dT +/ (20.vu) 2Lar.
Q 0 o) v
By the fact that
Vu = (%) v on I,
one gets
/(Qw.Vu)Audx =(n— 2)/ |Vul*dz —/ (w.v)|Vul?dD
Q Q To
9 ou
+ | (wv)|Vu|"dl' + [ (2w.Vu)—dT.
r r 3V
Then
/ [Qw.Vu + (n — l)u} Audx < —/ \Vul*dz — 6y [ |Vul*dD
Q Q Iy
(3.3.9)
+/ [(Qw V) + (n— 1)u] s
I ’ 3V ’
where we used m.v > 6y > 0 on I'y, then, (3.3.8) becomes
() < — / g2 + ||w||oo/ g 2T — / Vul2dr 50/ (Vufdr
0 r Q r
ou
+ / [(ZW.VU) +(n— 1)u] —dl' -2 / (w.Vu)g(Vu)dx (3.3.10)
I v Q
—(n—1) / ug(Vu)dz.
Q
Applying the Young’s and Poincaré’s inequalities, we have that
du 8o ) 2|w||? ou|’
2w. —dl' < — d —~ —1 dI’ 3.3.11
/Fl(qu)ay <35 Fl|Vu| z + 5 /Fl 5 : ( )
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ou oul?
— 1)u—=dl Vul|?dz 4 2(n — 1)%c, —| dr, 3.3.12
/1“1(n )ua < = /Q| ul*dz +2(n —1)%c /1“1 5 ( )
/Q(Qw.Vu)g(Vu)dx < ﬁ/Q|Vu|2dx+%/Q|g(Vu)|2dx, (3.3.13)
o 2 (n — 1>2 2 3.3.14
(n 1)/ng(Vu)d:v§ 50*/QIVU| dx + 7 /Q\g(Vu)| dx. (3.3.14)

A simple substituation of (3.3.11)-(3.3.13) into (3.3.10), using (3.2.9), gives

1
I't) < ||lwllso |ut| dl’ — {5 - (1 + ¢+ w2 + 2(1 — n)3e, } / |Vul*dz

(3.3.15)
2||w]|?, (n— 1)? ul?
2du / —| dr.
/ fuf de [ 5 10, | Jo 0w
Noting that the boundary condition (3.2.1) can be rewritten as
gu _ — (ug + k(t)u — k(t)ug — k' ou),
ov
and .
(o0 < ([ ~K)s) (-4 oo
0
- [k;(t) - k(oﬂ (=K o u)(?).
Hence
ul?
E» < 47 {uf + E*(t)u® + k*(H)uy — c(—K o u)(t)} : (3.3.16)
v
Inseting (3.3.16) into (3.3.15) and using Poincaré’s inequality, we obtain (3.3.7). O
We now define a Lyapunov functional £ as follows:
L(t)=NE(t) + I(t), (3.3.17)

where N is positive real numbers that we will be choosen later.
It is clear that £ is equivalent to E for N sufficiently large. Then, combining (3.3.2),(3.3.7),
we have that

2
o< - [1-5) [lukac— |ty -0 (Bl po—ape )| [ juar
2 Q 2 () Iy

-5 Goreoriot + U5 E) o - ane, (Aol 4 - e Yoo
0

2
X / Vul2dz + {BN - (M +2n — 1)%*)0} / (—k' o u)(t)dl
Q 2 do T

+ck2(t)/ uﬁdF—%N Jo(t)|u|?dT.
Iy I

(3.3.18)
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At this point, for a fixed v we want to choose our constants N and [ very carefully in order
to get
L'(t) < —cE(t) + ck*(t) (3.3.19)

First, we take N large enough so that

2 2
%||w||OON — 47?2 (% +2(n — 1)2(:*) > 0,
0

2 2
TN (M 4 2(n — 1)20*)0 > 0.

2 do
Second, using the fact that lim, ., k() = 0 and we choose 8 sufficiently small so that
B
1—=>0
2 9

1 1—n)’ 2||wl3
LGz + B s - age (2 g1y Vi) > 0
2 2 4 do

Thus, using the definition of E(t) we end up with
L'(t) < —cE(t) + ck*(t) (3.3.20)
Noting that the assumption &'(t) < —((t)k(t) implies that
t
k(t) < cexp( - c/ C(s)ds), vt > 0.
0
Then, (3.3.20) becomes
t
L'(t) < —cL(t) + cexp( - c/ C(s)ds). (3.3.21)
0
Applying Lemma (3.2.2), we obtain that
t
L(t) < cexp( - c/ Q(s)ds). (3.3.22)
0

The use of £ ~ E leads us to the above mentioned stability result.



Chapter 4

Optimal polynomial decay for a
Timoshenko system with a strong
damping and a strong delay

4.1 Introduction

This chapter is devoted to the study of the well-posedness and the stability of the Timoshenko
system which was introduced in [73] as a simple model describing the transverse vibration of
a beam. The system is governed by two hyperbolic equations where the main variables ¢(z, t)
and ¥ (x,t) denote, respectively, the transverse displacement of the beam and the rotation
angle of the filament of the beam. The system is represented as

{Pl@tt(fﬁ’t) = Su(, 1) in ]0, L[x]0, +-oc], (4.1.1)

path(x,t) = My(z,t) — S(x,t) in |0, L[x]0, +o00][.

Here S = k(p, + ) and M = by, x is the space variable along the beam of length L, ¢ is

the time variable and
pr=p, p2=1,, k=K, b=LFEI,

where p, I,, K, E are positive constants for the elastic properties. More precisely, p for
density (the mass per unit length), I, for the polar moment of inertia of a cross section, E
for the modulus of elasticity (the Young’s coefficient), I for the moment of inertia of a cross
section and K for the shear modulus. To understand our motivation, we appeal to keep in
mind that the system (4.1.1) is purely conservative. More specifically, by taking any suitable
boundary condition into consideration, the energy of the beam defined by

L
E(t) = % /0 {mwf + p2y + Kz + ) + b2 | da (4.1.2)

satisfies the so-called energy conservation property, that is E(¢) = E(0) for all t > 0. So,
to attenuate that vibrations, control terms, such as: frictional damping, thermal dissipation
and viscoelastic damping, will be necessary. For instance, Kim and Renardy [79] considered
(4.1.1) with two boundary controls and they established the exponential decay of the energy
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E(t) by using a multiplier method. Soufyane and Wehbe [81] established an exponential
stability result by employing the unique frictional damping «(z)1;. This result was obtained
in the case of the equal-speeds, i.e.,

P1 P2
— == 4.1.
— =7 (4.1.3)

Raposo et al. [114] used two frictional dissipative terms ¢; and v, and proved that the
solution decays exponentially without imposing any conditions on the coefficients py, ps, K,
b. Alabau-Boussouira [83] generalized the result in [81] by employing the unique non-linear
damping g(1/;). In that work, she gave a semi-explicit and general formula for the decay rate
of solution at infinity provided (4.1.3) holds true. Mustafa and Messaoudi [85] improved this
result when they considered (4.1.1) with p; = py = k = b = 1. They used the weak non-
linear damping «(t)g(1;) and established a general and explicit decay result. Motivated by
[86], Park and Kang [87] examined (4.1.1) with two weak non-linear damping «(t)g(p;) and
a(t)g(1;) and established the stability result without assuming equal speeds of propagation
of waves.

Now, we concentrate on the stability problem for the Timoshenko system with delay which
is the subject of the present chapter. Consider the following model:

p1ou(x,t) — k(s + V)(x,t) + arp(,t) + asp(z,t — 7) =0 1in]0,1[x]0, 0],
P2 (, 1) — bbgr(x,t) + K + ) (2, 1) + path(z, t) + potdy(z,t —7) =0 in |0, 1[x]0, 0o,
(4.1.4)

where a;,pu; > 0 for i« = 1,2. If a; = 0 and pus < p; then the exponential stability has
been established by Said-Houari and Laskri [76] in the case of equal-speeds of propagation.
Apalara [69] examined (4.1.4) when u; = 0 and as < ay and realized an exponential stability
result in the case 28 = £2. And, in the opposite case, only the polynomial stability was given.

As a consequence of the results cited above, if the frictional damping is acting in only one
equation of the Timoshenko system then we can prove the uniform (exponential) stability
for weak solutions in the case of equal-speeds of propagation. For the opposite case, a slow
(polynomial) decay rate result is achieved for strong solutions. For Timoshenko system with
weak delay term, if the weight of delay term is small and satisfies some conditions between
the weights of delay term and the weights of frictional damping, we can get the same results,
see [76, 69] and so on.

According to this remarks, one question naturally arise: is it possible to consider the
Timoshenko system with a strong damping in the presence of a constant delay in the strong
internal feedback and get the same result as in [69]?

This chapter aims to answer this question by investigating the following system:

( 01§0tt($;t> - /i(g&x + ¢)Z<x7t) - :U’lgpmmt(a;at) - M2§0th<xat - T) =0 in ]07 1[X]07 OO[?
Pl (,t) — bibyy(x,t) + k(e + ) (2, 1) =0 in ]0, 1[x]0, oo,
0(0,1) = p(1,1) = ,(0,1) = ¢y (1,£) = 0 in]0, 00,
90<:B7 0) = 900(37)7 Spt(xa 0) = 901(1:) in ]Oa 1[7
w(%o) :wo(ﬂﬂ), wt(x70) :wl(x) in ]071[7

[ ez, t —7) = fola,t — 1) in ]0,1[x]0, 7],

(4.1.5)

where 111 > 0, po is a real number, 7 > 0 is the time of delay and (o, ¢1, %0, ¥1, fo) are in a
suitable Sobolev space.
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The remaining parts of this chapter are as follows. In section 2, we provide the needed

assumptions and materials. In section 3, we study the well-posedness by the semi-group

techniques. In section 4, we prove the lack of exponential decay even if 2 = £2. In the

last section, to establish the polynomial decay of solution, we introduce a suitable Lyapunov
functional. We use ¢ throughout the paper to denote a fixed positive number which may be
different at different estimates.

4.2 Preliminaries

In this section, we will present some materials and notations that will be needed to prove our
main results. First, we introduce as in Nicaise and Pignotti [36] the new variable

Z<x7p7t):¢t(x7t_p7—)7 xe[071]7 106 [071]7 t>0.
It is easy to show that
T2z, pt) + 2,(z, p,t) =0 in ([0, 1])* x [0, 0o].

Thus, problem (4.1.5) becomes

(plgptt(m t) - K(QDOC + 1/}) ( ) - /llSDx;ct(l’ t) - ,LLQZ;E,I(:E, 1’ t) =0 n ]07 1[ X ]07 OO[?
p2¢tt($ t) b¢xx($ t) + /i(ng + l/))@ t) =0 n ]O’ 1[ X ]07 OO[,
T2(x, p,t) + 2p(z, p,T) =0 in (J0,1[)*x ]0,00],

0(0,1) = (1,t) = ¥,(0,1) = ¥, (1,¢) = 0 in 0, ool
2(x,0,t) = iz, t) in 10, oo,
e(x,0) = o(x), @u(x,0) =p1(x) in 10,1],
w( Z, ) = wO( )7 ¢t($,0) = ¢1(x) in ]O’ 1[7

L 2(x, p,0) = folx, —pT) in (0, 1])%.

(4.2.1)
We will show that the assumption
|| < g (4.2.2)

guarantees the global well-posedness as well as the uniform decay of the energy E, given by

1 1
E(t) __/o [Pl@? + po} + K + )% + b2 + 7'7/0 22(, p)dp} dz, (4.2.3)

where 7 is a fixed positive constant satisfying
|po| <y < 2p1 — |pal. (4.2.4)

Remark 4.2.1. By using Eq.(4.2.1)y and the boundary conditions, we find that

1

dt2/1pxtdx+—0w(xt) =0,
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which directly gives

/01 b(w, t)de = (/01 wo(x)dw) cos (\/gt) + \/% (/01 wl(x)dx) sin <\/gt> .

Then, if we pose

D) = (o, ) (/01 wo(x)da:> cos (\/gt) \/g</ e d:c) sin (\/Zt),

we can easily show that (o, ), z)_satisﬁes problem (4.2.1) together with its boundary conditions
and with initial conditions for 1 given as

B0 = (o)~ [ e, B0 =)~ [ e

In addition, one has
1
/ P(z, t)dr =
0

Thus, we will work with ¥ but we write ¥ for simplicity.
Our starting point will be to show that the energy functional E is non-increasing.

Lemma 4.2.2. Assuming that (4.2.2) holds. Then, the energy functional E defined by (4.2.3)
is non-increasing and satisfies, for all t > 0, the following estimate

E'(t) < —p /01 @2, dr — [ /01 22(x, 1)dz, (4.2.5)

where

Y |M2| 7 |M2|
= — - — = d _ 172
b1 = 1 5 5 > and [ 5 5

Proof. Multiplyting Eq.(4.2.1); by ¢y, Eq.(4.2.1)5 by 9, and integrating the products by parts
over (0,1), we obtain

> 0.

1d ! 1 1
S & [[)190? + 2t} + Klpa + 1) + b@/ﬁ] de = — / 2 dr — m/ Vurze(7, 1)dz.
0 0

(4.2.6)
Multiplying then Eq.(4.2.1)3 by —yz..(x, p), integrating over (0, 1) x (0, 1) and using Eq.(4.2.1)s,

we get
Ty d S
= ——= 1 — . 4.2.
5 dt/ / (x, p)dpdx / 2(x, )dm+2/ s dx (4.2.7)

The Combination of (4.2.6) and (4.2.7), bearing (4.2.3) in mind, gives

Et)=— (-2 a2 [ 2 1)dz — 1 (z,1)d
- H1 2 Pt T 2 Z:v(x7 € M2 Ptz Ly ) €,
0 0 0

applying then Young’s inequality, we obtain the desired result (4.2.5). That completes the
proof. O]
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4.3 The well-posedness

In this section, we study the existence and uniqueness of solutions for system (4.2.1) by using
the theory of semigroup. For this aim, let U = U(t) = (go,u,w,v,z)T, where u = ¢; and
v = ;. Then, because of boundary conditions we consider the following spaces

L3(0,1) = {u € L*(0,1) : /1 u(z)dzr =0 },
H}(0,1) = L*(0,1) N H'(0,1),

HZ(0,1) = {u € H*(0,1) : u,(0) = u,(1) = 0}.
Next, we define the energy space as
H = Hy(0,1) x H}(0,1) x L*(0,1) x L2(0,1) x L*(0,1; Hy(0,1)), #

which endowed with the inner product

1

1
(U, U>H :/0 {pluﬂ + povT + K(@z + 1) ( Bz + V) + bihgih, + 7'7/0 2. (x, p)Zs (2, p)] dz.

Therefore, our system (4.2.1) rewrites as

U' =AU,
UO = U(O) = (SOOa ¢17¢07¢1a fO(" s T))a
where the domain D(A) C H of the linear operator A is given by
D(A) = UeH /[ o+ mu+pz(,1)€ H*NH(0,1), € H2NH!0,1)
B ve H0,1), z€L*0,1;Hy(0,1)), 2(,0,.)=u
and
u
P1 1 P1
AU = , v
K
P2
—T "2

Our first main result is given by the following Theorem.

Theorem 4.3.1. Assume that (4.2.2) holds. Then, for any Uy € H, it exists a unique weak
solution U € C([0,+00); H) of system (4.2.1). Moreover, if Uy € D(A) then (4.2.1) admits a
unique classical solution U € C([0,400); D(A)) N C*([0, +00); H).

Proof. To prove the result given in Theorem 4.3.1, we use the semigroup arguments, that is,
we show that the linear operator A generates a Cy-semigroup on H. For that, we need the
following two lemmas.
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Lemma 4.3.2. The operator A is dissipative and satisfies for all U € D(A),

1 1
(AU,U),, < —51/ udr — Bg/ 22(z,1)dx < 0. (4.3.1)
0 0

Proof. As E(t) = 3||U|j3,, YU € D(A), a simple differentiation gives

<U,7 U>7-[ = E,(t)’
and so

(AU, U)y = E'(1),
then by (4.2.5), we obtain (4.3.1). Hence, A is dissipative. O
Lemma 4.3.3. The operator \I — A is surjective.

Proof. Tt suffices to prove that, for all F' = (f1, f2, f3, f4, f5)T € H, there exists U € D(A)
satisfying

(M — AU = F, (4.3.2)
which is )
Ap —u = fi,
)\plu - /{<§0$ + w)z — MUz — ,u2zzz('7 1) = P1f27
)\w —v = fg, (433)
>\P2U - b,lva:c + I{((,Ox + 7/1) = P2f47
\)\24—7'_12,, = fs.

Following the same method as in [36] by using Eqs.(4.3.3)5-(4.2.1)5, we obtain that

p
2(x, p) = e Pu(x) + Te’\Tp/ e f5(, 8)ds,
0

then by (4.3.3)1, we have

p
2(z, p) = )\e_’\Tpgo(x) —e P f (x) + Te_’\”)/ e’\”fg)(x, s)ds,
0

therefore,
1

2(x,1) = Xe Mp(x) — e fi(x) + 7'6_’\7/ e f5(, 8)ds. (4.3.4)
0

Plugging u = A\p — f1, v = Ay — f3 and (4.3.4) into (4.3.3), and (4.3.3)4 to get

(4.3.5)

Np1p — k(r +0)s — A + poe™ ) pue = pr(Mf1 + fo) + haw,
>\2P2¢ — by + H(pr + ¢) = p2(>‘f3 + f4>>

where )
ha:a: - _(/~L1 + /~L26_>\T)flmx + MQTQ_AT / eATSfSJ::z:(xa 3>d5‘
0
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Solve (4.3.5) is equivalent to find (p,v) € H} x H} such that

1 1
/ [)\Qplgpw + k(@ + V)we + A1 + ,uge_’\T)gpmwx] dr = / [,01(/\f1 + fo)w — hyw, |dz,
0 0
1

1
/ [Angww + b, + k(ps + w)w] dx = / p2(Afs + fi)wdzx.
0 0

(4.3.6)
Combining (4.3.6); and (4.3.6)2, we find the following variational formulation of (4.3.2)
B((¢,¥), (w,w)) = L(w, @) (4.3.7)

where the bilinear form B : [H2(0,1) x H:(0,1)]> — R is defined by

1
B((¢,¥), (w,@)) = /0 [/\Qplsow + XN pothw + k(o + ¥) (W, + @)
+ b¢xwz + )\(,ul + MZG_AT)SOQCWJ] dx

and the linear form L : H}(0,1) x H}(0,1) — R is given by

1
L(w, @) = / [ﬂl()\fl + fo)wtpa(Mfs + fo)w + (1 + p2e ) frats
" 1
— pgTe MW, / e fro(2, 8)ds | da.
0

Next, for V = H}(0,1) x H}(0,1) endowed with the norm

It T = llw + 115+ loll3 + llll3,

it is readily seen that B and L are bounded. On the other hand, we have

B((p.%), (0,0)) = cll(e, )17,

which implies that B is coercive. Applying then Lax-Miligram theorem, we deduce that
(4.3.7) admits only one solution

(¢.¥) € Hy(0,1) x H,(0,1).

By the classical elliptic regularity, we conclude that the solution (y,) belongs into H? N
H}(0,1) x H* N H}(0,1). Consequently, Eq.(4.3.2) has a unique solution U € D(A). This
shows that the operator A\ — A is surjective. O

Finally, Lemma 4.3.2 and Lemma 4.3.3 imply that —A is maximal monotone operator.
Thanks to Lummer-Phillips Theorem, we conclude that the operator A generates a linear
Co-semigroup in ‘H and hence (4.2.1) is well-posed (see Pazy [94]). O
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4.4 The lack of exponential stability

In this section, using the following Gearhart-Herbst-Priiss-Huang Theorem (see [89, 90, 91]),
we prove that the semigroup associated to the system (4.2.1) is not exponentially stable.

Theorem 4.4.1. Let S(t) = e be a Cy-semigroup of contractions on Hilbert space. Then
S(t) is exponentially stable if and only if

iR C o(A)

and L .
i A — a
|/\‘1an ||(2 A) 2y < 00,

where o(A) is the resolvent set of A.

To demonstrate the lack of exponential stability, we will employ the above Theorem inte-
grated with some techniques used in [80, 88, 92, 93, 96] taking into account the nature of
our problem. So, we will prove that it exists a subsequence (A, ),en C R such that

||(i)\l,] - A)f — 00 as v — 00.

e

Which is equivalent to show that it exist (\,),en C R and (F,), ey C H, with ||F, |y < 1,
such that
| (AT - A)’leHH = [|Uy||3 — o0 as v — o0.

We, therefore, consider the following spectral equation

ixU, — AU, = F,, (4.4.1)

and we shall prove that the corresponding solution U, is not bounded when F}, is bounded in
H. Rewriting (4.4.1) in term of its components, we obtain that

AP —u = f1,
P1 P1 P1
AN — v = fs, (4.4.2)
. b K
MU——?ﬂer—(%Jrib) = fa,
P2 P2
iATZ(2, p) + 2p(, p) =T7fs,

where A € R and F = (fl, fg, fg,f4, f5)T € H.
The main result of this section is the following.

Theorem 4.4.2. The semigroup associated to the problem (4.2.1) is not exponentially stable

even if &2 = £2,
K b



4.4 The lack of exponential stability 69

Proof. We will prove that it exists a sequence of real numbers (), ), e and functions (F,),en C
H, with || F, ||z < 1 verifying (4.4.2). For that, we take f; = fo = f3 = f5 = 0. So, one has

U = 1A,

A (4.4.3)

The substitution of (4.4.3); and (4.4.3), into (4.4.2)5 and (4.4.2),, respectively, leads to

TR
P1 P1 P1
b
P1 P2
Z)\TZ(J,’,p) +Zp($,p) =0,
Next, choosing f; as follows
fa(z) = cos (vrx) .
And, due to the boundary conditions, we let
o(x) = Asin (vrz) (x) = Beos (vrx), z(x, p) = d(p) sin (v7x) ,

where A, B and §(p) depend on A and will be determined explicitly in what follows. Hence,
system (4.4.4) is equivalent to

[— PLE LM'UI(VW)Z]A + & (vm) B+ @5(1)(1/@2 =0,

P1 P1 P1
[_ /\2 + E(VW)Q}B + i(Vﬂ')A _ 17 (445)
P2 P2
8'(p) + irTo(p) =0.

Solving (4.4.5); and using the fact that §(0) = i\A, we immediately get
5(p) = iNAe 7P,

Consequently, (4.4.5) becomes

1 .
{—AQ +— (n +idps + iAMz@"”) (Wr)z} A+ (vm) B =0,

P1 P1
N4+ — ()| B+ —(vm) A =1
P2 P2

Now, we select A = )\, such that

| b
M| = vy | —.
P2

Then, straightforward computations give

P2

A= om

Y
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p_ P2 b KN\ ipps - U2 P2 et
k2 \ps K2 K2
It is obvious that |B| — oo as ¥ — o0 in both cases & = £2 and 2 # £2. Then, since
! 2
103 = pallol3 = /J2A3|3|2/ |cos (vma)|” da,
0
it results that
U ||l3 —> o0 as v — o0,
and so the lack of exponential stability follows. m

4.5 Optimal polynomial decay

In this section, using the multiplier method, we prove that the solution decays polynomially

to zero as t tends to infinity with rate 3. And, that rate is optimal.
The main result of this section reads as follows.

Theorem 4.5.1. Assuming that (4.2.2) is fulfilled. Then, for any Uy € D(A), it exists a

positive constant wy such that the solution of (4.2.1) satisfies

Wo

v

U]} < vt > 0.

In addition, this rate of decay is optimal.

Proof. The problem of proving the polynomial decay of the semigroup S(t) = e
Wo
\/E’

is equivalently, proving the polynomial decay of the energy F, that is,

Ul = [15®)Uolls < vt >0,

E(t) < % Vit > 0.

(4.5.1)

To this end, we introduce some functionals which permit us to obtain the desired estimate.

Lemma 4.5.2. Let (p,v, z) be a solution of (4.2.1). Then, the functional
1
Rt = ~p2 [ s
0
satisfies
1 1 1
Fi(t) < —pg/ Vide +c/ Vidw +c/ (¢ +0)?dz.
0 0 0

Proof. A simple differentiation yields that

1 1 1
Fi(t) = — po / Y2+ / 2+ k / (0 + V)ibda,

Estimate (4.5.2) follows by exploiting Young’s and Poincaré’s inequalities.

(4.5.2)
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Lemma 4.5.3. let (¢,1), 2) be a solution of (4.2.1). Then, the functional defined by

b
= —Pz/ Pppdr — ﬂ ¢t¢xd$

satisfies, for any 1 > 0, the following estimate

b 1
F/ <——/ deI—Fgl/ wtd$+cs1(p2 pl) /@itdﬂf
0
1 1 1
o [t oPtore [ Gdose [ 2
0 0 0

Proof. Taking the derivative of F, with respect to ¢, we get

(4.5.3)

1 1 1
Fi(t) = —b / Vrapadi — b / (60 + O)thnda + / (0 + D) puda

b ! b !
+ (pz - —) Y ppedr — —m/ PratVpdr — —Mz/ Zpa (2, 1)de.
0

An integration by parts leads to

1 1 b 1
F2/(t) = - b ¢§d$ + KV/ (90:5 + ¢)¢xdl‘ + (102 - Zl) / Q/Jt%tdx
0 0 0

b ! b !
- _Nl/ Spwztd]xdw - _ﬂQ/ sz(l', 1)¢xdl‘7
K 0 K 0

using then Young’s inequality with the fact that
1 1 1
[ e se [ rwraoss [ v
0 0 0

we obtain (4.5.3). O
Lemma 4.5.4. let (¢,1, 2) be a solution of (4.2.1). Then the functional

F3(t) = p /01 Pt (90+ /Oxw(y,t)dy)dx

1 1 1 1
Fi(t) < —g / (0o + )2 dx + &y | Yidv + c/ @2 dr + c/ 2(z,1)dz. (4.5.4)
0 0 0 0

satisfies, for any eo > 0,

Proof. Differentiating F3 and exploiting Eq.(4.2.1);, we can get
1 T 1
Fy(t) = ﬁ/ (b2 +¥)s (90 + w(yyt)dy) dx + py / pidx
0 0 0
1 T 1
+ P1 / Spt/ ¢t(ya t)dyd$ + / </451903333t + M22$I(x7 1)) gOdZE
0 0 0

1 T
+ / (Nl%px:pt + ,UQZmz(xu 1)) / 1/1(3/7 t)dydiC
0 0
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Observing
oz, t) = / U(y,t)dy =0, for xz=0=1,
0

then, integrating by parts, we find that

1 1 1 x
Fy(t) = _,.@/ (%+1/))2dx+p1/ sﬁfdfv+p1/ or [ Py, t)dyda
0 0 0 0 (4.5.5)

1 1
— 1 /(; (pr + w)@xtdw - ,UQ/(; (901 + ¢)Zx($> 1)

For all g5 > 0, using Young’s, Poincaré’s and Cauchy-Schwarz inequalities, we can estimate
the last three terms in the right-hand side of (4.5.5) as follows

1 x 1 1
pl/ sot/ Uiy, t)dydx < 82/ w3d$+0/ o2 de, (4.5.6)
0 0 0 0

1

1 1
— / (¢ + V) pmdr < g / (¢r +)dx + c/ @2 dr. (4.5.7)
0 0 0

1

1 1
—m/ (¢o +¥)20(z, 1)dz < g/ (¢u +0)da + c/ 22(x,1)dz. (4.5.8)
0 0 0
By inserting the estimates (4.5.6)-(4.5.8) into (4.5.5), we obtain (4.5.4). O

11
t) = T/ / e~ P22(x, p)dpdx
0 Jo

satisfies, along the solution of (4.2.1) an estimate of the form

1 11 1
Fi(t) < —eT/ zi(x,l)da:—TeT/ / zi(m,p)dpd:r;—l—/ @2, dx. (4.5.9)
0 o Jo 0
Proof. By exploiting Eq.(4.2.1)3, we can obtain
1 1
(O ==2 [ [ alap)zane. s
/ / [ e TP (x p)>:|d,0dl‘—7'/ / 022 (x, p)dpdx
=—e¢ T/ (xl)dx+/ (x,0,t) [E—T// 022 (x, p)dpda.
0

Estimate (4.5.9) follows by using Eq.(4.2.1);5 and the fact that e < e~ 7 forall p € [0,1]. O

Lemma 4.5.5. The functional

We now define, for any strong solution, the second-order energy functional to our problem
(4.2.1) as

I L
E(t) = / {Pl‘ﬂit + po2, + b2 4 K(Par + V0)? + 7‘7/ 22 (x, p)dp} dz.
0 0
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Lemma 4.5.6. Assuming that (4.2.2) holds. Then, the second-order energy functional € is
non-increasing and satisfies, for any t > 0,

1 1
E't) < —51/ @2 dr — 62/ 22 (z,1)dx. (4.5.10)
0 0

Proof. Multiplying Eq.(4.2.1); by —@u and Eq.(4.2.1)9 by —t),4¢, then, integrating the prod-
ucts over (0,1), we get

1d 1 1 1
St {Pl@it + paty + K(ue +102)” + 57/{24 dr = —pi / Pradr — Mz/ PautZaa (T, 1)dz.
0 0 0
(4.5.11)
From Eq.(4.2.1)3, one has
Tzwzvt<x7 /)) + Z:v:vp<x7 /7) = 07

then a multiplication by ~yz,.(x, p) yields that

T’Ydllz ’7/12 7/12

—_—— dpdr = —— 1)d — dx. 4.5.12
Combining (4.5.11)-(4.5.12) and using the definition of £(¢) and Young’s inequality, we obtain
(4.5.10). O

Lemma 4.5.7. Let (¢,1, 2) be a solution of (4.2.1), then for a suitable choice of N and Nj,
(1 =1,...,4), the functional L defined by

satisfies the estimate
L'(t) <—mE(t), Vt>0, (4.5.13)

where my 1s a fixed positive number.

Proof. Tt should be noticed that £ is not equivalent to E. Then, gathering the estimates
(4.2.5), (4.5.2), (4.5.3), (4.5.4), (4.5.9) and (4.5.10) and using the facts

1 1
- / P < — / S,
0 0
1 1
/ o2 dr < / @2 da,
0 0

1 1
/ 22(z, 1)dx < / 22 (z,1)dx,
0 0
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we obtain

, bp1\2 '
L) < — [ﬁlN — Ny = (e (P2 - 71) )N, - N4} /0 2 da
1
_BlN/ diL‘— |: N3—C(N1+N2):| / (QDx‘{"QD)Qd.%
0
1 b 1
— [p2N1 — 1Ny — 52]\73] / Yidr — [§N2 - ch} / Yidx
1 1 " ; 1
_Te_TN4/ / 22(z, p)dpdx — |:/82N — (N, +N3):| / 22 (x,1)dz.
o Jo 0

Furthermore, the choices
Ny =3e1,  No=pay, e2=——, Ny=1,

yield that

L(t) < — [ﬂlN — cN3 — <c€1 <p2 - b—Zl>2 + c>p2 - 1} /01 @2 dxv

1
—ﬁlN/ prdr — [2]\73—3051 Pz}/ (po + ) *da

—51p2/ 77Z)td — |:— —3C€1j| / 1/} dz
_ Te_T/ / 22(z, p)dpdx — lﬁgN —c(p2 + Ng):| /1 22 (v, 1)dx.
0 Jo 0

At this point, we have to select our constants 1, N3 and N very carefully. Choosing first
1 small enough so that
pr

7 — 3051 > 0.
Then, we take N3 large enough such that
K
§N3 — 3051 — P2 > 0.
As long as N3 and ¢, are fixed, we pick IV large enough so that

PaN — C(PQ + N3) >0,
bp1\?
61N — CN3 — <C51 <p2 — 7) +C)p2 —1 > 0.
Thus, we can find a fixed positive constant mq such that

1 1
L'(t) < —mo/o [@f + 2 + (g + ) + Y2 +/O Zi(:v,p)dp} dz,

which, together with (4.2.3), leads us to (4.5.13). O



4.5 Optimal polynomial decay 75

Now, going back to the proof of Theorem 4.5.1, by integrating (4.5.13) over (0, t), we yield
that

t
1
/ E(s)ds < —L(0).
0 w
Then, using the fact that £’ < 0, we get
LE() < 22(0)
— w )
which gives us the above mentioned decay result.

Next, we will show that the rate 72 is optimal. For, we use the following Theorem.

Theorem 4.5.8. ([95]) Let S(t) = e be a Cy-semigroup of contractions on Hilbert space
such that iR C o(A). If

Ul < t_aHUOHD

Then, for any n > 0, it exists a ¢, > 0 such that

)\n+1/a|’<l>\j A) ”H S CW'

First, by (4.5.1), we have lim |U(t)||% = 0, which means that iR C o(A). Now, we are in

the position to prove the optlmahty of the rate ¢z by applying the above Theorem. Suppose

that the rate can be better than ¢~ 2 for instance, the rate is t 2-m0 "0 for 0 < ny < 2. And, we
prove that it exists n > 0 such that the operator

A7 GAL = A)

is illimited. Choosing 7 = %, then we will show that it exist a subsequence (\,),en C R
with lim |\,| = oo and (U,),en C D(A) and (F,),en C H such that (iN\, I — A)U, = F, is

vV—00

bounded in ‘H and /\lim A |22 ||U, || = o0
v—>00
For each v € N, we can consider,
T T
F, = (0,0,0,Cos(mrx),O) and U, = (gpy,uy,¢y,vy,zl,) ,

where ¢, = Asin(vrz), ¢, = Beos(vnzx) and z, = 0(p)sin(vmx). Then, following the same
arguments as in the proof of Theorem 4.4.2, we find that

MU > O(v?) — 00 as v —s oco.

Thus, the rate cannot be better than t=2. The proof of Theorem 4.5.1 is hence complete. []



Chapter 5

On the decay rates of solutions for a
nonlinearly damped Porous system
with a delay

5.1 Introduction

In the present chapter, we study the global well-posedness and asymptotic behavior of solution
of the following Porous system

([ pry — Ky — by =0 in ]0, 1[x]0, oo,

P201t — 0Puz + by + € + p1g1(P1) + pr2g2(Pe(w,t — 7)) =0 in ]0, 1[x]0, oo,

u(0,t) = u(l,t) = ¢(0,t) = ¢(1,t) =0 in 0,00, (5.1.1)
w(z,0) = ug(x), ui(x,0) = uy(z) in ]0,1], o
¢(x,0) = d1(x),  du(2,0) = da1(x) in]0,1],

|Gzt —7) = fo(x,t —7) in [0, 7]x]0, 1,

where p; > 0, po is a real number and 7 > 0 is a time delay. The function v = u(z,t)
represents the displacement of the solid elastic material, ¢ = ¢(z,t) is the volume fraction
and the initial data (ug, u1, ¢, ¢1, fo) are in suitable functional spaces. The original Porous
system is governed by the following evolution equations

prug = Ty,

P2ty = Hy + G.
Here T' denotes the stress, H is the equilibrated stress and G is the equilibrated body force
such that

T = ku, + bo,
H =60¢,, (5.1.2)
G = —bu, — £,

where py, po, K, b, 6 and £ are positive constants satisfying the following condition

KE > b2

76
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There are a number of publications concerning the stabilization of the Porous system with
frictional dampings. Let us mention some well-known papers which discussed the stability of
(5.1.2) by frictional dampings. Quintanilla [108] proved that the damping p¢; is not strong
enough to obtain the exponential stabiliy result. However, Apalara [105] got the exponential
decay of the solutions for the same problem provided that

p_ P2

— == (5.1.3)

Furthermore, he [106] established a general decay result when he used the weak non-linear
damping u(t)g(¢:). Related to the Porous system with delay term, we can cite the works
[112, 113, 103, 111]. For instance, the authors of [113] proved that, under the assumption
|p2| < p1, the system

PrUt — Klzy — by =0 in]0,1[x]0,00],
PQCbtt - 5¢CEI + bux + §¢ + M1¢t + /J“2¢t($7t - 7-) + a(t)g(¢t) =0 n ]07 1[X]07 OO[

is uniformly stable if and only if the wave speeds of the two equations are the same.
If we consider k = b = ¢{ in (5.1.1) we obtain the following standard Timoshenko system
with delay

(prug — K(ug + &) =0 in |0, 1[x]0, o0],
P21 — 0@uz + KUy + @) + p1191(Pr) + pi2ga(Pu(z,t — 7)) =0 in ]0, 1[x]0, oo],
u(0,t) = u(1,t) = ¢(0,t) = ¢(1,t) =0 in 0,00, (5.1.4)
u(r,0) = up(z), u(x,0) = uy(x) in 10,1,
¢(z,0) = d1(z), Pu(z,0) = d1(x) in]0,1],
ez, t —7) = fo(z,t —T) in [0, 7]x]0, 1],

which was studied by Benaissa and Bahlil [97]. In that work the authors considered only
the equal-speeds case where they obtained an explicit decay estimate under a proper relation
between p; and s and some assumptions on the functions g;.

As is known, if only one equation of a Timoshenko system is damped then the uniform
stability can be obtained for weak solutions in the case 28 = £. However, in the situation
when £ # £ a weaker decay rate result is achieved for stronger solutions. According to this
results, three questions can be asked:

1. Isit possible to consider the Porous system with a nonlinear damping term and a constant
delay in a non-linear internal feedback acting only in the second equation and get the same
result as in the Timoshenko system?

2. In the equal-speeds case, is it possible to get the stability result with same hypotheses on
i1, p2, g1 and go as in the Timoshenko system?

3. As we have mentioned above, the nonequal-speeds case is not considered for the Timo-
shenko system with a nonlinear delay term (see [97, 101]). So, is it possible to obtain the
slow decay result under the same conditions imposed for the equal-speeds case?

The main objectives of this chapter are twofold. Firstly, using the Faedo-Galerkin scheme
(see [56, 100]) together with some energy estimates, the global solvability will be given
without any limitation on p; and us. Secondly, we shall give positive answers to the above
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three questions. To do so, we use the well-known multiplier method and some ideas developed
in [22] and [102], taking into account the nature of Porous systems.

The outline of this chapter is as follows. In the next section, we give the needed materials
and assumptions. In section 3, we prove the existence and the uniqueness results. In the last
section, we study the solution’s asymptotic behavior in the equal-speeds case as well as in
the opposite case.

5.2 Preliminaries

We present here some assumptions, materials and notations that we shall use to prove our
results. We begin by introducing, as in the work [36], the new variable

2(z, p,t) = ¢y, t — p1), x€[0,1], p€[0,1], t >0,
which satisfies
ralw, p,t) + 2w, p,t) = 0 in (0,1))* x [0, o0].

Hence, our problem (5.1.1) becomes

(1L — KUy — by =0 in ]0,1[ x]0, 00,
P20t — 0Pga + bty + €& + p1191(dr) + p12g2(2(2,1)) =0 in 0, 1[ x]0, ocf,
T2z, p,t) + 2p(x, p, t) =0 in (]0, 1[)*x]0, oo,
w(0,t) =u(l,t) = ¢(0,t) = ¢(1,t) =0 in 10, o0, (5.2.1)
uw(z,0) = ug(x), u(x,0)=uy(z) in 10, 1],
¢(x,0) = ¢1(z), ¢u(x,0) = d1(x) in 10, 11,
(2(2, p,0) = folx, —pT) in (J0,1])*

In order to deal with the new variable z, we define the following space

L2(0,1) = L? (0, 1, L2(0, 1)) - {z 10, 1[— L2(0, 1), /01 /01 22(z, p)dpdx < oo},

which is Hilbert space and endowed with the inner product

(2,7) :/01 /Olz(x,p,t)z(x,p,t)dpdx.

To study system (5.2.1), we need the following assumptions:
(A1) g1 : R — R is a strictly increasing function of class C' such that it exist € < 1, ¢g,c; and
a Cl-function H : R, — R, which is linear on [0, €] or non-decreasing and convex function
of class C? with H(0) = H'(0) = 0 such that

ol < ln(s)] < cr s > 529)
P4+ gs) S H (squ(s)  ifls| <e
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where H~! is the inverse function of H.
(A2) g2 : R — R is a non-decreasing function of class C'' such that go(0) = 0 and that it
exist three constants Ao,y > 0 and ay < 1 satisfying

195(s)| < Aa (5.2.3)

and
a1592(s) < G(s) < assg1(s), (5.2.4)

where G(s) = / go(0)do.
0
We now define the total energy associated with the solution of (5.2.1) as

1

1 1
E(t) = 3 /0 [muf + P2} + KuZ + 662 + E¢* + 2bu,¢ + 27’7/0 G(z(:v,p))dp} dr, (5.2.5)

where v is a fixed positive constant to be selected posteriori.

Remark 5.2.1. The energy functional E(t) defined in (5.2.5) is positive. Indeed, direct
calculations show that

Ku2 4 2bu, ¢ + E¢* = % |:ff<um + %b)Q + §<¢ + gum>2 + 2Kyu] + 2§1¢2] )
b2

where 2Ky = Kk — T and 2&, = & — % are positives due to k€ > b*. Thus,

1 b \? b \?
2 2. = 2 z
Kuy + 2buy ¢ + £P° > 2[/@(161—1— /{Lqﬁ) +§(¢+£ux> 1 >0,
this implies that E(t) > 0 and

1 1 1
B(f) > 3 / [pluf+p2¢§+mui+a¢i+a¢2+zw / G(z(x,p»dp} dr. (526
0 0

Remark 5.2.2. e As gy is a strictly increasing function, then we can find a positive constant
A1 satisfying
M < gi(s), VseR.

e By the mean value Theorem for integrals and the monotonicity of go, we have that

6(5) = [ mlo)do < sm(s),
0
so, ap < 1.
Remark 5.2.3. ([57]) Let w* be the conjugate function of the differential convex function w,

1.e.

w*(s) = tsel]%p (st — w(t)),

then, w* is the Legendre transform of w, which satisfies
AB <w*(A)+w(B), if Ae€0,u'(r)] and B €][0,r]. (5.2.7)

and

w'(s) = s(w) 7} (s) —w[(w) 7 (s)], if s €[0,W(r)],
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Our starting point will be to provide a derivative’s upper bounded of the functional E
defined, for 0 < ag < 1 and a; > 0, as

1

1
B =y [ [pu T 0202 66 + €67 + 2
2Jo (5.2.8)

+ 27 /01 (7(1 — )G (2(z, p)) + a12°(x, p))dp] dz.

Lemma 5.2.4. The functional E satisfies along the solution of system (2.2.1), the following
estimate

1 1
El(t) < —Cl1/ 22(z,1)dx — (7(1 —ag)ag — (1 — a1)|u2|> / 2(z,1)go(2(x,1))dx
0 . ° (5.2.9)
+m/ﬂﬁw—<m—vﬂ—a®%—amw)/¢wﬂ@mx
0 0
Proof. Multiplying (5.2.1); and (5.2.1)3 by u; and ¢, respectively, and using integration by
parts over [0, 1], we obtain the identity

1d

2dt J,

1 1
+M1/0 ¢t91(¢t>d$+/12/0 Grga(2(,1))dx = 0.

1
[pluf + 2t + KUl + 62 + E¢* + zbqus] dx
(5.2.10)

Multiplying (5.2.1)5 by v(1 — ao)g2(2(z, p)) and integrating over ([0, 1])?, we get

1(1=a0) [ [ [rate. et ) + 2o plaa(o(a. ) s = 0.

v(1 = ag 7'—// 2(z, p))dpdx + 1—@0//—G z(z, p))dpdx = 0.

Consequently, using the fact that z,(z,0,t) = ¢;, we infer

v(1 = ag T—/ / 2(z, p)dpdr = —(1 — ao) /1 [G(z(x, 1)) — G(¢t)] dx.
’ (5.2.11)

that is,

Also, for a; > 0 one has

ml—/ / (z, p)dpde = —a: / [2(x,1))—¢3]dx. (5.2.12)

This last equality has been obtained by applying the same previous arguments and after
multiplying (5.2.1)3 by 2a;z(x, p). Combining the estimates (5.2.10)-(5.2.12) and making use
of (5.2.4), we can get

1 1 1
Bty <—a | 2z, Ddr+ay [ ¢?de— (p1 — ’y(l — ao)a2 o191 (dy)dx
1 /0 /0 ( > /0 (5.2.13)

— ’y(l — ao)a1/0 z2(x,1)g2(2(x,1))dx — MQ/O O1go(2(x,1))dx.
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From Remark 5.2.3, we have
G*(s) = sg5'(s) = G(g3'(s)), Vs >0,

and so
G* (gg(z(x, 1))) = z(z,1)ga(2(z, 1)) — G(z(x, 1))
Taking (5.2.7) with A = go(2(z,1)) and B = ¢;, and using (5.2.4) once more, we deduce that

patege(2(,1)) < aolpal- g1 (¢r) + (1 — ) lpa]-2(z, 1)ga(2(, 1)). (5.2.14)
By inserting (5.2.14) into (5.2.13), we arrive at the desired inequality (5.2.9). This finishes
the proof. n

Next, we will give a bound of the derivative of the second-order energy functional F which
is defined as

1 [t 1
0 0

Lemma 5.2.5. The second-order energy functional F satisfies an estimate of the form

1
F(t) < —(Apa — )\2|/~L2|)/0 Prede. (5:2.15)

Proof. Multiplying (5.2.1); and (5.2.1)y by —uz, and —¢,,¢, respectively, and integrating by
parts over [0, 1], we can get
1d [*
2dt J,

1 1
+,u1/0 ¢it91(¢t)d$+/l2/0 Gerze(x,1)gh(2(z,1))dz = 0.

And, after multiplying (5.2.1)3 by —Aa|pa|z.e (2, p, t), we obtain

A d [t ! A ' A 1
T Aa| o —/ / 22z, p,t)dpde = — M/ (2, 1)dz + M/ Oz
2 dt 0 0 2 0 2 0

Adding the two identities above and using the fact that A\; < ¢}(s), we yield that

) Aa| 2| by Xolpa] 1, ! ,
F (t) < - /\1[’“ - 9 / ¢xtdx - / Zx(‘r7 1)dlE - :uQ/ QSthI(IE, 1)92(2(‘%‘7 1))d$
0 0 0

2
(5.2.16)
Therefore, since |gh(s)| < A2 for all s € R, one obtains by the Young’s inequality
' olpiz| [ Dolpiz| [
ug/ Gutze(, 1) gh(2(x,1))dx < 5 / @2 dx + 5 / 22(z,1)dz. (5.2.17)
0 0 0

A substitution of (5.2.17) into (5.2.16) gives (5.2.15). This concludes the proof of this Lemma.
[
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5.3 The well-posedness of the problem

In this current section, we shall establish, for arbitrary real numbers p; and ps, the global
well-posedness of the system (5.2.1). For that, we let U = U(t) = (u,ut,¢, bg, 2)T

Up = U(0) = (ug, u1, ¢o, b1, fol., —.T))T and we then consider the following spaces
H = Hj(0,1) x L*(0,1) x Hj(0,1) x L*(0,1) x L(0,1)
and
Ho = (H*N Hy(0,1)) x Hy(0,1) x (H*N Hy(0,1)) x Hy(0,1) x Hy(0,1; H'(0,1)).
Our global well-posedness result is:

Theorem 5.3.1. Assuming that the assumptions (Ay)-(As) are satisfied and that k& > b?.
Then, for all Uy € Ho satisfying the compatibility condition fo(.,0) = ¢y, problem (5.2.1) has
only one global weak solution

Ue (L?;’C<(O,oo); H2 0 HY(0,1)) x L32,((0, 00); H(0, 1)))2 x L5

(0, 00); L2(0,1)),

Uy € (Lf;c((o,oo);ﬂg(o, 1)) x L2 ((0,00); L*(0, 1)))2 x Ly ((0,00); L2(0,1)).

Proof. To prove the existence result, we will implement the classical Faedo-Galerkin method.
For, we divide the arguments into three steps.

i. Approximated problem. Assuming first that Uy € Hy. Then, let T > 0 be fixed
and for m = 1,2..., we denote by {®"},,en the Hilbertian basis of H*> N H}(0,1) and F™ the
vector space generated by ®' &2 ... ®™. Defining, for 1 <1i < m, the sequence ¥'(z, p) as

U'(x,0) = ().

Then, we may extend W¥(x,0) by ¥ (z, p) over L2(0,1) and denote Z™ the space generated
by UL W2y,
We aim to construct an approximate solution (u™, @™, 2™), i = 1,2, ..., in the form

(u" (,8),6" (.1)) (chm deo)@i(x),
ie’m )V (z, p),

=1

where ¢ d™ and ™, (i = 1,2,...,m), are determined by the following finite dimensional
problem

(/fuxm + bo™, @;) + (,Olu?;‘, CIDi) =0,
(60, L) + (pady + bult + EO™ + p11g1(9)") + poga(z™ (2, 1)), @°) = 0, (5.3.1)
(TZZ”(J}7p)—|—Z}T(I,p),\1ﬂ([[‘,p)) =0,
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with ) .
u™(.,0) = uf = Z:Ejl(uo, YD — uy in H?2N H0,1),
ur(,0) = ul = f:l(ul, ) —suy in HL0,1),
Om(0) = 0 = (00, ¥V — g i 20 HI0, 1) (5.3.2)
o (,0) = o = Zi(m,clﬂ)@ — o i HI01),
0) = = S WOV fo i HY(0,1H'(0,1)

as m — +oo.

The standard methods of ODEs assures the existence of a unique solution of (5.3.1)-(5.3.2)
on the inertval [0,7,,], 0 < T,, < T. In the next step, we will prove that T}, is independent
of m. In other words, the approximate solution becomes global and defined for all ¢t > 0.

7. Priort estimates.

e The first priori estimate. As for Lemma 5.2.4, the functional

1
2

1
B () =2 / {mum?+pz|¢;"|2+n|u;7|2+6|¢?|2+5|¢m|2+2bu?¢m
0

+ 27/01 (7(1 — ag) G (2" (x, p)) + 2a1|zm(m,p)|2) dp} dx

satisfies for all 0 < ag < 1, 0 < aq,

dET(t)
dt

1 1
+ vag 0@/ &7 g (o7 )dr + vy o / 2™(x,1)ge(2™ (2, 1))dx
0 0

1 1
<—ar [ 0P+ (vaom + (1= an)l) [ 2 )aa( s D)o
’ 1 01
o [ 16 Pda (1 90z~ aslal) [ oron(or)as
0 0

Choosing ag, a; > 0, then by Young’s inequality, we may have

dET'(t)
dt

1 1
+7aoa2/ ¢§”91(¢§”)dft+w1/ 2™(x,1)g2 (2™ (2,1))dz
0 0

1 1 1
S—(al—caz)/ |zm(x,1)\2dx+(a1+ca3)/ WPdH@/ 2" )z (5.3.3)
0 0 0

1
o [ ghards
0

Let us estimate the last two term in the right-hand side of (5.3.3). We firstly observe that,
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owing to (5.2.2),

/01 o /wge (6 /|<z>;”|>e 9 (o)
< /¢{"§e H! <¢?91(¢?>)dw + /(W>€ gy (O )da

By the Jensen’s inequality and the concavity of H~!, we assert that

[ (oraton)as < ([ opanteras).

taking then (5.2.7) with

(5.3.4)

1
A=t and B=1( [ oraers).
0
we can get

/qbtmt)dx ) < 11 /aﬁtmt r,

where H* is the conjugate function of H. Then, collecting the above estimates, the inequality
(5.3.4) becomes

/ (M) dz < H*(1) + / g7 (5.3.5)
0 0

From the assumption (Aj), that is |ga(s)| < Ag|s| Vs € R, one has

/0 g3(z"(x,1))dx < C/O 2"™(2,1)go(2™(2,1))dz. (5.3.6)

Plugging (5.3.5)-(5.3.6) into (5.3.3), we obtain that

dET(t)
dt

1 1
+ (avas = ase) [P @de + (ran — aae) [ 2o D, 1)
0 0

< cH* (1) = (a1 — cqy) /01 2™ (x,1)Pdz + (a1 + cqy) /01 o 2d.
At this point, we select ay and a3 small enough such that
Yyag — ase > 0, Yyagog — azc > 0.
Once ay is fixed, we then pick a; sufficiently large so that
a; — Cqy > 0.

It thus results that

m 1 1
il / T g (67 + / (i, 1) gal 2™ (@, 1))de < ¢+ ¢ / 67" 2d,
0
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the integration with respect to t < T on [0, ], using (5.2.6), (5.2.8) and (5.3.2), gives

Er(t /“/"¢t91@ dwﬁﬁi/(/ (2, 1)gs(2 (xldeﬁ<ic+c/mEm(M

Applying then Gronwall’s inequality, we arrive at

t 1 t 1
+/0 /0 ¢T91(¢§”)dafdt+/0/0 2" (2,1)ga (2™ (2,1))dzdt < c. (5.3.7)

This bound gives us the global existence of (u™, ¢™, 2™) in [0, 400) and

z" is uniformly bounded in  Lg;, (O o0; L2(0,1) )
u™, o™ are uniformly bounded in L5, (0, oo; Hy (0, 1)),
uyt, o are uniformly bounded in  L;X. (O, oo, L*(0, 1)), (5.3.8)
o g (o)) is uniformly bounded in L' ((O,T) x (0, 1)),
2"™(2,1)g2(2™(2,1)) is uniformly bounded in L' <(0, T) x (0, 1))
e The second priori estimate. In view of Lemma 5.2.5, one has for all ¢ > 0,
dfm g / |p™ |2 d, (5.3.9)

where )
1
o) =5 | [+ palo + sl + Sl + €lo
0
1
+ 2bul, ?—1-7)\2]#2]/ ]z;”(ac,p)\zdp]dx.
0

Integrating (5.3.9) over [0, t] and taking the convergences (5.3.2) into account, we get

<c+c// |67 [2dadt.

The Gronwall’s inequality provides the second priori estimate below
FM(t) <ec. (5.3.10)
We thereupon conclude that

u™, ¢™  are uniformly bounded in  Ljs. (0, oo; H* N HY (0, 1)),
(5.3.11)
uf", ¢ are uniformly bounded in Ly, <0, oo; Hy (0, 1)>
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e The third priori estimate. Firstly, we are going to estimate uj;(0) and ¢}}(0) in the
L?mnorm. Also, we need to estimate 2(x, p,0) in the L2-norm. For that, we replace ®¢ in
(5.3.1); by u*, @ in (5.3.1)y by ¢ and using Young’s inequality, we can obtain

1

[ T + o] < [ [ + O + 650 + 620

+16™ () + g7(67"(0) + 5(2" (2, 1,0)) | da.

(5.3.12)

Let U' = 2"(z, p,t) in (5.3.1)3, then exploit Cauchy-Schwarz and Young’s inequalities to get

11 11
/ / |2 (, p, 0)|*dpdx < c/ / 2" (2, p, 0)[*dpdzx. (5.3.13)
o Jo o Jo

The sum of (5.3.12)-(5.3.13), using (5.3.2), yields that
1 1
| [l + 163 + [, 0Pdp)do < c. (5:3.14)
0 0

Now, differentiating (5.3.1); and (5.3.1)y with respect to t. Then, we set ® = 2u7 and
®' = 2¢ respectively, in the first and the second resulting equations and using the non-
decreasing property of g, we find

d 1

G [ [t pulen s+ sl + el + 2o | do
0

1
< —us / 2, 1)gh (2™ (x, 1)) de.
0

The boundedness of ¢ and the Young’s inequality imply that

d 1 m m m m m m Lm
it {Pﬂ“tt |2 + P2|¢tt |2 + "5|U:pt|2 + 5|¢mt|2 + §|¢t |2 + 2buy, ¢y ]dw
0 (5.3.15)

1 1
g@/ |z;n(x,1)|2dx+c/ 6 2
0 0

In the other hand, taking the derivative of (5.3.1);3 with respect to ¢ and setting ¥’ =
227"(z, p,t) in the resulting equation, it then follows that

d 1 1 1 1 d
T— 2 (x, p,t 2dpdx+/ / — |2z, p, t)[Pdpdz = 0.
5[ [een | Sl

As 2]"(x,0,t) = ¢} (z,t), it comes

d 1 1 1 1
i | [l opdpte == [ opes [ s (5.3.16)
dt 0 0 0 0

Moreover, defining

1 1
) - | sz+pz|¢::z|2+f<|u;;|2+6|¢z;|2+s|¢m2+%u;w+f / |z;“<x,p>|2dp]dx,
0 0
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one obtains from (5.3.15) and (5.3.16), that

AT (1)
dt

1 1
g—(l—gg)/o |z§"(x,1))|2d$+c/0 o [P dx.

For a suitable €5, an integration over [0, ¢], using (5.3.2)-(5.3.14), yields that

t 1
"(t) < c+c/ / o | ddt.
0o Jo

Employing Gronwall’s inequality we immediately get

() < c. (5.3.17)
Therefore, it is deduced that
o is uniformly bounded in L2 (0, T; L(0, 1)),
(5.3.18)

uy, ¢y are uniformly bounded in L, (0, oo; L*(0, 1)>

iii. Passage to the limit. It follows from the estimates (5.3.7), (5.3.10) and (5.3.17)
that it exist subsequences {u”}7°, C {u™}ro_,, {¢"}22, C {o™}oo_, and {="}02, C {z™}>_,
verifying, for all 7" > 0, the following convergences

g1(¢}) — f  and  ¢o(2") — h  weakly-star in L2<(0,1) X (O,T)),

u" — u and " — ¢  weakly-star in ijc<0,oo;H2ﬂHé),

uy  — uy and ¢y — ¢ weakly-star in ijC(O,oo;H5>,

upy  —> uy  and ¢y — ¢u  weakly-star in LS. (O,oo;L2>,

2" — 2z and 2 — 2z  weakly-star in L. <0,oo;Lz),
(5.3.19)

We will show that U is a weak solution of system (5.2.1). Firstly, we will prove that
f=91(¢¢) and h = gs(2(x, 1)).
Lemma 5.3.2. For each T > 0, we have

g1(0}) —  q1(or) weakly-star in L2<(07 1) x (O,T)),

(5.3.20)
g2(2"(2,1)) — g2(2(x,1))  weakly-star in L2<(0, 1) x (O,T)).
Proof. From (5.3.10), we have ¢} is bounded in L>°(0,T; H}) and ¢, is bounded in L>(0, T'; L?).
Then, the injection by continuity in LP gives us the boundedness of ¢} in L*(0,T; H}) and
o in L?(0,T; L*). Hence, ¢! is bounded in H'(Q), where Q = (0,1) x (0,T). It is known
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that the embedding H'(Q) < L?*(Q) is compact. This enables us to extract a subsequence
of ¢", represented again by ¢", such that

¢y — ¢ strongly in  L*(0,T3; L*(0,1)),

and so
o — a.e. on Q.

By the continuity of g;, we have

9(¢}) — qi(d)  ae onQ. (5.3.21)

And similarly,
g2(2"(x,1)) — ga(z(x,1)) a.e. on Q. (5.3.22)

On the other hand, appealing to the inequalities (5.3.5) and (5.3.6), we get

[ o0+ g e < e [ st + =0t )

It then follows from (5.3.7) that

// P(o7) + g2(2"(a, 1))}dxdt<c

which directly gives g1(¢7), g2(2"(z,1)) € L*(Q). Combining these with (5.3.21) — (5.3.22)
and using Lemma 1.4.3, we obtain (5.3.20). O

To prove that U is a weak solution of (5.2.1) we discuss as in [56] (see also [100]). For,
we consider functions v, w € C(O, T; L*(0,1) ) and y € C(O T; L*(0, 1)) having the forms

(0, 1), w(, 1)) = (Z?n(t),zcﬁw))qﬂ(x), (5.3.23)
(x,p,t) i\[: W (z, p), (5.3.24)

where N > n is a fixed integer. B
Then, by multiplying (5.3.1)1, (5.3.1)2 and (5.3.1)3 by ¢"(t), d™ and ™, respectively, and
summing the resultants over ¢ from 1 to N, we find that

¢ T 1
/ / [pluft — Kuy, — bgb;] vdxdt =0,
o Jo

T rl
/ / [020%, = 000, + bt + €67 + 1 ga (67) + paga (2" (@, 1)) |wdwdt =0, (5.3.25)
0 0

|/ ' / 1 / [rape. o) + 22, y(o. p)dpdde .
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After passing to the limit in (5.3.25) as n — +o00 and using (5.3.19), we arrive at

T 1
/0 /0 [folutt — KUgy — bqu] vdxdt _0,
/OT /01 [,OQtht — 0¢uy + by + £ + 11191(01) + p2g2(2(, 1))]wdmdt =0, (5.3.26)
\/OT /01 /01 [TZt(x,p) + zp(x,p)] y(z, p)dpdxdt —0.

Egs. (5.3.26) hold for all (v,w,y) € (L*(0,T; Lz))2 x L?(0,T; L?) since the functions of the
forms (5.3.23) and (5.3.24) are dense, respectively, in L*(0,7T’; L?) and L*(0,T; L2). Next, we
must verify that the limit functions u, ¢, z fulfill the initial conditions

u(.,0) =ug, w(.,0)=wu1, &(,0)=c¢do, P(.,0)=¢ (5.3.27)

and the history value
205 0) = fo. (5.3.28)
For, we take any v,w € C? (O,T; LQ) and y € C1(0,T, Lz) satisfying

Then integrating with respect to ¢ in (5.3.26), we have

) /OT /01 [pluvtt — (Kttgs + bcbw)v} dzdt + p1 /O 1 [U(O)vt(()) . ut(O)v(O)} dr =0,
/oT /01 [pm’“ — (06nz — bug — §¢0 — g1 (1) — paga(z(z, 1)))w] dadt

o2 [ [600)040) - 61000)]r =0,

/OT /01 /01 | = 72w, 0, (@, p,) + 2w, 0,y (. p, 1) | dpdadt

1 1
0 JO

On the other hand, proceeding in the same way, we obtain from (5.3.25) that

(5.3.29)

1
plu”vtt — (kul, + b¢§)v} dxdt + p / [u"(O)vt(O) — u?(O)v(O)] dx =0,
0

(@, p, )y, p, t) + 2 (, p, )y (2, p, t)}dpdxdt

/0
1 1

7'/ / 2"(z, p, 0)y(z, p,0)dpdx = 0.
o Jo
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Recalling (5.3.19) and (5.3.2), we get
1
/ / PLUVy — /<cum + bqu)v} dzdt + py / [uovt(()) — ulv(O)} dr =0,
0
T
/0 o PQwatt - (5¢mc - bux - Sgbx — H191 (¢t> - ,UQgQ(Z(xa 1))>OJ] dl’dt
1
+(0) — 0)|dx =0,
+2 [ [60n(0) = 9r(0)]
T 1 pl
/ / / [— T2(z, p, )yu(, p, t) + zp(x, p, )y(, p, t)}dpdxdt
o Jo Jo

1 1
_r / / foy(@, p, 0)dpdz = 0.
\ 0 0
(5.3.30)

As v(z,0),v(x,0),w(z,0),w(x,0),y(x, p,0) are arbitrary, comparing identities (5.3.29) and
(5.3.30), we deduce (5.3.27) and (5.3.28).
Consequently, (5.2.1) admits at least one global weak solution U.

For the uniqueness, we assume that (u, 5, Z) and (5, QE, 5) are two weak solutions of (5.2.1),
then (u, ¢, 2) = (¥, ¢, %) — (5, 5,5) satisfies the following system

( p1Uy — Klgy — by =0,

p2die — 00ue + bty + €6 + 111 (91(0) — 91(64)) + p2 (92(F(x, 1)) — g2(Z(x,1))) = 0,
T2(, pit) + Zp(w, ;) —0,
w(0,t) = u(1,t) = ¢(0,) = (0,t) = 0,
(u(7,0) = us(7,0) = ¢(7,0) = ¢4(z,0) = 2(x, p,0) = 0.

(5.3.31)
To get the uniqueness result, it suffices to verify that (u, ¢, z) = (0,0,0) is the only stronger
weak solution of (5.3.31). For that, multiplying (5.3.31); by 2u; and (5.3.31)3 by 2¢;, we yield

1

1 ~ ~
d {Pluf + P27 + Kl + 6¢% + ¢ + 2bum¢:| dx + 24y / Oe(91(0) — g1(¢y))da
dt J, 0 (5.3.32)

+%A¢@ﬂ@D)mHMMM=0

And, we multiply (5.3.31)3 by 2z(z, p) to get

d [t 1 1
7'—/ / 2(z, p)dpdx +/ 2*(z,1)dx — / prdx = 0. (5.3.33)
dt Jo Jo 0 0

Moreover, setting

1 1
At) = / {Pluf + pad? + KuZ + 662 + £¢* + 2buy¢ + 7'/ 22 (x, p)dp] dx
0 0
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and adding the estimates (5.3.32)-(5.3.33), we obtain

N(t) = — 2;“/0 ¢1(91(¢1) — g1(¢y))dz +/0 orde _/0 “ e e (5.3.34)

1 ~
=2 [ ol D) - oo 1))
0
As g1 is an increasing function, we can easily see that

(80 — 81) (gl<80) — 91(51)) >0 VSO, s1 € R.
Thus, (5.3.34) becomes

1 1 1 _
N(t) < / ¢rdx —/ 2(z,1)dx — 2/@/ ¢(92(2(2, 1)) — g2(2(x, 1)) ) da.
0 0 0
By the Young’s inequality, we get
1 1 1 ~ ,
N(t) < c/ G — / 2, )de + 53/ (623(2, 1)) — oGz, 1))
0 0 0
Since gs is a continous function, it results from (5.2.3) that
‘92(30) — ga(s1)] < )\2‘30 — 51| Vso,s1 €R.

This leads us to . .
N(t) < c/ gidr — (1 — hoes) / 2*(z,1)d.
0 0

Hence, for a suitable €3, we have

N(t) < c/1 prda.
0

As A(t) is positive (for the same raison given in Remark 5.2.1) and A(0) = 0, Gronwall’s
inequality forces that A(t) =0 (0 < ¢ < T), which means that u = ¢ = z = 0.
Consequently, (5.2.1) possesses only one weak stronger weak solution.

5.4 Asymptotic behavior

This last section, which will be divided into three subsections, studies the stability of system
(5.2.1). In fact, using the Lyapunov method, we will prove that, under equal and non-equal
wave speeds cases, the solution of (5.2.1) converges to zero as t tends to infinity.

At the first, we consider the following additional assumption:

(A3) With respect to the weights of feedbacks p;(i = 1,2), we assume that

o
|112] < —1M1-
(8%
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Now, we can suppose that the positive constant v satisfies the following inequality

1 — —
( )| o] << M 042|M2|‘
a1 (6)

Then, by setting a = a; = 0 in (5.2.8), it results from (5.2.9) that
1 1
"(t) < —51/ Grg1(dr)dx — 52/ z(z,1)ga(2(z,1))dz, (5.4.1)
0 0
where ) = p11 — yag — aalpz] >0 and Sy = yay — (1 — aq)|ps| > 0.

5.4.1 Technical lemmas

In this subsection, we state and prove various Lemmas given for any regular solution of (5.2.1).
It would help us to estimate the derivative of the Lyapunov functional.

Lemma 5.4.1. The functional

1
Fi(t) = —pl/ wudx
0

satisfies, along the solution of system (5.2.1), the estimate

1 3 [1 1
Fl(t) < —pl/ urdr + 7/ uldw + c/ P2da. (5.4.2)
0 0 0

Proof. A simple differentiation with respect to ¢, using (5.2.1);, yields

1 1 1
Fl(t) = —p1/0 ufdm—i-/ﬁ/o uid:v—i—b/o Uz pda.

The Young’s and Poincaré’s inequalities lead to (5.4.2). O
Lemma 5.4.2. The functional defined by

1 5p1 1
t) = P2/ Oruzdr + e U Ppdx
0

0
fulfills for any n > 0,

/ bt 2 52 2 2 Ly
0 U
1 1 5oy 1
2 2
+C/0 91(¢t)dx+0/0 9>(2(z,1))dx + (? —/02> ; Pururd.

Proof. Direct computations, using (5.2.1);-(5.2.1), lead to

Fy(t) = /O Uy [5¢m —bu, — ¢ — p1g1(de) — page(z(z, 1))} dx

+ i/ G [Hum + b%} dr + (— - Pz) / Grrusd.
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An integration by parts gives
I 1 bs [ 1 1
B0 =[] <0 [ e+ [ otan - / s — i / g1(60)ued
=0 0 K Jo
1
i [ tete s+ (22— s [ b
0
Using Young’s and Poincaré’s inequalities, (5.4.3) is established. ]
Lemma 5.4.3. Let x be a solution of
Xzz = _¢x7
x(0) = x(1) =0.
Then, the functional
! b
Fy(t) = / <P2¢t¢ + %WX) dx
0
satisfies, for any ng > 0, the following estimate
1
Fi(t) < — 5/ Prdr — - (f——)/ ) dﬂH—Uo/ utdaz+c/ prdx
L ) (5.4.4)
e[ geddo e [ @eton)is
0 0
Proof. Differentiating F3 and using (5.2.1)1-(5.2.1)2, we get
1 p2 [l 1 1 by [
(O ==¢ [ Faor [ Nido—s [ Bdospn [ ot ™ [ uds
K K
0 01 0 ) 0 0 (545)
- Ml/ ¢g1(¢¢)dx —Mz/ Pga(z(x,1))dz.
0 0
By Young’s inequality, we have
bp1 ' ! 2 ! 2
— [ wupudx <no [ uidr+c | xidz, (5.4.6)
k- Jo 0 0
! 1
o [ onoian < (-2 [(dar e [ oo (5.47)
1
/ bg2(2(x, 1)) 4_1 ({— —>/ o) dx+c/ g3 (z(z,1))dz. (5.4.8)
Inserting (5.4.6)-(5.4.8) into (5.4.5) and using the fact that
/ﬁms/&m
0 0
1 1 1
/ idr < / X2 dr < prdz,
0 0 0
we obtain (5.4.4). O
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Next, in order to eliminate the boundary terms, appearing in (5.4.3), we introduce the
following function
m(z) = —4x+2, x€]0,1]. (5.4.9)

Then, we have the following result.

Lemma 5.4.4. For any n > 0, the functional Fy defined by

1 ) 1
R0 =2 [ pontauade+ 2= [ (o).
0 Jo

K

satisfies
52 1 1
0 0

1 n ! 9 ! 2 ' 2 ! 2
+<<—+—)b+2n>/ uldz + ¢ ¢¢dx+0/ 91(¢t)dl‘+6/ g2(2(x,1))dx.
4 4 0 0 0 0
(5.4.10)

Proof. By using (5.2.1)1, (5.2.1)3 and (5.4.9), it holds that

1 1 1
Fi(t) = n [ — r(uZ(1,t) +u2(0,t)) + 2p / widr +b [ m(z)uyd.dr + 2/{/ uidm]
K 0 0 0

1 1 1
+ 41 [ - 5(¢i(1, t) + ¢2(0, t)) + 2p2/ prdx + 26/ ¢2dr — b/ m(z)ppudr
Ui 0 0 0
1 1 1
[ mong (s~ i [ )6 D)o - 26 [ o).
0 0 0
Estimate (5.4.10) follows by exploiting Young’s and Poincaré’s inequalities. O]

Lemma 5.4.5. The functional

t)=r /0 1 /0 1 eTPG(2(w, p,t))dpdz

satisfies an estimate of the form

1
Fi(t) < —T1e” / / 2(z, p,t))dpdr — cye” T/ 2(x,1)ge(2(x, 1))dx
0

1
: / dtdr+c | gi(odr

Proof. Taking the derivative of Fy and using (5.2.1)3, we have

(5.4.11)

1 1
= [ [ et 0.0 . 0)dpi,
0 0
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that is,

== [ [ gl et ot [ et o

_ /0 e G(2(r, 1.1)) — Glx(,0.1)) | dr — 7 /0 /0 G2, p, 1)) dpda.

Using (5.2.4), we can obtain

1l 1 1
'(t) < —T/O /0 e "PG(z(x, p,t))dpdr — ozleT/O z2(z,1)ga(2(x, 1))dx + 042/0 o1 () dx

Estimate (5.4.11) follows by using Young’s inequality with the fact that e™™ < e ™", Vp €
[0, 1].
[

Lemma 5.4.6. For a suitable choice of N and N;, (i = 1,2,...,5), the functional defined by

5

L(t)=NE(t)+ Y N;Fi(t) (5.4.12)

=1

satisfies, for a fixed positive constant mg, the estimate

1 1 1 1
L'(t) < —moE(t) + <5—£1 — pz) /0 Orrurdr + C/o prdx + c/ g2 (¢y)dw + C/o g5 (2(x,1))d.
0
(5.4.13)

Proof. 1t follows from (5.4.1), (5.4.2), (5.4.3), (5.4.4), (5.4.10) and (5.4.11) that for any ¢ > 0,

2

0 2 2
1 (G301 + 62(0.1)

1 1
_ [plN1 — Nz — ncp1N4] / wldz + [Ng + N, + N5} c / Sz
0 0

[;’Ng = %Nl - (G + D)o+ 20) V] /Oluidg;
1

B (5‘— N3/¢dx—[5Ns—(N1+N2+N4 /¢2dx

£/(t) < —(Ny = No) [n(u2(1,1) +2(0,)) +

1
// z(z, p) dpdx+[N2+N3+N4+N5} /g%(@)dw
0

+ [N2+N3+N4] / G (2(x,1))dz + Ny (%—m) /Olgbxtutdx.

0

Furthermore, we take

Ni=3nc, No=Ni=Ns=1, n=-L2
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to get

1

L'(t) < —nepy /1 ufda:—i—c/l(b?da:— 1<b—17(18/~$c—i-b—|—8)>/ uidr
0 0
(53— c) / o2 dx—-(g—— N3/ ¢dm+c/ G2+, 1))dz (5.4.14)

/ / G(z(z,p )dpd:v+c/ g (¢y)dw + (——,02)/ Qpruzd.

Now, we select n < and then we choose N3 large enough such that

__ b
18kc+b+8
5N3 —c> 0.

Thus, due to k€ > b* and (5.4.14), we end up with

1 1
/J'(t)g—c/o {uf-l—qb?—i—ui%—gbi-kﬁ—l—/o G(z(x, p))dp] dx—l—c/ prdx

1 1
ve [Ctonaere | g§<z<x,1>>dx+(%—p2) / bt

In the other hand, from (5.2.5), we obtain by using Young’s inequality that

(5.4.15)

1

1
E(t) < /0 {mU? + pad + (K + b)ug + 097 + (§ +0)¢” + 277/0 G(2(, p))dp} dz.

This relation, together with (5.4.15), gives the desired estimate (5.4.13). O

5.4.2 General decay rates for equal speeds of wave propagation.

In this subsection, we study the decay of solution of our problem (5.2.1) in the case 2 = 2.

Theorem 5.4.7. Let Uy € H. Assuming that (Ay)-(A3z) are fulfilled, k&€ > b* and that

PL_ P2
K 5
Then, there exist some positive constants <, <1, so and €y such that the solution of (2.2.1)

satisfies
Et)<cK{'(at+x) V>0, (5.4.16)

where

K(s)ds and  K(t) = tH' (eot). (5.4.17)

Proof. Since 2t = £ then we can easily show, for N sufficiently large, that the functional £
given by (5.4.12) is equivalent to F, i.e.,

L~FE.
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Consider the following two sets:
Dlz{xe[o,l]: |¢t|§e}, 'Dgz{xE[O,l]: |¢>t|>e}.

Then, by recalling (5.2.2), (Ag) and (5.4.1), we obtain that
L'(t) < —moB(t) —cE'(t)+c [ H ' (¢g1(er))da.
Dy

Hence, the function £y = £ + cF satisfies
Ly~ F

and
Ly(t) < —moE(t) +c [ H ' (dg1(¢))de. (5.4.18)

D1
Now, we discuss the following two cases:
1. H is linear on [0, ¢]: In this case, one has for some positive constant ¢/,

Ly(t) < —moE(t) — /E'(2).
Then, £, = Ly + ¢ E ~ E satisfies
L1(t) < Li(0)e
which implies that
E(t) < C(E(0))e .

2. H is non-linear on [0, ¢|: We note that, by using Jensen’s inequality and the concavity
of H=1, the following inequality holds

1 a0t < et ([ sn(ontr).

Dy D1

Substituting this latter estimate in (5.4.18), we get

L0(t) < — moB(t) + cH ( @gl(@)dax) . (5.4.19)

D1
Let us define for ¢y < € and my > 0

L(t) =H' (60 g((é))> Lo(t) +miE(1).

Then, one can easily see that, for some fixed positive constants vy and vy,

voL(t) < E(t) < v L(t) (5.4.20)

L) = e 20 g (eo gé?)) Lo(t) + H' <eo%) £H(6) + muE'(b).

and
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As H is an increasing-convex function, we have that H' > 0 and H” > 0. Using these facts
with (5.4.19) and E' <0, it results

L'(t) < —moE(t)H’ (60 23((?)) + cH' (eo%> H™ ( N ¢tg1(gbt)dx) +miE'(t).
(5.4.21)

Let H* be the convex conjugate of H, then testing (5.2.7) with

A=H <60%> and B=H"' < . ¢t91(¢t)d$) )
we get

o () (] o) (o () o

Making use of H*(s) < s(H')"!(s) and (5.4.1), we have

H (eo E((()))) Hr ( A ¢tg1(¢t)dx) . g((é;fz (eo%> 0] (5.4.22)

A simple substitution of (5.4.22) into (5.4.21) gives us

L'(t) < —(moE(0) — ceo) g((é)) H' (60%) + (m1 —¢) E'(¢).

Fexing ¢, sufficiently small, so that moFE(0) — ceg > 0, then for my; > ¢, we can find a fixed
positive constant ¢y such that

E(t) E(t) E(t)

L'(t) < —go—=—=H' = —gK | == 5.4.23
where K (t) = tH'(egt). Moreover, with Lq(t) = ”%%? it obvious that L;(t) < % <1 and
Ly ~ E. Thus, inequality (5.4.23) may be transformed into

Li(t) < —aK(Li(t)). (5.4.24)
By the definition of K;, we know that
1
KI(t) = —— ¢ >
1() K(t) <07 v _07
which, combined with (5.4.24), implies
S1
Li(t) € ——"—,
0= K1 (L.(1))

that is,
!/
[Kl(Ll(t))} > <1,
by integrating over [0, ¢], we yield that
K, (Ll(t)) > at + K (Ll(()))a

using then the non-increasing property of K;*, we obtain

Li(t) < K{t (§1t + §2)-
This, together with L; ~ F, gives us the desired result in Theorem 5.4.7. [
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5.4.3 General decay rates for non-equal speeds of wave propagation

In this subsection, we investigate the situation when £ # £ which is more realistic in the
view of physics. For that purpose, we consider the following hypotheses:

(A4) g1 : R — R is a strictly increasing function of class C' such that it exist € < 1, ¢3 and
a Cl-function H : R, — R, which is linear on [0, ¢] or non-decreasing and convex function
of class C? with H(0) = H'(0) = 0 such that

{|91(8)! < cgls] if [s] >,

g(s) < H M (squ(s))  if |s| <e. (5.4.25)

(As) Also, we assume that

A
o <o (22 2}
(6%) )\2

We now present the general decay result in the non-equal speeds case.
Theorem 5.4.8. Let Uy € Hy. Assuming that (Ay), (A4), (As) hold, k€ > b* and that

Pr_, P2
kT 5

Then, it exist some positive constants w and wy such that for any t > 0,
E(t) < wK~ (“21> (5.4.26)

Proof. In view of Lemma 5.2.5 and (Aj;), we obtain that

) < 53/ ¢rdr Yt >0, (5.4.27)

where B3 = Ay — Ao|po| > 0.
In the sequel, we introduce the following Lyapunov functional

Go(t) = MF(t) + L{(t), (5.4.28)

where L is defined in Lemma 5.4.6 and M is a fixed positive constant to be determined
posteriori. Before go further, it should be mentioned that G, is not equivalent to E. Then,
by combining (5.4.13) and (5.4.27), we find that for any ¢ > 0,

Go(1) < — mo (1) — M / ("2~ o) / Guitedr
+c/ ¢tdx+c/ g1(¢t)dx+c/0 g5(2(x,1))dz.

Utilizing Young’s and Poincaré’s inequalities and (5.2.5), it follows that

Go(t) < — (mo = nl)E(t) = (ﬁgM —Cy — C)/o @2 dx + C/O g (¢y)dx + C/O g5(2(z,1))dz.
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Fixing 1 < mg and then taking M sufficiently large, so that S3M — ¢,, —c¢ > 0, we obtain

for do > 0,

1
1

Gi(t) < — doE(2) —1—0/1 gf<¢t>dx+c/ ¢2(2(z,1))dz.
By exploiting (A;), (5.4.25) and (5.4.1),0it holds that O
Go(t) < — doE(t) — cE'(t) + ; H™ (¢ug1(¢r))dor.
In summary, the functional G (t) = Go(t) + cE(t) fulfills
Gi(t) < —doE(t) + N H (g1 (¢r)) da. (5.4.29)

As in the proof of Theorem 5.4.7, we distinguish the following two cases:
1. H is linear on [0, ¢]: By (5.4.1), one obtains for a fixed positive constant ¢,

Gi(t) < —doE(t) — E'(1).
Then, the functional Go(t) = G1(t) + ¢ E(t), satisfies
Gy(t) < —doE(t).
Integrating the above inequality on [0, ] and using the non-increasing property of E, we yield

that .
LE(t) < / B(s)ds < dlgz(()).

0
Hence, for d > 0 we have

E(t) <= Vt>0.

|

2. H is non-linear on [0, ¢]: Analogously to the second part of the proof of Theorem 5.4.7,
we find that the functional

E(t)
E(0)

Gs(t) = H' | & Gi(t) + di E(t)
(50)

satisfies, for a fixed positive constant wy, the following property

o - (u2)

An integration over [0, ] yields

[x(eti)esion

Since E' < 0 and K’ > 0, then the map t — K (eo%) is non-increasing. This gives that

(o5 < [ (oE)
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and so

(o) < oo

Consequently, for w,w; > 0 we have

E(t) < wK™ (%) vt > 0.

This ends the proof of Theorem 5.4.8.



Chapter 6

Stability result of the Bresse system
with delay and boundary feedback

6.1 Introduction

Let 0 < T < oo, L > 0. We denote by ¢ = p(z,t) : [0,L] X [0,T] — IR, ¢ = ¢(x,t) :
[0,L] x [0,T] — IR and w = w(x,t) : [0, L] x [0,7] — IR, the longitudinal, vertical and
shear angle displacements of the cross section at x € (0, L) and at time ¢ € (0, t), respectively.
The original Bresse system is given by the following equations (see [70]):

pipw = Qi +IN+ I,
Pz¢tt = M, _Q+F2a (6-1-1)
P1W = Nx_lQ+F37

where we use N, () and M to denote the axial force, the shear force and the bending moment
respectively. These forces are stress-strain relations for elastic behavior and given by

N =Ko(w, —lp), Q=K(ps+¢+Ilw) and M = bi,,

where K, Ky and b are positive constants. Here p; = pA, ps = pl, Ky = FA, K = K'GA,
b= EI and | = R~!. Coefficients aforementioned, all assumed positive, represent:

- p the density, - E the modulus of elasticity,

- (G the shear modulus, - K’ the shear factor,

- A the cross-sectional area, - I the second moment of area of the cross section,
- R the radius of curvature, - [ the curvature | = 1/R.

Finally, by the terms F; we are denoting external forces. Therefore, the evolutive problem
can be written as

prew — K(pz + ¢ + lw), — Kol(w, —lp) =0 in [0, L] x [0,7],
P2l — Doy + K + ¢ + lw) =0 in [0, L] x [0,T], (6.1.2)
prwn — Ko(ws —19)s + Kl(py + 1 +1lw) =0 in [0, L] x [0, T]

102
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when the external forces are null.

It is known that the system (6.1.2) for [ = 0 reduces to the standard Timoshenko system
when w = 0. Many authors have established several results dealing with global existence
and the stability behavior of the two systems using different kinds of dampings. It has been
shown that the stability depends on the nature and position of the controls and some relations
between the coefficients.

A few works adressed the issue of stability of the Bresse system with delays ( see [117-
119].) The authors of [117] have treated (6.1.1) when

Fi = —p1py — pope(, t — 1),
Fy = — s — pioi(w,t — 72), (6.1.3)
Fy = —[w; — flowy(x, t — 73),

with homogeneous Dirichlet boundary conditions. Under suitable assumptions on the weight
of the delayed feedbacks and the weight of the non-delayed ones, they obtained an exponential
rate of decay of solutions by making use of a multiplier method. This work was extended by
the same authors in [118] to the nonlinear case.

In this paper we investigate the global well-posedness and the boundary stabilization of
the linear Bresse system in bounded interval [0, L].

p1pu — K(vr + U+ lw)e — kol(we — lp) + arpe(z,t —7) =0 in [0, L] x [0, +o0],
P2y — Doy + K(0r + 0 + lw) + agthy(x, t — 1) =0 in[0,L] x [0, 400,
prwy — Ko(we — 1p)z + Kl(0r + ¥ + lw) + azw(z,t —7) =0 in [0, L] x [0, +o0].

(6.1.4)
System (6.1.4) is subjected to the following boundary conditions:
k(e + ¥ + w)(L, 1) = —p(L,t)  in [0,+00],
wa([’vt) = _wt(Lat) n [07 +OO[> (6 1 5)
Ko(wy — lp)(L,t) = —wi(L,t) in [0, +o0], o
©(0,t) =1(0,t) = w(0,t) =0 in [0, +o0],

where (x,t) € (0, L) x (0, 4+00) and L > 0 and the parameters ay, as, as, a, i and «y are positive
constants. The system is completed with the following initial conditions:

(g0<$,0) = @O(x% (,Dt(:L‘,O) - 901(‘73)? n [OaL]

¢($70) = %(@a wt(xa()) = wl(xL in [OvL]

w(z,0) = wo(z), wi(z,0=w(z) in 0, L]

oz, t —7) = fi(z,t — 1) in [0, L] x [0, 7], (6.1.6)
Yi(x,t — 1) = folx,t —7) in [0, L] x [0, 7],

(wi(z,t —7) = f3(x,t —7) in [0, L] x [0, 7],

where 7 > 0 is the time delay. The initial data (@, @1, o, 1, wo, w1, f1, f2, f3) belong to a
suitable Sobolev space. By w, 1 and ¢ we are denoting the longitudinal, vertical and shear
angle displacements.
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Concerning the boundary stabilization of the Timoshenko system with delays, we would
like to mention the contribution of Said-Houari and Soufyane, (see [75]) in which the authors
proved the global well-posedness and exponential decay of energy by assuming the weights of
the delay are small enough. For more results concerning Timoshenko system with delay, one
can refer to the previous studies [68]-[74] and so on.

Comparing our result with the work of Feng, (see [77]) he studied for laminated Tim-
oshenko beams with time delays and boundary feedbacks, he has proved the global well-
posedness and exponential decay of energy by assuming the weights of the delay are small
enough.

The main objectives of the present chapter are to establish the global well-posedness and
exponential stability of the problem (6.1.4) — (6.1.6).

Our purpose in this paper is to give a global solvability in Sobolev spaces and energy decay
estimates of the solutions to the problem (6.1.4) — (6.1.6) for linear damping and delay terms.
To obtain global solutions to the problem (6.1.4) — (6.1.6), we use the argument combining
the semigroup theory (see [36] and [72]) with the energy estimate method. To prove decay
estimates, we use a multiplier method.

6.2 Well-posedness of the problem

In this section, we prove the global existence and the uniqueness of the solution of system
(6.1.4)-(6.1.6). For this purpose, we adopt the technique of [36] (see also [76] ) to prove that
the operator A defined in (6.2) generates a contraction semigroup on the Hilbert space H
given by (6.2).

So, let us introduce the following new variables:

21(z,p,t) = oz, t —71p), x€0,L], pel0,1], t>0,
z(x, p,t) = Uz, t —7p), x€][0,L], pel0,1], t>0,
z3(x, p,t) = wz,t—7p), x€l0,L], pe|0,1], t>0.

Then, it is easy to check that
Tzi(x, p,t) + 2zip(x, p,t) =0, in [0, L] x [0,1] x [0,+00] fori=1,2,3.

Therefore, our problem (6.1.4) — (6.1.6) is equivalent to:

(prou(,t) = K(po + 0 + w)a(x,1) — Kol(we — lp)(,1) + arz1(z, 1,1) = 0,
T21(2, p,1) + 21,(, p, 1) =5
P2i (T, 1) — bibee (2, 1) + K (@ + ¢ + lw)(2, ) + azza(z, 1, 1) =0, (6.2.1)
T2o1(x, p, ) + 22p(x, p, ) =0,
prwg(x,t) — Ko(we — 1) e(z,t) + K@, + 0 + lw)(x,t) + agzs(z, 1,t) =0,
(72362, p, t) + 2z35(2, p, t) =0

Now, we present a short discussion of the well-posedness, and semigroup formulation of
the initial boundary value problem (6.2.1), (6.1.5) and (6.1.6). For this purpose, let U =
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(0, @1, 21,0, Yy, 29, w, wy, z3)T, then U satisfies the problem

{ AU.

T
U<O) - (QDOa ¥1, fl('v _'T)7w07¢1’ f2<'7 —.T),WO,Wl, f3('a _T)) )
where the operator A is defined by

u

K LK,
¢ o+ L) + 2w — 1) — 2 (, 1)
U P1 P}l P1
21 —T "Z1p
(0 b v

Al v = _wxm (SOI + 2/} + lw) - _Z2( 1)
2 P2 . 2
w —’7'~ ng
N w
w KO 5
23 E(Wx — 1)y — —(pe + 1 +lw) — —23(., 1)
—77 1z,
with domain
((;07 u, 21, ¢7 v, z9,W, (Z)a 23)T S H7
D(A) = u=2z(.,0),v = 2(.,0),0 = z3(.,0), in (0, L),

K(pr +¢+ lw)(L) = —O./U(L), b%(L) = _/“}(L)a ’
Ko(wz — lp)(L) = —yw(L)

where

H = (HP(0,1) N (0, ) x HX(0, 1) x (H*(0, L)

HY0,L) x HY(0, L)
x L*(0,1, H'(0, L)) x L*(0,1, H'(0, L)),

and
HY0,L) = {f e HY0,L) : £(0) = o}.
Now, the energy space H is defined as follows:

H = H}(0,L) x L*(0,L) x H}(0, L) x L*(0, L) x L*((0, L) x (0,1)) x L*((0, L) x (0,1)).

For U = (p,u, 21,%,v, z,w,0, 23)", U = (8,7, Z1,1,0, Z2, 0,0, Z3)" and for & positive con-
stants, we define the inner product in H as follows:

L
OO0~ [ [prai+ pas+ 035 + b6, + Ko+ 0+ 1)(@, + T +19)
0

+ Ko(ws — lp)(@s — 17) +Z€z/ zi(z, p)Zi(, p) dp]d:lr

The existence and uniqueness results read as follows.
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Theorem 6.2.1. For any Uy € H, there exists a unique solution U € C([0,+0),H) of
problem (6.2). Moreover, if Uy € D(A), then

U e O([0, +00); D(A)) N CY([0, +00); H).

Proof. In order to prove the result stated in Theorem 6.2.1, we will use the semigroup ap-
proach. That is, we will show that the operator A generates a Cy—semigroup in H. In
this step, we concern ourselves to prove that the operator A is dissipative. Indeed, for
U= (p,u,21,0,0, 22, w,w, 23)T, we have

L

L
(AU, U)y = — au®(L) — pv*(L) — y&* (L) — al/ z1(z, Dudr — az/ 2o(x, Vv de
0 0
L 3 13 L pl
— a3/ z3(x, 1)wdr — Z —1/ / zi(z, p)zip(x, p) dp da.
0 i—1 | Jo Jo
Looking now at the last two terms of the right-hand side of (6.2.2), we have

Z{z/ / zi(z, p)zip(x, p dpdx—z&/ / ——z (x,p)dpdz
= ; %/0 [z?(:c, 1) — zf(x,O)} dx.

(6.2.2)

(6.2.3)

Consequently, (6.2.3) becomes

L

(AU, U)y = — au®(L) — pv*(L) — y&* (L) — a1/0 z1(z, Dudr — ag/o 2o(x, Vv de

— ag /OL z3(z, D)wdx — g 25—; /OL [zf(:r:, 1) — 22(x, 0)} dx.

By using Young’s inequality, we obtain from (6.2.4) that

(6.2.4)

(AU, Uy < — (L) — (L) — (L) — L / 2o, 1) do
+(a§17 51)/ w? dor — 2= / 22(z,1) dx +<a§27' 52)/0 v? da
L
) [
<max(p1(a§1:+€1> 1<agZT+§2> 1<a§37 63)><U U)s,
= (U, U)y.

Consequently, the operator A — ¢iI is dissipative. To show that A is maximal monotone,
it is sufficient to show that the operator \I — A is surjective for fixed A > 0. Indeed,
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given (hy, ha, hs, hy, hs, he, he, hg, ho)T € H, we seek U = (o, u, 21,9, v, 20, w, @, 23)7 € D(A)

solution of the following system of equations

( Ao — 1 = hy,
K LK,
M= (o + 1w)y — 2w, —lp) + B2(,1) = he,
p1 fl P1
)\Zl —+ ;le = hg,
)‘¢ -V - h4)
b
)\'U__wxx_‘_ P (SOx“_'QZ}‘I‘ZUJ)‘i‘_ZQ( ,1) = h5,
2 2 2
1
/\22 + ;ng = h@',
Aw — @ = h7,
K
Ao — = (wy = 1)y + — (s + ¥ +lw) + —23(, 1) = hs,
P1 P1 1 1
Az3 + =23, = hy
\ T

Suppose that we have found (¢, 1, w) with the appropriate regularity, then

U:A@_hl,
U:)\w_hAh
dz:)\w—h7.

(6.2.5)

(6.2.6)

It is clear that w € H}(0, L),v € H!(0, L) and w € H}(0, L). Furthermore, by (6.2.5), we can

find z;(i = 1,2,3) as

21(2,0) = u(x), 29(z,0)=v(x), 23(z,0)=a(x), forxe(0,L).

(6.2.7)

Following the same approach as in [36], we obtain, by using equations for z; in (6.2.5),

p

z21(z,p) = u(@)e P + e | ha(x,8)e’* ds,

S~

P
he(x, s)e ™ ds,

o
hg(x, 8)e ™ ds.

z(r,p) = v(x)e NP + TP

z3(z,p) = @(x)e NP 4 e AP

S——

From (6.2.6), we obtain

( P
<1 (,I’, p) = )\SO(JT)e*)‘Tp — hlei)ﬂ—p + Te)‘TP/ hg(l', S)e)n's dS,
0

p
22($a p) = )\w(l‘)e*)“l'p — h467)‘7-p —+ TQQATP/ h6($, S)GAT‘S d87

(2
k23(x’ p) = Aw(w)e P — hee 0 4 TG)‘T”f ho(z, 5)e™ ds.
0

(6.2.8)
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By using (

¢

\

6.2.5) and (6.2.6) the functions ¢, and w satisfy the following system

Using the following

K IK
Ao X pn - lw)e — 0wy — 1) + D21(1) = ho + A,
P1 P1 P1
b K
N — Lty + = (pp + 1+ ) + 225(, 1) = hs + Ah, (6.2.9)
P2 P2 P2
K, IK
N — 22w, —lp)y + — (g + 1 + lw) + 25, 1) = hy + M.
P1 P1 P1
( 1
z1(z,1) = wu(z)e™ 471 / hs(z,5)e** ds = Ape ™ + 29(2),
0

1
2(x,1) = v(x)Te™ + Te’\T/ he(x, )™ ds = Mpe™ + 29(x),
0

1
z3(x,1) = Q(x)e ™ + 7'6)‘7/ ho(z, 5)e* ds = dwe ™ + 2§(x),
0

\

where for z € (0, L),

D) = —hy(x) _’\T—i—re hs(z s ds,

2(z) = —he(x)e N +Te” hg e ds.

g
2D(z) = —hy(x)e N + e /h6 Ve ds,

The problem (6.2.9) can be reformulated as

(

\

L K LK,
/ [VSO ——(pz + ¥+ lw), — —O(wz —lp) + ﬂ)xgoe’v} wy dx
0 P1 P1 P1

L
= / [hg + Ahy — ﬂz?(m)} wy dz, Vw, € HX(0, L),
0

P1

t 2 b K a2 A
/ |:)\ ¢_ —1/Jm+—(90m+¢+lw)+—)\we_ T:|(.U2d$
0 P2 P2 P2

L (6.2.10)
= / {h5 + Ahy — %zg(x)] woy dz, Yw, € HL(0, L),
0 2
g K IK
/ [Vw — 2wy = 1) + — (0 + b + lw) + Bwe }wg dx
0 P1 P1 P1
L
= / [hg + A7 — %zg(x)} ws dz, Vws € HX(0,L).
0 1

Integrating Eqgs. (6.2.10);-(6.2.10)3 by parts and then summing the resultants, we obtain the
following problem which is equivalent to (6.2.10)

o((p, Y, w), (w1, wa,w3)) = L(wy,ws,ws)), (6.2.11)
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where the bilinear form ¢ : [H}(0,L) x H!(0,L) x H}(0,L)]> — R and the linear form
Z:HN0,L)x H}0,L) x H}(0,L) — R are defined by

a

L L
o ((, 1, w), (w1, ws, w3)) :/0 (AQ + pi AB_M) pwy dx +/0 g(% + 1 + lw)(wr).dx

IK
1

L s b L
+ / ()\2 + —)\e”) Ywy dr + — / Y (w2), do
0 P2 P2 Jo

L

K
= [ (ot Iw)ws da + EN(L)wa (L)
P2 Jo P2

L as L KO
+ / ()\2 + —)\e”) wws dx + / —(wz — lp)(w3), dx
0 0

P1 P1

/0 (0 s + gLy (1

IK [
+ — / (e + 0 + lw)ws dx + l/\W(L)Wg(L),
P1 Jo P1
and
I(wl,wz,wg) :/ (ha + Ahy — p—zl (x)).wy dx + / (hs + Ahy — p—ZQ(x)).wg dx
0 1 0 2

L
+ / (hg + )\h7 — %Zg(l‘))w;), dx + ghl (L)wl(L)
0 P1 P1

ﬂ Wa l 7 w3 .
+ 2 ha(Ljoa(L) + L he(L)en(L)

It is easy to verify that ¢ is continuous and coercive, and Z is continuous. So applying the
Lax-Milgram theorem, we deduce that for all (w,ws,w3) € HX(0,L) x H(0,L) x H}(0, L),
problem (6.2.11) admits a unique solution (¢, v, w) € H}(0, L) x H}(0, L) x H}(0, L). By the
classical elliptic regularity, we deduce that (¢, v,w) € (H?(0,L) N HX(0,L)) x (H*(0,L) N
H0,L)) x (H*(0,L)N HL(0,L)). Therefore, the operator A\I — A is surjective for any A > 0.
Hence, — A is maximal monotone operator. Thanks to Lummer-Phillips theorem, we conclude
that the operator A generates a linear Cy-semigroup in H and so (4.2.1) is well-posed (see
Pazy [94]). O

6.3 Asymptotic stability

In this section, we study the asymptotic behaviour of system (6.1.4)-(6.1.6). For any regular
solution of (6.1.4)-(6.1.6), we define the energy by the following formula

1 L
E(t) =§/ {m\sot!Q + po|the|? + prlwe]? + b + K| + 9 + lw|* + Ko|w, — ls@\z} dx
0

é- t L g t L é— t L
—l——l/ / @f(x,s)dxds—l—ﬁ/ / 1/1t2(x,5)d:cds+—3/ / wi(z,s) dw ds,
2 t—1 JO 2 t—7 JO 2 t—7 JO
(6.3.1)
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where &1, & and &3 are strictly positive numbers that will be chosen later. The main result
of this section is:

Theorem 6.3.1. Let (¢,v,w) be a reqular solution of (6.1.4)-(6.1.6). Assume that

6KL2<b < 1 . | K |K,
— 1MIin —_— —_—
T2 =7 — 4L K,V K )’

and that it exist small enough positive constants a? satisfying 0 < a; < a?, i = 1,2,3. Then,

E(t) < Cre™ Vit>0, (6.3.2)
while Cy and Cy are two fized positive constants.

The proof of Theorem 6.3.1 will be done through some Lemmas.

Lemma 6.3.2. For any regular solution of (6.1.4)-(6.1.6) the following estimate holds:

L N L
5’(t)§—asof(L,t)+(al;L&) / ¢§<x,t>dx+(al2&> | ettwi=ras
L L
—W?(L,tw(@;&)/o wf(x,t)dx+(a2;£2)/o W2zt —7)dz  (6.3.3)

L L
— (L, t) + (“3;&”)/0 wf(x,t)dx+(“3;§3>/o w(z,t — 7) da.

Proof. Differentiating (6.3.1), we get

L L L L
E't) :/ p1ppudr +/ P2y da +/ prwwpdx +/ b Ygida
0 0 0

0

L L
+ / K(p, + ¥+ lw)(ps + ¢ + lw)dr + / Ko(wy — 1) (wy — lp)dx
0 0

& o[* & ) &1
+§/0 gp(m t)dm——/o gpt(a:,t—r)dx%—?/o Vi (x,t) de
53 2 53 L 2
/wt t—T)d:v—i—Q/o wt(x,t)dx—E/O wi(z,t — 1) dz.

Now, using the equations in (6.1.4) and exploiting the boundary conditions in (6.1.5), we
obtain

L
E'1t) < —api(L,t)+ gl/o 0 (z,1) dac—al/o oi(x, t — 1)z, t) do

- :U/w?(L?t) + é /L 2/}?(I,t) dx — a2 /L wt(mut - T)%(%f) dx
0 (6.3.4)

— ywi(L,t) + 53/0 wi(z, t)dq:—ag/ oi(x,t —T)pi(2,t) da

L
_%/0 02 (x,t d:c——/ V2 (z dx—é—g/o wi(z,t —7)dx.



6.3 Asymptotic stability 111

Applying Young’s inequality to the first three terms in (6.3.4), then (6.3.3) holds true. This
completes the proof of Lemma 6.3.2. O]

Next, we define the following functional:

L
F(t) = /0 (plxﬁpt(%; + lw) + paxthh, + prew(wy lgo))d (6.3.5)

Then we have the following estimate:

Lemma 6.3.3. Let (¢,v,w) be the solution of (6.1.4)-(6.1.6). Then we have, for any €, €2,
€3, 01, P, P2, P3 >0,

p
.F(t)<—31 ordr — / Vido — — wfda:

L
L — «+lw) d
<G1 €1+4ﬁ1>/ (¢ + W) x
* b L
a2L€2+—+5102——)/ wgd]?
0

(6.3.6)

poL 2L poL  o?L L%\
—_— 2(L,t L.t
mL L alL/ 9
—+ — Lt)+ — t—1)d
(2 QKO) )+ 9 [t
CLQL a3L
462 / Vi (z T)dx + el wf(x,t —7)dz,

where ¢* = L*/7? is the Poincaré constant.

Proof. Differentiating the functional F with respect to ¢ and using (6.1.4), we find
L L
:/ Kx(or + 9+ lw)e (o, + lw)dx + / Kolz(w, — lp)(¢r + lw)dx
0 0
L L L
+ / b)) da — / Kx(py + ¢+ lw),de +/ Kox(wy — 1) p(we — lp)dx
0
L rd 2 L
/ Klz(pz + 9 + lw)(w, — lp)dx + /0 Py d@xt dx + /0 pgi%d@"

L duw? L
+ / plf%dx —a / oz + lw)p(z,t — 1) dx
0 0

L L
- (1,2/ r(x,t — 7) da — a3/ (wy — lp)wi(x, t — 7) dx.
’ ’ (6.3.7)
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Remark that
L
~ [ Kalor 6+ W0)ado == KLp. + 0+ ) (L 0(L.)
’ L
+ / Koy +¢ +lw)pde (6.3.8)
0

L
+/ Kx(py + ¢ + lw), 0 du.
0

Substituting (6.3.8) into (6.3.7) and using integration by parts, we obtain that
L
K
/ P 2de —/ P2 b2z —/ P 2dy —/ 5 (e 0+ lw)da
LK KL
0

KoL L L L

+ == (s — lp)? <L )+ B2 (L, 8) + B2y, + B2 (L)
L
— KL(ps + 9+ lw)(L, t)p(L, t) + / K(pz + 9 + lw)y do
L " L
+ Kol/ T(wy — 1) (e + lw)dx — Kl/ (pz + U + lw)(w, — lp)dx
0 0

L L
—a / 2(pp + lw)p(z,t — 7) de — (lg/ 2 (z, 1)y (x, t — 7) dx
0 0

L
- a3/ (wy — lp)wy(x,t — 7) dx.
0

(6.3.9)
Using then the boundary conditions (6.1.5), we write
bL prL
(L, t) = S -vi (L, ). (6.3.10)
2 20
Similarly, we get
KL o’L
@ lw)*(L,1 L.t), 3.11
EL et v (L) = S 202 ) (6:3.11)
KoL 2 ”YQL
— L.t 2(L, 3.12

By the imbedding of W1(0, L) in L>(0, L), one has

L
WL < o / (42 + ) da

which implies by Poincaré’s inequality

L
(L, 1)]* < C2/0 V3 de, (6.3.13)
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where ¢; and ¢y are two fixed positive constants.
Making use of (6.1.5), Young’s inequality and (6.3.13) we obtain for all §; > 0 that

—KL(py + ¢ + lw) (L, t)(L,t) = aLp (L, t)(L,t)

2 6.3.14
< 6102/ ¢ dl'+ L ( )

2

Once again, by Young’s and Poincaré’s inequalities we can get7 for any 1, 82, 83 > 0

L L LQ L
Kol/ z(wy — o) (r + lw)dr < ﬁlKSZQ/ (we — lp)* dx + —/ (¢r + lw)? dz,
0 0

451
(6.3.15)
x [ Lo de < Bi? [ lw)? N (6.3.16)
. (2 + ¢ +lw)pdr < Bo /0(%@-1-1#—1- w) 452/0 Vs de, 3.

L L L2 L
—Kl/ (o + U+ lw)(we — lp)dr < 53[(2[2/ (0p + 0 + lw)* do + —/ (wy — lp)*da,
0 0

403
(6.3.17)
where ¢* = L?/7? is the Poincaré constant.
On the other hand, for all €1, €5, €3 > 0, using Young’s inequality then the last two terms
in the right-hand side of (6.3.9) can be estimated as follows:

L alL L
< alLel/ (g +lw)* dz + T O (x,t —7)dx,
0

L
CLl/ x(gpx‘i‘lW)(Pt(ﬂf,t—T) dx
0 €1 Jo
(6.3.13)

L L I L
ag/ x(x, )y (x,t — 1) da| < agLeg/ V2 (z,t) do + CZ—/ Vi (z,t —71)dr (6.3.19)
0 0 €2 Jo

and
L L agL
ag/ (wy — lp)wi(x,t — 7)dx| < a3L€3/ (we — L) dz + 1o ), wf(m,t —7)dx
0 0 €3
(6.3.20)
Inserting (6.3.10)-(6.3.20) into (6.3.9), we get (6.3.6). Thus, the proof of Lemma 6.3.3 is
completed. O]
Next, let us introduce
/ / e '?(z, 5) ds du, (6.3.21)
L gt
=: / / e "2 (z, 5) ds da (6.3.22)
0 t—7

and

/ / e*twi(x, s) ds dx. (6.3.23)

Then, the following estimates hold.
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Lemma 6.3.4. Let (¢,v,w) be the solution of (6.1.4)-(6.1.6), Then we have

L gt
T)dx — eT/ / ¢ (x,s)ds dw,
0 t—7
L gt
dr —e T/ / Vi (z,s)dsdx
0 t—T

L gt
T)dx —e " / / wi(z,s)ds dx.
0 t—T

fuwf;ALwﬁm—wszLwﬂmt
/wt — /wt

L L
Fi(t) < / w? dx — eT/ wi(z,t
0 0

Proof. Taking the derivative of F; with respect to ¢, we have

A= [ etwni-c [ a6

Then, (6.3.24) easily holds, and similarly (6.3.25) and (6.3.26).

and

dx—// Sthsdsd:r
t—1

(6.3.24)

(6.3.25)

(6.3.26)

(6.3.27)

[]

To prove Theorem 6.3.1, we define the Lyapunov functionnal functional L£(t) as follows:

L(t) :=E(t) + NF(t) + N1Fi(t) + NaFo(t) + N3 Fs(t)

(6.3.28)

where N, Ni, Ny and N3 are positive real numbers that be chosen later. Now, from (6.3.3),

(6.3.6), (6.3.24), (6.3.25) and (6.3.26) and using the trivial inequality

U@S—&ﬁ@ﬁ—&ﬁ@ﬁ—&@@ﬁ+[

L L L
/ (p +lw)*dx < 2/ (0o + 0+ lw)?do +2¢* | 2 dz,
0 0 0

ag +

N (2 52)
L L

+ ( )—l—Nal——Nl T / O (x,t —7)dw
461 1 Jo
L 7 L

+ ( )JFNOLQ——N2 - / V2(x, t
462 | 0
) L

+ ( ) Nag——Nge_T / wi(z,t —7)dx
463 ] 0

K L
—I—N 2&1L€1+_+52K2+53K2l2 2)/ (@x+¢+lt&)2d$
0

( 251
12 o b L
+ N(2a1L€1c + =5 +asLey + — + dico — —> W3 dx
o 452 2) Jo
272 KO 2
+N a3L63+ +ﬁ1Kl 5 ( e — lp)*dx
0

_"0/0/ {%“ +@/}t(xs)+wt(a:s)}dsdx,

L N L
+ N, — pﬂ/ wfdx+{(a3—2i_£3)+]\73—i}/ w? da
0 0

(6.3.29)
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where 17y = e”" min (Nl, N, N3) and

poL  o?L  o*L?
A=a—N
L=a (2 tox T, )
p2L 2L
Ay Y a l
- ( > 2b>
1L L
A N .
3= (2 +2K0>

At this point, we have to select our constants very carefully in order to get
L'(t) < —nE(t) Vt>0,

where 7 is a fixed postive constant. First, it is clear that for any a > 0, 4 > 0 and v > 0,
and for N sufficiently small, we get A; >0, =1,2,3.

Second, we may choose 31, B2 and (3 such that

L? K K

— K? KPP - — < -—
25, + B2 K™+ 03 DR
c* L2 c* b b

25 Tam 25 %

L? K K
— 4 AR -2 <0
ag, PR
Letting
1 1 1
=gk PTgg ™ BT e
So, we need that
272 K
LKy < —
16’
* 2712 * 3b
1C KL + 20K < 2, (6.3.30)
L’I’K < Ko,
16"
Of course, in order to obtain (6.3.30), we have to assume that
6Kc" <0,

/ /K
<—m1n 0

As long as f3;, 1 = 1,2, 3 are fixed, we pick 01, €1,€5 > 0 and €3 > 0 so small such that
201 Le; < —,

b
2a1Leic + agLeg + 61c9 < 16’

K,
2a3Les < 1—(;)
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After that, we fix N7, Ny and Nj such that 228 — Ny > 0, 222 — N, > 0 and 22 — N3 > 0.
Now the main goal is to choose the sets of palrs (a1,&1), (a2,&) and (as, &3) such that

’CL1—2|‘§1<N2P1_N1>
(3 +50) ~§ =
'a2—2|‘§2<N202_N2>
(3 +5) - § <
and (a3 +& _ Np
5 <3 W
a3<%+{4\[—€§>—€—2‘3<N6_T.

Clearly, for a;, ©+ = 1, 2,3, small enough satisfies

Npi—2N)) b, i=1,2,3
T+ VL) VP Vg

ai<a?:min{

it exists &;, 1 = 1,2, 3 such that

NL
€;

From this we can infer that A; > 0 if (a w,y) — (0,0,0) or if (a, p,vy) — (00, 00,00),
then (N, N;) — (0,0) and consequently a? goes to zero.

Then, from above, we conclude that it exists a positive constant n > 0 such that (6.3.29)
becomes

L
| [wfwfw%mwm)%wiﬂwx—w)Q]daz
0

L gt
_ 770/ / (gof(g:, s) + 17 (z, s) + wj (z, s)) dsdz, vt > 0,
0 t—7

which implies by (6.3.1), that it exists also 7;, such that
L'(t) < —m&(t), Vt>0. (6.3.31)

On the other hand, from (6.3.1), (6.3.5), (6.3.21), (6.3.22), (6.3.23), (6.3.28) and for N suf-
ficiently small, we deduce that there exist two positive constants A; and Ay depending on
N, Ny, Ny, N3 and L such that

ME(L) < L(t) < XE(), VE>0. (6.3.32)
Now, combining (6.3.31) and (6.3. 32) there exists A > 0, such that
( —AL(t), Vt>0. (6.3.33)

Consequently, integrating (6.3.33) and using once again (6.3.32), we obtain (6.3.2). This ends
the proof of Theorem 6.3.1.



Conlusion and Prospects

In this PhD thesis, we have studied the effect of delay on the global existence and the stability
of the global solutions for some evolution systems. In chapter 2, we have investigated a second-
order abstract viscoelastic equation with a weak internal damping, non-constant delay term in
an internal feedback and nonlinear weights. We established the well-posedness result without
any relation between the non-linear weights p; and po. Furthermore, we realized new optimal
explicit and gereral decay results which include the exponential, polynomial and logarithmic
decay rates. This ones have been obtained under a very general condition on g. Precisely, we
have assumed that

g(t) < =€) H(g(t)) VteR,,

and we did not require that the function £ be non-increasing which improves several results
such as [15, 17, 26, 55]. The result we obtained in the third chapter is a generalization
of the important manuscript [67] of Messaoudi and Soufyane where we realized a general
energy decay for a non-dissipative problem which, to the best of our knowledge, has never
been studied before. In the chapter 4, we investigated a linear Timoshenko system with a
strong damping and a strong delay term in the first equation. Unexpectedly, we obtained that
the system is lack of exponential stability whether the equal-speeds condition (4.1.3) holds
or not. In addition, by introducing a second-order energy, we established the polynomial
decay with optimal rate. The result we obtained is different from the work of Raposo et
al.[84], where they considered a strong delayed thermoviscoelastic Timoshenko system with
heat conduction modeled by the Cattaneo law and established exponential decay. In chapter
5, a nonlinear damped Porous system with a nonlinear delay term was considered. We
proved the well-posedness of the system without the restrictions of p; > 0 and po < Sty
Also, we established two general decay estimates with rates depending on the speeds of wave
propagation and the regularity of initial data. For the equal-speeds case, we got a similar
result as in the Timoshenko beam with the same hypotheses imposed on p; and ps (see
[97, 101]). Otherwise, a slow decay result was given subject to a new relationship between
w1 and pp. The result of the last chapter is an extension of the works [65, 75, 77] to Bresse
system where the exponential stability was gotten also under the smallness of the weights of
the interior delays a;, 1 = 1,2, 3.

Many interesting problems in connection with the systems we have considered here are
still open. We propose in what follows some of them.

i. It is remarkable that the fact £/ < 0 was employed in several sities in the proof of our
stability results (2.4.4), see for example, Eqgs.(2.4.25),(2.4.34). And, in the case of y; = 0 and
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|p2| > 0, we obtain that the modified energy functional E defined by (2.2.10) satisfies, for
any t >0

2() < & (1m0 + 00 e + 5 (Ia(6)] = n(1) ) 12(1, )
1

+ 3 0u) (1) = 5o Abu(o)?,

from which we conclude that the system is not dissipative in general in the sense that E’
is not necessarily negative. So, one could adress this model in the case when H is linear
by combining the method of the present paper with the one in Feng [50]. But, when H is
non-linear the problem stills open.

it. Inspired by the work of Chellaoua et al.[31] and Benaissa et al.[61], it would be inter-
esting to study problem (2.1.1) with the nonlinear damping g (¢) Fy(u.(t)) and the nonlinear
delay term po(t) Fy(us(t — 7(t))).

i7i. Motivated by Guesmia and Tatar [62], it is an interesting problem to consider (2.1.1)
with the distributed delay [ pa(t, s)u(t — s)ds instead of pio(t)u,(t — 7(t)).

iv. In [63], Messaoudi considered the following weak viscoelastic wave equation

ug(z,t) — Au(t) + k() (g * Au)(z,t) =0 in 2x]0, 400]

with Dirichlet boundary condition where , g : R, —]0, 00| are differentiable positive non-
increasing functions such that it exists a differentiable decreasing function £ : R, —]0, 00|
satisfying
gt) < —€(B)glt)  VEER,,
lim L/(t) —
t=rtoo §(t)r(1)

And, he proved that the energy of solutions E has the following general decay property:

E(t) < cexp( - C/Ot m(s)&(s)ds) vVt e R,.

Motivated by this study, we will consider in a forthcoming work the following more general
problem

uy(t) + Au(t) — £(t) (g * Au) () + 1 (E)ue(t) + po(t)uy(t — 7(¢)) =0, ¢ > 0.

We will adress the well-posedness and moreover we will show whether the conditions imposed
in [63], give analogous decay results to those we established, when combined with the ones
imposed here.

v. As was mentioned above, Mustafa [24] examined a wave equation with a viscoelastic
boundary damping localized on I'y and established an explicit and general decay rate of its
solutions by assuming that ug = 0 on I'y. So, it is very interesting to consider the case when
ug # 0.

vi. One could derive the stability result (4.5.1) under the homogeneous Dirichlet-Dirichlet
boundary conditions. But showing the non-exponential decay as well as the optimality of the
obtained rate of decay in this case is an important open problem.
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