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Introduction 

 

This publication consists of lessons on Statistics 03 according to the new 

ministerial program Intended fo Second-year students in Management Sciences,     

The content of this Module are considered a continuation of the lessons Statistics 

01 and Statistics 02, allowing them to benefit from the foundation they previously 

acquired. At the same time, studying Statistics 03 serves as a preparation for 

studying Statistics 04 in the second year during the fourth semester. 

 

 The goal of providing these lessons is to achieve the following skills: 

- Understanding the most important laws of discrete and continuous probability 

distributions 

- Providing the student with the ability to apply probability distributions to 

address and solve economic, administrative, and social problems. 

- Understanding discrete and continuous bivariate random variables and their 

main properties. 

- Recognizing distributions with two variables. 

     This lessons contains four main axes, which are : 

-The First Axis  : the most important laws of discrete probability distributions 

-The Second Axis : the most important laws of continuous probability      

Distributions 

-The Third Axis  : approximation of some probability distributions 

-The Fourth Axis  : bivariate random variables  

     It is our sincere hope that Students  find this Lessons to be user-friendly with 

easy and logical explanations, plethora of examples. 
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Probability distributions are divided into two main sections:  

The first section is the discrete probability distributions and concerns discrete 

random variables such as the binomial distribution, the Poisson distribution... while 

the second section is the continuous probability distributions and concerns 

continuous random variables such as the normal distribution, the Student's 

distribution, the Fisher distribution and the Chi-square distribution...,  

Discrete probability distributions are used in many issues in the field of industrial, 

commercial, and managerial management, the most common of which are the 

binomial distribution, Poisson distribution, hypergeometric distribution, multiple 

geometric distribution... 

1-The Bernoulli Distribution 

1 –1-Definition  

Let us have a random experiment with only two outcomes of success or failure 

(mutually exclusive events), X is a random variable that takes the value 1 when the 

success result is achieved, and the value 0 in the case of the failure result is achieved.  

For example, when we throw a coin once, success expresses the appearance of the 

image, while failure represents the non-appearance of the image) 

p: probability of success (The probability of the phenomenon under study not occurring) 

q : probability of failure (The probability of the phenomenon not occurring)  

p+q=1           X={0,1}   

1-2- The probability Function  

 The probability of a random variable X following a bernolli distribution is given 

by the following relation: 

  𝒇(𝒙) = 𝑷(𝑿 = 𝒙)  =  𝒑𝒙(𝟏 − 𝒑)𝟏−𝒙          ,  𝒙 = 𝟎, 𝟏 ;    𝟎 ≤ 𝒑 ≤ 𝟏 

 X: A random variable that represents the success or failure of the rand experiment 

is called a Bernoulli variable and its probability distribution is a Bernoulli 

distribution And we write  : 𝑋 ⤳ 𝐵(1; p) 
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1 – 3- Properties of the Bernoulli distribution  

 Mathematical expectation and variance 

E(X)=p  ,    Var(X)= σ2 = pq 

𝑬(𝐗) =∑𝒙𝒊𝒑𝒊 = 𝟏. 𝒑 + 𝟎𝒒 = 𝒑    

𝑉(𝐗) = 𝐸(𝐗𝟐) − (𝐸(𝐗))
𝟐
= (𝟏𝟐. 𝒑 + 𝟎𝟐. 𝒒) − 𝐩𝟐 = 𝒑 − 𝐩𝟐 = 𝒑(𝟏 − 𝒑) = 𝒑𝒒 

𝑉(𝐗) = 𝒑𝒒 
 Moment Generating Function 

𝑚𝑥(𝑡) = 𝑞 + 𝑝𝑒
𝑡 

 

1-3- Distribution Function 

If X is a random variable that follows a a Bernoulli distribution with parameter 

p, then the distribution function  is given by  :     

𝒙 < 𝟎          ;        0    
𝑭(𝒙) =  ;    𝟎 ≤ 𝒙 < 𝟏       𝟏 − 𝒑       

    1             ;    𝒙 ≥ 𝟏                
 

Example: 

Suppose that one selects a card at random from a pack of 52 cards. 

Let success denote the event that an ace is drawn, so that X = 1 if this occurs, and 

X = 0 otherwise. Find the probability function, distribution function, expectation, 

and variance of X 

 

SOLUTION 

X has a Bernoulli distribution. Its parameter is the probability 

of success (picking out an ace) when selecting a card and, since the pack contains 

52 cards of which 4 are aces, this probability equals 

𝒑 = 𝑷(𝑿 = 𝟏) =  
𝟒

𝟓𝟒
= 

𝟏

𝟏𝟑
         , 𝒒 = (𝟏 − 𝒑) = 𝟏 −

𝟏

𝟏𝟑
=
𝟏𝟐

𝟏𝟑
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Thus, the probability function is :  

   𝒇(𝒙) =   (
𝟏

𝟏𝟑
)
𝒙

(𝟏 −
𝟏

𝟏𝟑
)
𝟏−𝒙

          ,  𝒙 = 𝟎, 𝟏  

while the corresponding distribution function is given by : 

 

𝒙 < 𝟎          ;        0    
𝑭(𝒙) = 

 
 ;        𝟎 ≤ 𝒙 < 𝟏       𝟏𝟐

𝟏𝟑
      
    1             ;       𝒙 ≥ 𝟏            

The mean and variance are, respectively, 

𝑬(𝑿) = (
𝟏

𝟏𝟑
)     ,       𝑽𝒂𝒓 = (

𝟏

𝟏𝟑
) (
𝟏𝟐

𝟏𝟑
) = (

𝟏𝟐

𝟏𝟔𝟗
) 
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2 – The Binomial Distribution 

2-1-Definition  

If Bernoulli's experiment is repeated n times so that these randomized trials are 

independent and during each trial we get only two outcomes, either success or 

failure with a constant probability each time the randomized trial is repeated . 

X : is a random variable representing the number of successes that follows a certain 

probability distribution called a binomial distribution. 

The probability of success is P and the probability of failure is q=(1-p) 

n : represents the number of trials or, in other words, the number of repetitions of 

the rando experiment 

2-2- The probability Function  

A random variable X is said to have a binomial distribution based on n trials with 

success probability p if and only if: 

 𝒄𝒏
𝒙𝑷𝒙𝒒𝒏−𝒙          ,  𝒙 = 𝟎, 𝟏, 𝟐…𝒏 

 𝒇(𝑿) = 𝑷(𝑿 = 𝒙)   
0                       ,  Otherwise 
 

 X : A random variable representing the number of successes that follows a 

binomial distribution: 𝑋 ⤳ 𝐵(𝑛; p) 

n,p : The two parameters of this distribution (success rate and number of 

repetitions, respectively). 

2-3- Properties of the Binomial Distribution  

 The mathematical expectation, variance and symmetry coefficient of a random 

variable X that follows a binomial distribution 

o   𝐸(𝑋) = 𝑛𝑝     ;      𝜎2 = 𝑛𝑝𝑞     ; 𝑞 = 1 − 𝑝  ,  
Proof: Consider the random variable X as a set of independent Bernoulli 

variables, 𝑋 = 𝑋1 + 𝑋2 + 𝑋3 +⋯𝑋𝑛  have the same probability of success p,  

So they all have the same mathematical expectation 𝐸(𝑋𝑖) = 𝑝 

𝐸(𝑋) = 𝐸(𝑋1 + 𝑋2 + 𝑋3 +⋯𝑋𝑛) = 𝐸(𝑝 + 𝑝 + 𝑝 +⋯) = 𝑛𝑝 
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 𝐸(𝑋) = 𝐸(𝑋1 + 𝑋2 + 𝑋3 +⋯𝑋𝑛) = 𝐸(𝑝 + 𝑝 + 𝑝 +⋯) = 𝑛𝑝 
𝑉(𝑋) =  𝜎2 = 𝑉(𝑋1 + 𝑋2 + 𝑋3 +⋯𝑋𝑛) = 𝑉𝑋1) + 𝑉(𝑋2). . . 𝑉(𝑋𝑛)

=∑𝜎2 = (𝑝𝑞 + 𝑝𝑞 +⋯𝑝𝑞) = 𝑛𝑝𝑞     

o skewness coefficient    :       𝛼3 =
𝜇3

𝜎3
= 0 

o The distribution is symmetric    : 𝛼3 = 0   ,  if  𝑝 = 𝑞 = 1 2⁄   and the 

distribution approaches symmetry as n grows 

o The distribution is right skewed (positive skewness) if: 𝑝 < 𝑞  

o The distribution is skewed to the left (negative skewness) if: 𝑝 > 𝑞   

 A binomial distribution that satisfies the conditions of the probability mass 
function: 𝑓(𝑥) ≥ 0   , ∑ 𝑓(𝑥) = 1𝑛

𝑥=0    

∑𝑐𝑛
𝑥𝑝𝑥(1 − 𝑝)𝑛−𝑥

𝑛

𝑥=0

 = (𝑝 + 𝑞)𝑛 = 1  

 Moment Generating Function 

𝑚𝑥(𝑡) = 𝐸(𝑒
𝑡𝑥) =∑𝑒𝑡𝑥𝑓(𝑥)

𝑥

 

𝑚𝑥(𝑡) = (𝑞 + 𝑝𝑒
𝑡)𝑛 

 

 Binary Distribution Conditions of Use : 

1) A Bernoulli experiment repeated n times   

2) Each trial consists of only two outcomes, success or failure   

3) Each trial is independent of the other trial  

4) The probability of success (or failure) is constant from one trial (random 

experiment) to another and does not change ) Sampling With Replacement( 

 

2-4-  Distribution Function 

If X is a random variable that follows a binomial distribution with parameter p, 

then the distribution function (distribution function or cumulative distribution 

function) such that  𝑥 ∈ ℝ is given by    :   
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𝒙 < 𝟎                         ;        0    
𝑭(𝒙) =  ;     𝟎 ≤ 𝒙 < 𝒏            ∑ 𝒄𝒏

𝒊 𝑷𝒊𝒒𝒏−𝒊𝒙
𝒊=𝟎        

    1                            ;       𝒙 ≥ 𝒏                

 ) The probability values of the binomial distribution and the distribution 

function are given in special statistical tables( 

Example01: 

Suppose we toss a coin 10 times such that it is known that the coin is unbalanced 

and the probability of an heads appearing is 0.4 , and let the random variable X be 

the number of heads that can appear.  

- Calculate the probability of getting five heads when flipping this coin.  

Solution     :  

  The random experiment in this example is a Bernoulli experiment repeated 10 

times with n=10      

So X : is a random variable that follows the probability distribution of the binomial 

and we write  :  

𝑋 ⤳ 𝐵(10; 0.4)              15 =p=0.4. ;      n 

 
  the probability P(X=4) using the binomial distribution relation 

𝒄𝟏𝟎
𝒙 𝑷𝒙𝒒𝟏𝟎−𝒙          ,  𝒙 = 𝟎, 𝟏, 𝟐…𝟏𝟎 

𝒇(𝒙) =   
0                               ,  otherwise 

𝑷(𝑿 = 𝟓) = 𝑐10
5 (0.4)4(0.6)10−5 =

10!

(10 − 5)! 5!
(0.4)5(0.6)10 = 0.0156 

 

Example02: 

A box contains 05 black and 10 red balls, three  balls are draw  at random by 

return , find the probabilities that:  

1) one black ball appearing ? 

2) one or more black balls appearing  ?  
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Solution :  

X : A random variable representing the number of black balls drawn following the 

binomial distribution  

p : Probability of success (black ball) p=5/15=1/3 

q: Probability of failure (no black ball) q=1-p=2/3 

1) the probability of one black ball will appear among the three drawn balls 

𝑃(𝑋 = 1) = 𝑐3
1(1/3)1(2/3)3−1 =

4

9
 

2) The probability that one or more black balls will appear among the three 

drawn balls 

𝑃(𝑋 ≥ 1) = 𝑃(𝑋 = 1) + 𝑃(𝑋 = 2) + 𝑃(𝑋 = 3) =
19

27
 

𝑿 ⤳ 𝑩(𝟎𝟑; 𝟏/𝟑)              03 =p=1/3. ;      n 

 

Example03: 

Thirty people, who are of the same age and the same health status, are insured 

with the same insurance company. Using life tables, the company estimates that 

the probability for a randomly chosen person among these 30 to be alive in 15 

years  from now is 80%. 

1) What is the probability that not all 30 people will be alive in 15 years’ time? 

2) What is the probability that at least one person will be alive? 

3) Every insured person who will be alive after 15 years will receive 100 000 DA. 

Find the expected amount of money the company will have to pay at the end of 

the 15-year period and the standard deviation of that amount. 

 

Solution: 

Let X be the number of individuals who will be alive at the end of the 

15-year period. Since lives of different people are assumed to be independent, X 

has a binomial distribution with parameters n = 30 and p = 0.8 

We want P(X < 30). This is : 

P(X < 30) = 1 − P(X = 30) = 1 − (30 30) (0.8)30(0.2)0 = 1 − (0.8)30 
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= 0.998 766 ≅ 99.9%. 

P(X <  30)  =  1 −  P(X =  3)  = 1 −  𝑐30
30(0.8)30(0.2)30−30 = 0.99876 

1) Here we seek P(X > 0), which is equal to : 

P(X ≥  1) = 1 − P(X <  1) =  1 −  P(X =  0) = 1 −  𝑐30
0 (0.8)0(0.2)30−0

= 1 − 1.1−21 ≅ 1 

2) The total amount the insurance company will have to pay at the end of 

the15-year period is represented by the random variable Y = 100 000X 

𝐸(𝑋) = 𝑛𝑝 = 30(0.8) = 24     ;     𝑉𝑎𝑟(𝑋) = 𝜎2 = 𝑛𝑝𝑞 =  30(0.8)(0.2)

= 4.8    
we get : 

𝐸(𝑌) = 𝐸(100 000 𝑋) = 100 000 𝐸(𝑋) = 100 000 (24) = 2400 000      
𝑉𝑎𝑟(𝑌) = 𝑉𝑎𝑟(100 000 𝑋) = 100 0002𝑉𝑎𝑟(𝑋) = 4.8 1010 

so that the standard deviation of the total payment equals : 

  𝜎𝑌
2 = √𝑉𝑎𝑟(𝑌) = √4.8 1010 = 219 089.023  
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3- The Poisson Distribution 

 -1-3 Definition  

The Poisson distribution is the law of rare events or the law of small probabilities, 

this law is an extended distribution of the binomial law when “n “tends to infinity 

and “p” tends to zero, so Poisson's distribution is a special case of the binomial 

distribution when the probability of success p is small for very large n.  

The Poisson distribution is used in matters where phenomena occur in specific time 

intervals (seconds, minutes, hours, days...), It is also used in the case of phenomena 

that occur in specific areas where the area may be a page of a book, a square meter 

of space.  

For example, the number of phone calls received by the customer service 

department of an organization during an hour, The number of car accidents on a 

particular road during a weekday, the number of people entering the post office in 

half-hour, The number of cars that pass through the payment center on a highway 

during every quarter-hour … 

3-2-The probability Function 
Let x be a discrete random variable that follows a Poisson probability distribution 

with parameter λ > 0   which is denoted by:  𝑋 ⤳ 𝑃(λ), The Poisson's probability 
function is given by  :  

 
𝒆−𝛌   𝛌

𝒙

𝒙!
                    ;     𝒙 = 𝟎, 𝟏, 𝟐…∞       𝑷(𝑿 = 𝒙)   

0                         ;  otherwise 

Note : 
 The Poisson distribution is related to the parameter λ  

 The statistical table for the Poisson distribution gives the probabilities 

𝑃(𝑋 = 𝑥) and there is another table for the cumulative probabilities  

∑𝑃(𝑋 = 𝑖)

𝑥

𝑖=1
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3-3- Properties of the Poisson distribution  

If  X follows a Poisson distribution, then :  

 E(X)=Var(X)=   𝛌           ,      λ>0                                            

The Poisson distribution is the only distribution where the expectation is equal to 

the variance 

 Let 𝑿𝟏, 𝑿𝟐, … . 𝑿𝒏 be independent random variables such that 𝑋𝑖 ⤳ 𝑃(𝛌𝑖)   
with  𝛌

𝑖
> 0  For i=1,2...n, let  :  

∑ 𝑿𝒊
𝑛
𝑖=1 ⤳ 𝑃(𝛌)            ; 𝛌 = ∑ 𝛌

𝒊
𝑛
𝑖=1 

 Moment Generating Function 

𝑚𝑥(𝑡) = 𝒆
 λ(𝒆𝑡−1) 

3-4- Distribution Function (cumulative distribution function) 

If  X  is a random variable that follows a Poisson distribution with parameter λ>0  

, the distribution function of this probability law F(X) = P(X ≤ x)  is given by : 

   𝟎                                            ;    𝒙 < 𝟎       
 𝑭(𝒙) =     

∑𝒇(𝒙) = 

[𝒙]

𝒊=𝟎

∑
𝒆−𝛌   𝛌

𝒊

𝒊 !
      ; ∀ 𝒙 ≥ 𝟎         

[𝒙]

𝒊=𝟎

 

  
([𝑥] is the largest integer less than or equal to x) 

 

3-5- Calculating the probability of a number of events occurring in “t” units 

of time  

For an amount or units of time t, we have Poisson's law of the form :  

𝑷(𝑿 = 𝒙) =
𝒆−λt  (λt)𝑥

𝒙!
                    ;     𝒙 = 𝟎, 𝟏, 𝟐…∞      
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Example01:  

Let x be a random variable representing the number of cars refuelling in an hour, 

at a services station, Find : 

1) The type and form of the probability function for the random variable X ? 

2) The expected value and variance of this distribution ? 

3) The probability that three cars are refuelled in one hour.? 

4) The probability that at most three cars will be fuelled in an hour? 

 

Solution:    

1) The formula for the probability function for this distribution 

  λ=6 

  𝑷(𝑿 = 𝒙) =   
𝒆−6   6𝑥

𝒙!
    ;     𝒙 = 𝟎, 𝟏, 𝟐…∞   

2) The expected value and variance of this distribution  

E(X)=Var(X)=λ = 6   

3) The probability that at most three cars will be fuelled in an hour 

𝑃(𝑋 = 3) =
𝑒−6   63

3!
 = 0.08928  

4) The probability that at most three cars will be fuelled in an hour 

𝑃(𝑋 ≤ 3) = 𝑃(𝑋 = 0) + 𝑃(𝑋 = 1) + 𝑃(𝑋 = 2) + 𝑃(𝑋 = 3)

= 0.00248 + 0.01488 + 0.04464 + 0.08928 

 = 0.15128  

Example: 02 

Assuming that the number of phone calls to a civil protection emergency centre in 

a city follows a Poisson distribution with a mean of λ = 5 per minute  

-Find the probability of receiving seven calls in one and a half minutes at this 

center. 
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Solution: 

𝑷(𝑿 = 𝒙) =
𝒆−λt  (λt)𝑥

𝒙!
 

𝑷(𝑿 = 𝟕) =
𝒆−5(1.5)   [(5)(1.5)]7

𝟕!
 =
𝒆−5(1.5)   [(5)(1.5)]7

𝟕!
 𝟎. 𝟏𝟒𝟔𝟒 

         
Example : 03  

If the moment generating function for a random variable X is   :  

𝒎𝒙(𝒕) = 𝒆
𝟒(𝒆𝒕−𝟏) 

 - Find the probability P(x=3)  

Solution: 

The function  𝒎𝒙(𝒕) = 𝒆
𝟒(𝒆𝒕−𝟏)  is the moment generating function of a random 

variable that follows a Poisson distribution with parameter   λ=4 so that its 

probability mass function can be deduced as  :  

 𝒆
−4   4𝑥

𝒙!
           ;     𝒙 = 𝟎, 𝟏, 𝟐…∞  𝒇(𝒙) =   

0                  ;     otherwise    
 

𝑃(𝑋 = 3) =
𝒆−4   43

𝟑!
 = 0.195  
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4- The Geometric Distribution 

4-1- Definition 

A Geometric Distribution is an extended distribution of a random variable that 

follows a binomial distribution.  Let X denote the number of trials until the first 

success occurs in a sequence of independent Bernoulli trials, where the probability 

of success in each trial equals p (the failure with probability q) We then say that the 

distribution of X is a geometric distribution with parameter p, which is denoted 

by:      : 𝑿 ⤳ 𝑮(𝒑) .   
Example, Tossing a coin several times until the first head appears, Throwing the 

die until the number 1 appears, Drawing with Replacement productive pieces from 

a box of defective and non-defective pieces until the first defective piece appears 

(the assumptions are the same as with a binomial distribution)   

For example, when Tossing a coin until the first heads comes up, we have the event 

probability for the first success {X=x} such that there are x-1 failures in n 

independent trials, so the event { X=x } has probability  𝒒𝒙−𝟏𝒑     , and we write      

  𝑷𝑷𝑷……𝑷𝑭 = 𝒒𝒙−𝟏𝒑       
P:   Tails     F: Heads  

4-2- Probability Function  

If a random variable X follows the geometric distribution  ⤳𝐺(𝑝), then the 

probability function of X is given by:   

𝒒𝒙−𝟏𝒑                    ;     𝒙 ∈ 𝑵∗        𝒙 = 𝟏, 𝟐…∞      
 𝑷(𝑿 = 𝒙)   

0                    ;  otherwise  

4-3- Properties of a Geometric Distribution  

If X is a random variable that follows a geometric distribution, then  :  

 mathematical expectation   𝛍 = 𝟏 𝒑⁄  

  Variance   𝝈𝟐 =
𝒒
𝒑𝟐⁄
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 Moment Generating Function 

 

𝑚𝑥(𝑡) = 𝐸(𝑒
𝑡𝑥) =∑𝑒𝑡𝑥 𝑓(𝑥) =∑𝑒𝑡𝑥  𝒒𝒙−𝟏𝒑 

𝑥𝑥

 

 

𝑚𝑥(𝑡) =
𝒑𝑒𝑡

(𝟏 − 𝒒𝑒𝑡)
 

 
4-4- Distribution Function 

If X is a random variable that follows a geometric distribution, the distribution 

function for this random variable (the cumulative distribution function) 

F(x)=P(X≤ x)      is given by : 
𝟎                                    ;     𝒙 < 𝟏      

 𝐅(𝐱) =   
 𝟏 − 𝒒𝒙                 ;   𝒙 = 𝟏, 𝟐….     
 𝟏                        ;  x           ∞   

Note :Unlike the binomial probability law, if X follows a geometric distribution, 

the dimension of X is unbounded, taking positive values x=1,2 ∞ ....  
Example01 : 

If we throw a die until number six appears for the first time, what is the 

probability that this will happen 

1) in the 6th throw? 

2) At least on the 10th throw? 

 

Solution 

 Let X be the number of throws needed until the first appearance of a number  

six. Then, the distribution of X is geometric with parameter p = 1∕6, q=5∕6 

f(x) = P(X = x) = 𝑞𝑥−1𝑝 = (
5

6
)
𝑥−1

(
1

6
)  , 𝑥 = 1,2…  
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3)      The probability P(X = 6)  

P(X = 6) = (
5

6
)
6−1

(
1

6
) = 0.066   

 

1) Find the probability 𝑷(𝑿 ≤ 𝟏𝟎)  

Using the formula for the geometric probability function, we find that  :  

𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) =∑P(X =  i)

𝟏𝟎

𝒊=𝟏

= 𝟏 − 𝒒𝒙 

𝑃(𝑋 ≤ 10) = 𝟏 − 𝒒𝒙 = 𝟏 − (
5

6
)
𝟏𝟎

= 𝟎. 𝟖𝟑𝟖  

Example02: 

In a factory producing an appliances, it is known that the probability of a defective 

product is p=2∕3. Let's consider a random variable X that represents the number of 

units selected (with replacement) until the first defective unit appears. 

1) Find the The probability function, expected value and variance of the 

random variable X? 

2) Find the distribution function F(X)? 

3) Find the probability of the first defective unit of this product appearing in 

the fifth draw? 

Solution: 

X is a random variable that follows a geometric distribution such that:  

;  𝒑 = 𝟐 𝟑⁄     𝒒 = 𝟏 − 𝐩 = 𝟏 𝟑⁄ 

And we write : X⤳G(𝟐 𝟑⁄ ). 

1) The probability function for the random variable X is given as follows: 

 

(𝟏 𝟑⁄ )
𝒙−𝟏
(𝟐 𝟑⁄ )                    ;     𝒙 ∈ 𝑵

∗               𝒇(𝒙) =  
0                                ; otherwise 
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𝐄(𝐗) = 𝟏 𝑷⁄ = 𝟑 𝟐⁄      ,    𝐕𝐚𝐫(𝐗) =
𝒒
𝒑𝟐⁄
= 𝟑 𝟒⁄ 

 
2) The Distribution Function F(X) 

 
0                                 ;     𝑥 < 1        

 
𝐅(𝐗)  = 

𝟏 − (𝟏 𝟑⁄
𝒙
)          ; 1 ≤ 𝑥 < ∞ 

1                        ;   𝑥       ∞  
 

3) The Probability 𝑷(𝑿 = 𝟓)  

𝒇(𝟓) = 𝑷(𝑿 = 𝟓) = (𝟏 𝟑⁄ )
𝟓−𝟏
(𝟐 𝟑⁄ ) = (

𝟐
𝟐𝟒𝟑⁄ ) = 0.0082  

 

Example: 03 

If the probability of a candidate succeeding in any PhD competition at a university 

institution is 3/1   , find : 

1) The probability mass function for the number of attempts needed before the 

candidate succeeds in this competition? 

2) Find the average number of attempts needed before the candidate succeeds? 

3) What is the probability that this candidate will be successful after two attempts? 

4) What is the probability that this candidate will be successful after at most three 

attempts? 

Solution: 

Let X be a random variable that represents the number of attempts needed before 

this candidate succeeds and follows a geometric distribution such that The 

candidate's probability of success in the competition is p = 1 3⁄   , 𝒒 = 𝟏 − 𝐩 = 𝟐 𝟑⁄  

We write :  X ⤳ G( 1 3⁄ )    

The probability mass function for the number of attempts needed before the 

candidate succeeds in this competition for the first time (on the first attempt) 
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1) The probability mass function 

𝑓(𝑥) = (2 3⁄ )
𝑥−1
(1 3⁄ )        ;     𝑥 = 1,2,… 

2) The average number of attempts needed before the candidate succeeds 

E(X) = 1 𝑃⁄ =
1

1
3⁄
= 3 

3) The probability that this candidate will be successful after two attempts 

𝑃(𝑋 = 2) = (2 3⁄ )
2−1
(1 3⁄ ) = (

2
9⁄ ) 

4) The probability that this candidate will be successful after at most 

three attempts 

We have a cumulative distribution function: 

𝑭(𝒙) = 𝑷(𝑿 ≤ 𝒙) = 𝟏 − 𝒒𝒙 

𝑃(𝑋 ≤ 3) =    1 − (1 3⁄ )
3
= 19 27⁄ = 0.703 
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5- The Hypergeometric Distribution  

-1-5 Definition 

Consider a population of size N divided into two groups a and b according to a 

certain characteristic such as gender (male and female), the presence of defects in 

the produced parts (defective and non-defective), if group "a" has a certain 

characteristic, group "b" does not have that characteristic, we choose from this 

population a random sample without replacement.  

Let x represents the number of elements that contain a property in the selected 

sample of size n from a population of size N such that N=a+b, the question is  :

what is the probability that in the selected sample of size n there are x elements 

from group a ? 

 The number of samples of size “n” that can be selected is a harmonic  𝑪𝑵
𝒏  such 

that :   N=a+b 

 A random sample of size n includes an x element from the group ''a''that has a 

particular property, so there are 𝑪𝒂
𝒙   possibilities selections. 

 n-x elements  remain from the group ''b'', so there is 𝑪𝒃
𝒏−𝒙  possibilities 

The required probability can be obtained by the classical law of probability, which 

is : 

  
𝐓𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐏𝐨𝐬𝐬𝐢𝐛𝐥𝐞 𝐜𝐚𝐬𝐞𝐬 

𝐓𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐭𝐨𝐭𝐚𝐥 𝐜𝐚𝐬𝐞𝐬 
   

By using combinations, which is the law of The Hypergeometric distribution 

-2-5 Probability function: 

Let X be a random variable that follows a Hypergeometric Distribution                   

 𝑋 ⤳ 𝐻(𝑁; 𝑛; 𝑎)  with the following probability law: 

 

𝑪𝒂
𝒙𝑪𝒃

𝒏−𝒙  

𝑪𝑵
𝒏  

                               ;  𝒙 = 𝟎, 𝟐…𝒏    
𝑷(𝑿 = 𝒙) 

0                                ; otherwise 
 

This probabilistic law is associated with three parameters: 
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N : The size of the population  

n : The size of the sample selected without replacement 

a : Number of elements  with a particular characteristic 

5-3-Properties of the Hypergeometric distribution 

 𝐄(X) = 𝑛𝑝 

 Var(X) = 𝑛𝑝 (
𝑁−𝑛

𝑁−1
) 

 (𝑵−𝒏
𝑵−𝟏
)    : The return coefficient 

 

Notes:  

1) A random variable X is a set of non-independent Bernoulli random variables 

2) The coefficient of return tends of 1 if N is large compared to n ,and the variance of 

the variable X tends to follow a binomial distribution. 

 

3-4- Distribution Function (cumulative distribution function) 

The distribution function of Hypergeometric Distribution 

   𝑋 ⤳ 𝐻(𝑁; 𝑛; 𝑎)    ,   F(X) = P(X ≤ x)  is given by : 

 

   𝟎                                  ,            𝒙 < 𝒎𝒂𝒙{𝟎, 𝒏 − 𝒃}  

 𝑭(𝒙) =     
∑

𝑪𝒂
𝒊 𝑪𝒃
𝒏−𝒊  

𝑪𝑵
𝒏  
 

[𝒙]
𝒊=𝒎𝒂𝒙{𝟎,𝒏−𝒃}     ,            𝒎𝒂{𝟎, 𝒏 − 𝒃} ≤ 𝒙 < 𝒎𝒊𝒏 {𝒏, 𝒂}      

  𝟏                                  ,             𝒙 ≥ 𝒎𝒊𝒏 {𝒏, 𝒂}          
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Figure 01:The probability function (left) and the cumulative distribution function 

b, and a, n(right) of the hypergeometric distribution for various choices of  

 
 

Example11: 

In a factory, out of 50 machines produced during a day, 8 are defective having an 

operational error. An engineer selects six machines at random to examine whether 

they have this error or not. 

- What is the probability that at least two of the machines selected are defective? 
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Solution 

 Let X denote the number of defective machines in the sample of the six machines 

selected by the engineer. Then, and since these 6 machines were selected out of 

the 50 without replacement,  

X    : the number of non-defective machines among the 50 ones produced that day , 

it has a hypergeometric distribution with parameters n = 6, a = 8, and b = 42. 

Hence, the probability function of X is :   

𝑷(𝑿 = 𝒙) =
𝑪𝟖
𝒙𝑪𝟒𝟐
𝟔−𝒙   

𝑪𝟓𝟎
𝟔  

     ;  𝒙 = 𝟎, 𝟐…𝟔   

We want to find the probability P(X ≥ 2) 
 

𝑷(𝑿 ≥ 𝟐) = 𝟏 − 𝑷(𝑿 < 𝟐) = 𝟏 − 𝑷(𝑿 = 𝟎) − 𝑷(𝑿 = 𝟏) = 

𝟏 −
𝑪𝟖
𝟎𝑪𝟒𝟐
𝟔−𝟎  

𝑪𝟓𝟎
𝟔  

−
𝑪𝟖
𝟏𝑪𝟒𝟐
𝟔−𝟏  

𝑪𝟓𝟎
𝟔  

= 0.24162 

 

Example02: 

During a recruitment competition, 30 people with the same educational level 

applied, including 17 females and 13 males, and a random sample was selected 

without Replacement from 08 individuals, Find the probability that in this sample: 

1) 05 females and 3 males ? 

2) No males?  

Solution 

Let X be a random variable representing the number of females selected Under the 

assumptions of the previous example, X follows a hypergeometric distribution 

𝑋 ⤳ 𝐻(30; 8; 17)  
X=(0,1,2....8) ,         a=17: Number of females ,         b=13:  Number of males 

            The probability law for variable X is given by : 
𝑪𝟏𝟕
𝒙 𝑪𝟏𝟑

𝟖−𝒙  

𝑪𝟑𝟎
𝟖  

                       ;             𝒙 = 𝟎, 𝟐…𝟖    
𝒇(𝒙) = 𝑷(𝑿 = 𝒙) 

0                            ; otherwise 
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1) the probability that the selected sample includes 05 females and 3 males 

𝐶17
5 𝐶13

8−5  

𝐶30
8  

  =  0.302 𝒇(𝟓) = 𝑷(𝑿 = 𝟓) = 

2) the probability that there are no males in the selected sample 

𝐶17
8 𝐶13

8−8  

𝐶30
8  

  =  0.004 𝒇(𝟓) = 𝑷(𝑿 = 𝟖)  = 
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1- The Normal Distribution (Laplace-Gauss Distribution) 

1-1-  Definition  

The normal distribution is one of the most important probability distributions 

Because many social and economic phenomena, ... Naturally distributed,  This 

importance is also due to the fact that many probability distributions (discrete or 

continuous) converge to the normal distribution through the central limit theorem. 

1-2- Probability Density Function  

Let x be a random variable that follows a normal distribution with parameters μ 

and σ if its probability density function it is given as : 

−∞ < 𝑥 < +∞ 
𝜎 > 0   𝜎 ∈ 𝑅+ ;    𝜇 ∈ 𝑅 𝒇(𝒙) =

𝟏

𝝈√𝟐𝝅
𝒆
−
𝟏
𝟐𝝈𝟐

(𝒙−𝝁)𝟐 

And we write : X follows a normal distribution with parameters 𝝁 and 𝝈 ∶    

𝑋 ⤳ 𝑁(𝝁 ; 𝝈) 

So that  :  𝐸(𝑋) = 𝜇    ;    𝑉𝑎𝑟(𝑋) = 𝝈 2 

1-3- Distribution Function 

If X is a random variable that follows a normal distribution, the distribution 

function of this random variable F(X)=P(X≤x) is given by 

𝟏

𝝈√𝟐𝝅
∫ 𝒆

−
𝟏
𝟐𝝈𝟐

(𝒙−𝝁)𝟐
𝒙

−∞

𝒅𝒙 F(X)=P(X≤x) = 

It should be noted that this integral is not easy to interpret mathematically or 

calculate, as there are tables that give the values of the distributive function 

1-4- Normal Distribution Properties  

 Mean and variance of the normal distribution 

𝐸(𝑋) = 𝜇    ;    𝑉𝑎𝑟(𝑋) = 𝝈 2       

 𝑚𝑥(𝑡) = 𝐸(𝑒
𝑡𝑥) = 𝒆𝝁 𝒕 + 

𝟏

𝟐
 𝝈 𝟐 𝒕𝟐

    ,  −∞ ≤ 𝑡 ≤ ∞ 

 The highest point of the normal distribution curve corresponds on the 

horizontal axis to the mean μ, which is equal to the median and mode of this 

distribution. 
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Figure 02 : The Normal Distribution Curve 

 
 The normal distribution is symmetrical and takes the shape of a bell, The 

shape of the curve to the left of the mean μ corresponds to the shape of the 

curve to the right of the mean μ, and the tail of the curve continues 

indefinitely and never touches the horizontal axis (the distribution is 

symmetrical if the skewness coefficient is zero 𝜶𝟑 = 𝟎). 

 𝐥𝐢𝐦
𝒙→∞

𝒇(𝒙) =   𝐥𝐢𝐦
𝒙→−∞

𝒇(𝒙) = 𝟎 
 The probability of a normal random variable is given by the area under the 

curve so that the total area under the normal curve is equal to 1, the area on 

the right is equal to the area on the left and equal to 0.5   

 There are several forms of the normal distribution (families) that differ in 

terms of mean μ and Standard Deviation σ  or different from both 

Figure 03 : infinite number of the normal distribution curves with same 

standard deviations σ and  different means μ 

 

  x 
 𝑚𝑜𝑑𝑒 =  𝑚𝑒𝑎𝑛   = 𝑚𝑒𝑑𝑖𝑎𝑛                            

f(x) 

 𝝁 

  x 
𝝁𝟑 
𝐻0 

P=0.5 

𝝈 

f(x) 

𝝈 𝝈 

𝝁
𝟏
 𝝁

𝟐
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 From the figure above, we observe that there are an infinite number of 

symmetrical curves that have the same standard deviation σ and differ in the value 

of the mean μ 

 As for the figure below, we observe that there are an infinite number of the 

normal distribution curves with different standard deviations σ and the same means 

μ. The standard deviation of this distribution determines the degree of kurtosis of 

the curve. When the standard deviation is large, it means that the kurtosis is large 

and therefore the curve is wide and flattened, which means greater dispersion of the 

data. If the variance is less kurtosis, the curve will be less kurtosis, so there will be 

a higher peak of the curve and more convergence of the two ends of the curve. 

Figure 04 : infinite number of the normal distribution curves with different 

standard deviations σ and  same means μ 

 
In general :  

- 68.3% of the values of the natural random variable are in the range[𝝁 − 𝝈; 𝝁 + 𝝈  ] 

- 95.4% of the values of the natural random variable are in the range 

[𝝁 − 𝟐𝝈; 𝝁 + 𝟐𝝈  ] 

 - 99.7% of the values of the natural random variable are confined to the domain 

 [𝝁 − 𝟑𝝈;𝝁 + 𝟑𝝈  ] 

The figure below illustrates the above property: 

 

 

  x 
𝝁 
𝐻0 

 
𝝈𝟏 

𝝈𝟐 

𝝈𝟑 

𝝈𝟏 < 𝝈𝟐 < 𝝈𝟑 
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Figure 05 : Area under the normal distribution curve 

 
 

1-5- Standard Normal Distribution 

If X is a random variable that follows the normal distribution 𝑋 ⤳ 𝑁(𝝁 ; 𝝈2)then :  

The standard normal distribution is a continuous probability distribution with 

mean 𝝁 = 𝟎   equal to zero and variance 𝝈2 = 1  . It is a normal distribution that is 

transformed into a standard normal distribution by replacing the random variable X 

with the standard random variable Z.  

This distribution has the same properties as the previous normal distribution with 

some differences (including the mean and standard deviation). 

𝒁 =
𝑿− 𝝁

𝝈
 

1-6- The probability density function of a standard normal distribution  

Let Z be a standard random variable that follows a standard normal distribution 

with parameters 𝝁 = 𝟎 and    𝝈 = 𝟏, and its probability density function is given 

by  :  

−∞ < 𝑧 < +∞ 
𝒇(𝒛) =

𝟏

√𝟐𝝅
𝒆−
𝟏
𝟐
(𝒛)𝟐 

And we write :  𝑍 ⤳ 𝑁(𝟎 ; 1) 
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1-7- Distribution Function (Cumulative Distribution Function)  

If Z is a random variable that follows a standard normal distribution, the 

distribution function (cumulative probability) of this random variable 

F(z)=P(Z≤z) is given as :  

𝐅(𝐳) = 𝐏(𝐙 ≤ 𝐳) =     
𝟏

 √𝟐𝝅
∫ 𝒆−

𝟏
𝟐
(𝒛)𝟐

𝒛

−∞

𝒅𝒛 

 Like other continuous random variables, the probabilities of the normal 

distribution are obtained by the area under the normal curve of the probability 

density function. For the standard normal distribution, the areas under the 

curve are found in special statistical tables containing the cumulative 

probability for values of Z less than or equal to (or in other tables, greater than 

or equal to). 

 Assuming that 𝑋 ⤳ 𝑁(𝝁 ; 𝝈2) and we want to calculate F(X)=P(X≤c) where c 

is a real number, the accumulated probability can be modelled by the 

Cumulative Distribution Function as follows: 

𝐅(𝐗) = 𝐏(𝐗 ≤ 𝐜) = 𝑷(
𝑿 − 𝝁

𝝈
<
𝒄 − 𝝁

𝝈
)  

  = 𝑷(𝒁 < 𝑿−𝝁

𝝈
) ⤳ 𝒁 =

𝑿−𝝁

𝝈
⤳ 𝑁(𝟎 ; 1) 

 Properties of the standard normal distribution include   :  

1) From the property of symmetry   :  

P(X < −c) = P(X > c) ;  P(X < c) = P(X > −c) 
2) The sum of the probabilities is equal to one   :  

P(X > c) + P(X ≤ c) = 1 
⇒ P(X > c) = 1 − P(X ≤ c) 

3)   P(a < X < b) = P(a < X ≤ b) = P(a ≤ X < b) 

P(a ≤ X ≤ b) = ∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 = 𝐹(𝑏) − 𝐹(𝑎) 

 Moment Generating Function 

𝑚𝑥(𝑡) = 𝑒
−
1
2(𝑡)

2
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1-8- The Normal Distribution Table (Cumulative Probability Table): 

There are several situations in which it is important to know how to find the 

corresponding probability from statistical tables: 

𝐏(𝒁 ≤ 𝒂)     ; 𝐏(𝒁 > 𝒃) ;   𝐏(𝐜 ≤ 𝐙 ≤ 𝐝)    

Example 01: 

-Find the Probability       P(𝑍 ≤ 1) 

- Find the probability      P(Z>1.58) 

-  Find the probability  𝑃(−0.5 ≤ 𝑍 ≤ 1.25) 

Solution : 

𝐏(𝒁 ≤ 𝟏) =  ? 

In order to find the probability of a standard random variable Z that follows the 

standard normal distribution to be less than 1,  the accumulated probability 

corresponds to the area under the curve of the standard normal distribution to the 

left of the value 1 as shown in the following figure: 

 

 
         𝝁 = 𝟎            𝟏 

 
From the statistical table of the standard normal distribution (Cumulative 

Probability Table), we find the probability corresponding to 𝐏(𝒁 ≤

𝟏)  corresponding to the intersection of the column containing the value 1.0 with 

the line containing the value 0.00, where this intersection results in a probability 

value of 0.84134 so : 

𝐏(𝒁 ≤ 𝟏) = 𝟎. 𝟖𝟒𝟏𝟑 
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Table 01: The Standard Normal Distribution Table 

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 

.           

.           

0.9 0.81594 0.81859 0.82121 0.82381 0.82639 0.82894 0.83147 0.83398 0.83646 0.83891 

1.0 0.84134 0.84375 0.84614 0.84849 0.85083 0.85314 0.85543 0.85769 0.85993 0.86214 

1.1 0.86433 0.86650 0.86864 0.87076 0.87286 0.87493 0.87698 0.87900 0.88100 0.88298 

.           

.           

𝐏(𝒁 ≤ 𝟏) = 𝟎. 𝟖𝟒𝟏𝟑 

    

P(Z>1.58)=  ?   

The required probability corresponds to the area under the standard normal 

distribution curve to the right of the value 1.58 as shown in the following figure : 

 
 We know that  :  P(𝑍 ≥ 1.58) + 𝑃(𝑍 < 1.58) = 1                    

1 − 𝑃(𝑍 < 1.58)              P(𝑍 ≥ 1.58) =    
 = 1 − 0.9429 = 0.0571     

From the statistical table of the normal distribution, we look for the probability 

value P(Z≤0.5) that corresponds to the intersection of the line corresponding to the 

value 1.5 and the column corresponding to the value 0.08 to get the probability 

1..42.5 
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z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 

.           

.           

1.3 0.90320 0.90490 0.90658 0.90824 0.90988 0.91149 0.91309 0.91466 0.91621 0.91774 

1.4 0.91924 0.92073 0.92220 0.92364 0.92507 0.92647 0.92785 0.92922 0.93056 0.93189 

1.5 0.93319 0.93448 0.93574 0.93699 0.93822 0.93943 0.94062 0.94179 0.94295 0.94408 

1.6 0.94520 0.94630 0.94738 0.94845 0.94950 0.95053 0.95154 0.95254 0.95352 0.95449 

.           

.           

                                                                      𝐏(𝒁 ≤ 𝟏. 𝟓𝟖) 

Note: 

Only in the case of continuous distributions are the following probabilities equal: 

P(𝑍 ≥ 𝑎) = P(𝑍 > 𝑎)   and  P(𝑍 < 𝑎) = P(𝑍 ≤ 𝑎) 

𝑷(−𝟎. 𝟓 ≤ 𝒁 ≤ 𝟏. 𝟐𝟓)  = ?  

The probability of the random variable Z being between 0.5 and 1.25 corresponds 

to the area under the curve of the normal distribution between these values as 

shown in the following figure 

 
 To find the value of the above probability, we subtract the area to the left of 

Z=1.25 from the area to the left of Z=0.5 so that 
 By the symmetry property :   P(𝑍 ≤ −0.5)  =  P(𝑍 ≥ 0.5)   
  We also know that  :             1 − 𝑃(𝑍 ≤ 0.5) =  P(𝑍 > 0.5)  
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So   :     𝑃(0.5 ≤ 𝑍 ≤ 1.25) = 𝑃(𝑍 ≤ 1.25) − 𝑃(𝑍 ≤ −0.5) 
            = 𝑃(𝑍 ≤ 1.25) − [1 − 𝑃(𝑍 ≤ 0.5)] 
            = 0.89435 − [1 − 0.69146] =0.58581 

Example02: 

Let X be a random variable that follows a normal distribution such that : 

𝑿 ⤳ 𝑵(𝟎. 𝟔 ; 𝟒) 

Find the following probabilities:  

1) 𝑃(𝑋 ≤ −0.22) 
2) 𝑃(𝑋 > 1.86)  
Solution: 

𝝁 = 𝟎. 𝟔     𝝈 = 𝟐  ;   𝝈2 = 4 

𝒁 =
𝑿 − 𝝁

𝝈
⤳ 𝑵(𝟎 ; 𝟏) 

𝑃(𝑋 < −0.22) = 𝑃 (𝒁 <
−𝟎. 𝟐𝟐 − 𝟎. 𝟔

𝟐
) = 𝑃(𝒁 < −𝟎. 𝟒𝟏) 

= 𝑃(𝒁 > 𝟎. 𝟒𝟏) = 1 − 𝑃(𝒁 ≤ 𝟎. 𝟒𝟏) 
𝟎. 𝟑𝟒𝟎𝟗 1 − 0.6591 = 

 

𝑃(𝑋 > 1.86) = 𝑃 (𝒁 >
𝑿 − 𝟎. 𝟔

𝟐
) = 𝑃 (𝒁 >

𝟏. 𝟖𝟔 − 𝟎. 𝟔

𝟐
) 

= 𝑃(𝒁 > 𝟎. 𝟔𝟑) = 1 − 𝑃(𝒁 ≤ 𝟎. 𝟔𝟑) 

𝟎. 𝟐𝟔𝟒𝟒 1 − 0.7356 = 
 

Example03: 

It is known that the lamp life of a brand follows a normal distribution with mean 

μ = 100 ℎ  and standard deviation   σ = 8 h , what is the probability that the 

lifetime of a randomly selected lamp is between 110 and 120 hours? 
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Solution: 

Let X be a random variable that follows the normal distribution representing the 

lifetime of lamps such that 𝑿 ⤳ 𝑵(𝟏𝟎𝟎 ; 𝟔𝟒) 
𝛔 = 𝟖𝒉       𝝈𝟐 = 𝟖𝟐 = 𝟔𝟒 

𝒁 =
𝑿 − 𝝁

𝝈
⤳ 𝑵(𝟎 ; 𝟏) 

𝑃(110 ≤ 𝑋 ≤ 120) = 𝑃 (
𝟏𝟏𝟎 − 𝟏𝟎𝟎

𝟖
≤ 𝒁 ≤

𝟏𝟐𝟎 − 𝟏𝟎𝟎

𝟖
)

= 𝑃(𝟏. 𝟐𝟓 < 𝒁 < 𝟐. 𝟓) 
= 𝑃(𝒁 ≤ 2.5) − 𝑃(𝒁 ≤ 1.25) 
= 0.9937 − 0.8943 = 0.103 

Example 04:  

If it is known that the mean weight of 500 students is 151 pounds with a standard 

deviation of 15, assuming that the weights are normally distributed. Find the 

proportion and number of students whose weight is: 

1) between 119.5 and 155.5 pounds? 

2) More than 185.5 pounds ? 

 

Solution: 

𝑋 ⤳ 𝑁(151 ; 152) 
1) The percentage and number of students who weigh between 119.5 and 

155.5 pounds: 

𝑃(119.5 ≤ 𝑋 ≤ 155.5) = 𝑃 (
119.5 − 151

15
≤ 𝑍 ≤

155.5 − 151

15
)

= 𝑃(−2.1 ≤ 𝑍 ≤ 0.3) 
= 𝑃(𝑍 ≤ 0.3) − 𝑃(𝑍 ≤ −2.1) 

= 𝑃(𝑍 ≤ 0.3) − [1 − 𝑃(𝑍 ≤ 2.1)] 
= 𝑃(𝑍 ≤ 0.3) − [1 − 𝑃(𝑍 ≤ 2.1)] 

= 0.6179 − [1 − 0.9821] 
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𝑃(119.5 ≤ 𝑋 ≤ 155.5) = 0.6 
Sixty percent   (06% ) of the total number of students (500 students) weigh 

between 119.5 and 155.5 pounds.  

Their number is:    (500) (0.60005) =300 

2) The percentage and number of students who weigh more than 185.5 

pounds: 

𝑃(𝑋 > 185.5) = 𝑃 (𝑍 >
185.5 − 151

15
) = 𝑃(𝑍 > 2.3) 

= [1 − 𝑃(𝑍 ≤ 2.3)] 
= [1 − 0.9892] = 0.0108 
𝑃(𝑋 > 185.5) = 0.0108 

Sixty percent  (%1 ) of the total number of students (500 students) weigh more than 

185.5 pounds. 

Their number is:    (500) (0.0108) =5.4≈5 
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2- The Uniform Distribution   

2-1- Definition 

Suppose that a continuous random variable X takes values in a finite interval [a, b]. 

In many cases, it will be reasonable to assume that, any subinterval of [a, b] with a 

fixed length, has the same probability that X falls into it. we  say that “X takes any 

value in [a, b] with the same probability, So, we define The uniform distribution as 

a continuous probability law defined over the interval [a-b]∈R and characterized by 

a constant probability density function for all real values. 

Although the uniform distribution appears to be the simplest continuous distribution, 

it is not a widely used distribution for modeling real-life phenomena since it is rare 

in practice to have an unknown quantity that takes values in a finite interval and 

assume that its probability density is constant. In fact, the normal distribution is the 

most widely used probability distribution in many fields of application. 

If no other information about a random variable X is known ,The uniform 

probability distribution is useful as a “first guess”, Also, is used in real-world 

problems that have uniform behavior in a given interval.   

2-2- Probability Density Function  

Let X be a continuous random variable with density: 

   
𝟏

𝒃 − 𝒂 
                       ;             𝒂 ≤ 𝒙 ≤ 𝒃      

𝒇(𝒙) = 
 0                  ;  Otherwise 

 

We then say that X has the uniform distribution over the interval [a, b]. We denote 

this 𝑿 ⤳ 𝑼([𝒂 − 𝒃]) 

2-3- Distribution Function  

Let X is a random variable that follows a uniform distribution such that 

𝑿 ⤳ 𝑼([𝒂 − 𝒃])     , the distribution function of this random variable 

F(x)=P(X≤x) is given as follows: 
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0                                 ;     𝑥 < 0       
 𝐅(𝐱)   = 𝑷(𝑿 ≤ 𝒙) = 

   𝒙−𝒂
𝒃−𝒂 

                          ;    𝒂 ≤ 𝒙 < 𝒃                              
   1                     ;  𝒙 ≥ 𝒃          

2-4- Uniform Distribution Properties  

      𝑬(𝑿) =
𝒃+𝒂  

𝟐
        ,   𝑽(𝑿) =

(𝒃−𝒂)𝟐  

𝟏𝟐
   

 The probability density function f(x) and the distribution function F(x) of 

a random variable that follows a uniform distribution 

Figure 06 : The probability density function and the distribution function  

  

a) Two random variables (independent or not) that follow a uniform 

distribution on the interval [𝑎 − 𝑏] whose sum does not follow a uniform 

distribution   

 Moment Generating Function 

 

𝑚𝑥(𝑡) = 𝐸(𝑒
𝑡𝑥) = ∫ 𝑒𝑡𝑥

𝟏

𝒃 − 𝒂 

𝑎

𝑏

𝑑𝑥 =
𝟏

𝒃 − 𝒂 
[
𝑒𝑏𝑡 − 𝑒𝑎𝑡

𝒕 
] 

 

𝑚𝑥(𝑡) =
𝑒𝑏𝑡 − 𝑒𝑎𝑡

(𝑏 − 𝑎)𝑡
      ,   𝒕 ≠ 𝟎 

 

x 
𝑎 

𝐻0 
b 

𝑭(𝒙) 

x 
𝑎 

𝐻0 
b 

 𝒇(𝒙) 
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Example 01: 

Let X be a random variable representing the duration of a flight in minutes between 

Oran and Algiers in the interval [120-140], and let all domains with the same 

amplitude and belonging to the previous intervals have the same probability , Find: 

a) The type of probability distribution for X and its mathematical formula. 

b) The probability that the duration of the flight between Oran and Algiers is 

between 128 and 136 minutes and then between 120 and 130 minutes? 

c) The expectation and variance of the duration of the flight? 

 

Solution : 

a) The type of probability distribution for X and its mathematical formul 
The appropriate probability distribution for the random variable X is the uniform 

distribution(continuous distribution)  because all Secondary intervals (in minutes) 

with the same amplitude and belonging to the interval[120-140] have the same 

probability , Then  𝑿 ⤳ 𝑼([𝟏𝟐𝟎 − 𝟏𝟒𝟎])  and the formula for the probability 

density function is given as follows: 

 

 
𝟏 

𝟐𝟎 
      ;       𝟏𝟐𝟎 ≤ 𝒙 ≤ 𝟏𝟒𝟎      

𝒇(𝒙) = 0         ;  Otherwise 
 

b) The probability that the duration of the flight between Oran and Algiers 

is between  :   

 128 and 136 minutes  

𝑃(𝑐 ≤ 𝑋 ≤ 𝑑) = ∫ 𝑓(𝑥)𝑑𝑥
𝑑

𝑐

= ∫
𝟏 

𝒃 − 𝒂 
𝑑𝑥

𝑑

𝑐

= [
𝟏 

𝒃 − 𝒂 
(𝒅 − 𝒄)] 

𝑃(128 ≤ 𝑋 ≤ 136) = [
𝟏 

𝟐𝟎 
(𝟏𝟑𝟔 − 𝟏𝟐𝟖)] = 0.4 
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- 120 and 130 minutes 

𝑃(120 ≤ 𝑋 ≤ 130) = [
1  

20 
(130 − 120)] = 0.5 

c) The expectation and variance for the duration of a flight 

𝑬(𝑿) =
𝑏 + 𝑎 

2
=
120 + 140

2
= 130    ,   𝑽(𝑿) =

(𝒃 − 𝒂)𝟐  

𝟏𝟐
=
(140 − 120)2 

12
= 33.33   

 

Example02 

It is known that the number of customers arriving at the checkout counter of a 

store follows a Poisson distribution, such that in a given interval of 30 minutes, 

one customer comes to the checkout counter. 

 Find the probability that a customer comes to the checkout counter during 

the last 05 minutes of a 30-minute period. 

Solution : 

Let X be a random variable representing the time customers come to the checkout 

counter that follows a uniform distribution over the range Then  𝑿 ⤳ 𝑼([𝟎 − 𝟑𝟎])  

𝟏  

𝟑𝟎 
                       ;        𝒙 ∈ [𝟎 − 𝟑𝟎]      

𝒇(𝒙) = 0                   ;  Otherwise 

 

𝑃(25 ≤ 𝑋 ≤ 30) = ∫ 𝑓(𝑥)𝑑𝑥
30

25

= ∫
1 

30 
𝑑𝑥

30

25

= [
1 

30 
(30 − 25)] =

1

6
 

So the probability of a customer arriving within an interval of 05 minutes is 
1

6
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Example03 

Let X be a random variable with a probability density function represented in the 

accompanying figure. 

 

 

 

 

 

 

a) From the above figure, deduce the probability distribution followed by the 

random variable x and specify the mathematical formula for this probability 

distribution? 

b) Find the cumulative distribution function, then find the expected value and 

variance of the random variable X ? 

c) Calculate the following probabilities: 

 

 

Solution : 

a) Type and form of the probability distribution 

The appropriate distribution is the uniform distribution because for all real values 

in the range [4-8], the probability is constant (the probability density function is 

constant) , Then  𝑿 ⤳ 𝑼([𝟒 − 𝟖])     and the probability density function is given 

by: 

𝟏  

𝟒 
                        ;           𝟒 ≤ 𝒙 ≤ 𝟖  

𝒇(𝒙) = 0                   ;  Otherwise 
 

                           ; P(𝑋 ≤ 6)    P(𝑋 > 5) 

       ; P (4 ≤ 𝑋 ≤ 6 )         P(𝑋 ≤ 5); 

               f(x)  

0.25

5.2 

4 8 

x 
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b)  The distribution function, expected value, and variance for the random 

variable x 

𝟎             ;     𝒙 < 𝟎      
 𝐅(𝐗)  = 𝑷(𝑿 ≤ 𝒙) =  

   𝒙−𝒂
𝒃−𝒂 

       ;    𝒂 ≤ 𝒙 < 𝒃                              
   𝟏         ;  𝒙 ≥ 𝒃          
 
𝟎             ;     𝒙 < 𝟎      

 𝐅(𝐗)  = 𝑷(𝑿 ≤ 𝒙) =  
  𝒙−𝟒

𝟒 
       ;     𝟒 ≤ 𝒙 < 𝟖                     

   𝟏         ;  𝒙 ≥ 𝟖          

𝐅(𝐗)  = 𝑃(𝑋 ≤ 𝑥) = ∫ 𝑓(𝑥)𝑑𝑥
𝑥

−∞

 

F(X)  = 𝑃(𝑋 ≤ 𝑥) = ∫
1  

4 
𝑑𝑥

𝑥

4

∫
1  

4 
𝑑𝑥

𝑥

4

 

          = [
1  

4 
𝑥]
4

𝑥

=
1  

4 
𝑥 −

4  

4 
=
𝑥 − 4  

4 
 

𝑬(𝑿) =
𝑏 + 𝑎  

2
=
8 + 4  

2
= 𝟔       ;       𝑽(𝑿) =

(𝒃 − 𝒂)𝟐  

𝟏𝟐
=
(8 − 4)2  

12
=
𝟏𝟔  

𝟏𝟐
 

 

c) Calculating the probability values: 

  𝑷(𝑿 ≤ 𝟓) = ∫
𝟏  

𝟒 
𝑑𝑥

5

4
= [

𝟏  

𝟒 
𝒙]
4

5
=
𝟏  

𝟒 
(𝟓) −

𝟏  

𝟒 
(𝟒) =

𝟏  

𝟒 
 

Or directly through the Distribution Function, we find: 

𝑃(𝑋 ≤ 5) =
  𝒙 − 𝟒

𝟒 
=
𝟓 − 𝟒

𝟒 
 =
𝟏  

𝟒 
 

𝑿 > 𝟓) = 1 − 𝑃(𝑋 ≤ 5) =   1 −
1

4
=
3

4
= 0.75P( 

𝑿 ≤ 𝟔) =
  𝒙−𝟒

𝟒 
=
𝟔−𝟒

𝟒 
 =

𝟐  

𝟒 
=
𝟏  

𝟐 
P( 
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𝐏(𝟒 ≤ 𝑿 ≤ 𝟔) = ∫
𝟏  

𝟒 
𝑑𝑥

6

4

= [
𝟏  

𝟒 
𝒙]
4

6

=  
𝟏  

𝟒 
(𝟔) −

𝟏  

𝟒 
(𝟒) =

𝟐  

𝟒 
=
𝟏  

𝟐 
 

Or directly through the distribution function, we find: 

𝐏(𝟒 ≤ 𝑿 ≤ 𝟔) = 𝑃(𝑋 ≤ 6) − 𝑃(𝑋 ≤ 4) =
  𝟔 − 𝟒

𝟒 
−
  𝟒 − 𝟒

𝟒 
=
𝟐  

𝟒 
=
𝟏  

𝟐 
 

Example04 

University Student goes to his University class every weekday by using a train 

that leaves at 8:00 a.m. We assume that the duration of the journey, in minutes  is 

a random variable following the uniform distribution in the interval [58, 63]. 

Further, suppose that from the train platform he needs a 15-minute walk to enter 

the classroom and that his class starts precisely at 9:15 a.m, Let X  The duration of 

the train journey. Find : 

a)   The Probability Density Function  and The Distribution Function of X ? 

b) The probability that the student arrives in time for his class ? 

c) The probability that the student arrives for his class at least two minutes after 

lesson starts? 

d)  The  expected time that the student arrives for his class? 

Solution  

The duration of the train journey is  the only source of uncertainty  , we define a 

random variable X, which represents the number of minutes that this journey lasts 

Then  𝑿 ⤳ 𝑼([𝟓𝟖 − 𝟔𝟑]),  

a) The Probability Density Function  and The Distribution Function 

X has density function is given by: 

𝟏  

𝟔𝟑 − 𝟓𝟖 
                       ;        𝟓𝟖 ≤ 𝒙 < 𝟔𝟑      

𝒇(𝒙) =    0                        ;  Otherwise 
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while the corresponding distribution function of X is given by :  
𝟎                                   ;     𝒙 < 𝟓𝟖      

 𝐅(𝐱)  = 𝑷(𝑿 ≤ 𝒙) =  
  𝒙−𝟓𝟖

𝟔𝟑−𝟓𝟖 
=
  𝒙−𝟓𝟖

𝟓 
       ;     𝟓𝟖 ≤ 𝒙 < 𝟔𝟑                     

   𝟏                       ;  𝒙 ≥ 𝟔𝟑          

b) The probability that the student arrives in time for his class 

For the student to be in time (i.e. before 9:15 a.m.) for his class, he must arrive at 

the platform by 9:00 a.m., which means that the train journey lasts for 60 

minutes at most. The probability for this is : 

𝑃(𝑋 ≤ 60) =
  60 − 58

5 
=   
 2

5 
 

c) The probability that the student arrives for his class at least two minutes 

after lesson starts 

we seek the probability that Simon arrives at the classroom after 9:17 a.m., 

which in turn implies that he arrives at the platform after 9:02 a.m. This happens 

if the train journey takes 62 minutes or more, with associated probability 

𝑃(𝑋 > 62) = 1 − 𝑃(𝑋 ≤ 62) = 1 − 𝐹(62) = 1 −
  62 − 58

5 
=   
 1

5 
 

There is a 20% chance that he arrives at least two minutes late for the class 

d) The  expected time that the student arrives for his class 

𝑬(𝑿) =
63 + 58  

2
= 60.5      

This implies that Simon is expected to arrive at the train platform of the 

University station half a minute after 9:00 a.m. and, as a result, his expected 

arrival time at the classroom is half a minute after the beginning of the class 

(9:15 a.m.). 
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3- The Exponential Distribution 

3-1- Definition 
If the occurrence of events follows a Poisson distribution, then the waiting time for 

an event to occur and the time between two events follow an exponential 

distribution. For variables that are assumed to take only positive values, the 

exponential distribution is the most commonly used. The exponential law 

corresponds to the time measured between independent events that follow a Poisson 

distribution. 

This type of probability distribution is often used in in matters related to the waiting 

time for an event to occur, such as the amount of time a customer waits in a 

restaurant or bank before being served, the time it takes for a certain load to be 

loaded on a truck, Or in other words The time required for the next bus to arrive at 

the bus station, the amount of time a machine or device remains operational before 

it malfunctions, the time between the arrival of two customers at a store or bank,  

the duration of a phone call, the time it takes for a patient to recover from a 

surgery… 

3-2- Probability density function 

Let X be a random variable follow an exponential distribution where its 

probability density function is given by  :  

𝝀 𝒆−𝝀𝒙                      ;      𝒙 ≥ 𝟎      
𝒇(𝒙) = 0                      ;     𝒙 < 𝟎    

 

For λ>0   we say that X follows an exponential distribution with parameter 

λ and we write : 𝑋 ⤳ 𝐸𝑋𝑃(𝜆) 

 

3-3- Distribution function  

X is a random variable that follows an exponential distribution with parameter λ 

such that  𝑿 ⤳ 𝑬𝑿𝑷(𝝀) , the distribution function of this random variable 

F(x)=P(X≤x) is given as follows: 
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  𝟎                                  ;     𝒙 < 𝟎      
𝐅(𝐱)   = 𝑷(𝑿 ≤ 𝒙)  

  𝟏 − 𝒆−𝝀𝒙                  ;   𝒙 ≥ 𝟎                                              

Proof : 

𝐅(𝐗) = ∫ 𝒇(𝒙)𝑑𝑥
𝑥

−∞
 

𝐅(𝐗) = ∫ 𝝀 𝒆−𝝀𝒙𝑑𝑡
𝑥

0
= −∫ −𝝀 𝒆−𝝀𝒙 𝑑𝑡

𝑥

0
= [−𝑒−𝝀𝑥]

0

𝑥
= (1− 𝑒−𝝀𝑥)   

f(x)=  𝑢̀𝒆𝒖(𝒙)          F(x)= 𝒆𝒖(𝒙)  

3-4- Properties of Exponential Distribution 

   𝐸(𝑋) =
1  

𝜆
        ,   𝑉(𝑋) =

1  

𝜆2
        

   Moment Generating Function 

𝑚𝑥(𝑡) = 𝐸(𝑒
𝑡𝑥) = ∫ 𝑒𝑡𝑥 𝝀 𝒆−𝝀𝒙

∞

0

𝑑𝑥 = 𝝀∫ 𝑒−𝑥(𝝀−𝑡)  
∞

0

𝑑𝑥 

𝒎𝒙(𝒕) = (𝟏 −
𝒕

𝝀 
)
−1

   = (
𝝀

𝝀 − 𝒕 
)  , 𝒕 < 𝝀  

 Relationship between the Poisson and Exponential Distributions  

Assuming that the number of cars that come to the car wash follows a Poisson 

distribution with an average of 10 cars per hour, the probability density function 

that indicates x cars coming in during the hour is  :  

𝒇(𝒙) =  
𝒆−10   10𝑥

𝒙!
     ;     𝒙 = 𝟎, 𝟏, 𝟐…∞                     

Because the average number of cars entering the wash station is 10 cars in an 

hour, λ = 10 , Therefore, the average time between the arrival of one car and 

another car is equal to  :    

𝐸(𝑋) =
𝟏  

𝝀
=
𝟏  

𝟏𝟎
= 𝟎. 𝟏 
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Figure 07 : The probability density function and the distribution function           

of the exponential distribution 

 The exponential probability distribution describing the time between the arrival 

of one car and another has a mean of  1/10  hour per car and is given by the 

probability density function of the form : 

𝒇(𝒙) = 𝟏𝟎 𝒆−𝟏𝟎𝒙                       ;      𝒙 ≥ 𝟎 
Example01: 

Assuming that the time required to load a given commodity onto a truck at a factory 

following an exponential distribution, if the average time required to load the 

commodity in the truck is 15 minutes. 

1) Find the formula for the probability density function f(x) for the time to load 

the commodity in the truck ? 

2) Find the distribution function F(x)?  

3) Find the probability of loading the commodity in the truck in a time of :  

            - At most 06 minutes?  

            - At most 18 minutes? 

- Between 06 and 18 minutes? 

 

 

 
 
 
 

 
 
 

x 

F(x)

 
0    
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Solution: 

Let X be a random variable representing the time required to load the good onto 

the truck  

1) The probability density function  
𝐸(𝑋) =

1  

𝜆
= 15 ⇒ 𝜆 =

1  

15
 

𝟏  

𝟏𝟓
 𝒆−

𝟏  
𝟏𝟓
𝒙                ;      𝒙 ≥ 𝟎      

     𝒇(𝒙)= 0                      ;     𝒙 < 𝟎    
 

2) The distribution function F(x) 

       𝟎                    ;     𝒙 < 𝟎      
𝐅(𝐱)   = 𝑷(𝑿 ≤ 𝒙)  

  𝟏 − 𝒆−
𝟏  

𝟏𝟓
𝒙         ;   𝒙 ≥ 𝟎                                              

 
3) The probability of loading the commodity onto the truck in a time : 

- At most 06 minutes 
To calculate the probabilities, we use the previous cumulative distribution 

function to obtain the probability of any value less than a given value 

𝑃(𝑋 ≤ 6) =  1 − 𝑒−
1  
15
(6) = 0.3297 

          - At most 18 minutes 

𝑃(𝑋 > 18) = 1 − (𝑃(𝑋 < 18)) = 1 − (1 − 𝑒−
1  
15
(18))  

= 1 − (0.3297) = 0.6703 
- Between 06 and 18 minutes 

𝑃(6 ≤ 𝑋 ≤ 18) = 𝑃(𝑋 ≤ 18) − 𝑃(𝑋 ≤ 6) 
= 0.6988 − 0.3297 = 0.3691 
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Note :  

If events or successes follow a Poisson distribution, the probability of the first 

event occurring within a certain time interval t can be found, in the sense that : 

𝑃(𝑇 < 𝑡) = 𝟏 − 𝒆−𝜆𝒙 
 𝜆: is the average number of occurrences during the time interval ”t”  

𝑬(𝑻) =
𝟏  

𝝀
        ,   𝑽(𝑿) =

𝟏  

(𝝀)𝟐
 

 We know that the formula for Poisson's law is of the form : 

𝒇(𝒙) =
𝒆−λ   λ

𝑥

𝒙!
      ;   𝒙 = 𝟎, 𝟏, 𝟐…∞ 

 The probability of a single event x=1 occurring in time t is  :  

𝒇(𝟏) = 𝒆−λ   λ 
The probability that a customer arrives within time t, for example, within one hour 

is equal to  :  

   A single event x=1 in time t is  :   𝑷(𝑻 < 𝒕) =   𝟏 − 𝒆−𝛌       

Example02: 

Assuming that the length of a telephone call in the reception center of a 

commercial organization is a random variable X that follows an exponential 

distribution   

       𝟎                    ;     𝒙 < 𝟎      
𝒇(𝒙) =  

  𝑪 𝒆−
𝟏  

𝟏𝟎
𝒙         ;   𝒙 ≥ 𝟎                                              

If a call to the call center requires a certain waiting time before the call can be 

made, Find 

1) The value of the constant “c ” ? 

2) The distribution function F(x) ? 

3)  The probability of someone waiting more than 10 minutes, between 10 and 

20 minutes? 

4) The expectation and variance of the waiting time    E(X)  ,  Var(X)     ?    
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  Solution: 

1) the value of the constant c  

Since a probability density function  f(x)  satisfies the property :  

∫ 𝒇(𝒙)𝒅𝒙
∞

−∞

= 𝟏 

∫ 𝑓(𝑥)𝑑𝑥
∞

−∞

= ∫ 𝑐 𝑒−
1  
10
𝑥𝑑𝑥

∞

0

= −10𝑐 [𝑒
1  
10
𝑥]
0

∞

= −10𝑐[𝑒−∞ − 𝑒0] = 10𝑐 = 1 

𝒄 =
𝟏

𝟏𝟎
 

       0                    ;     𝑥 < 0      
𝒇(𝒙)   =   

  𝟏
𝟏𝟎
 𝒆−

𝟏  

𝟏𝟎
𝒙         ;   𝑥 ≥ 0                                              

1) The distribution function F(x) 

𝑭(𝒙) = 𝑷(𝑿 < 𝒙) = 𝟏 − 𝒆−𝝀𝒙 
𝑭(𝒙) = 𝟏 − 𝒆−

𝟏  
𝟏𝟎
𝒙 

2) The probability of someone waiting more than 10 minutes, between 10 

and 20 minutes 

𝑃(𝑋 ≥ 10) = ∫
1

10
 𝑒−

1  
10
𝑥𝑑𝑥

∞

10

= [−𝑒
1  
10
𝑥]
10

∞

= −(𝑒∞ − 𝑒1) = −𝑒1 = 0.3679 

Or We have a distributive function relationship of the form :     

We have  : 𝑷(𝑿 ≤ 𝒙) = 𝟏 − 𝒆−𝝀𝒙       
𝑷(𝑿 > 𝒙) + 𝑷(𝑿 ≤ 𝒙) = 𝟏 
 ⇒ 𝑷(𝑿 > 𝒙) = 𝟏 − 𝑷(𝑿 ≤ 𝒙) 
𝑷(𝑿 > 𝟏𝟎) = 𝟏 −  𝑷(𝑿 ≤ 𝟏𝟎) 
                     = 𝟏 − [𝟏 − 𝒆−

1  
10
(𝟏𝟎)] 

                     = 𝑒−1 = 0.3678 
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𝑷(𝟏𝟎 ≤ 𝑿 ≤ 𝟐𝟎) = ∫
1

10
 𝑒−

1  
10
𝑥𝑑𝑥

20

10

= [−𝑒
1  
10
𝑥]
10

20

= −(𝑒2 − 𝑒1) = 0.2326

= 0.3679 
Or, using the distribution function, we find: 

     𝑭(𝒙) = 𝑷(𝑿 ≤ 𝒙) = 𝟏 − 𝒆−𝝀𝒙 

𝐏(𝐚 ≤ 𝐗 ≤ 𝐛) = ∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 = 𝐹(𝑏) − 𝐹(𝑎) 

= 𝑃(X ≤ 𝑏) − 𝑃(X ≤ 𝑎) 
= [𝟏 − 𝒆−𝝀𝒃  ] − [𝟏 − 𝒆−𝝀𝒂  ] 

So:   
𝑃(10 ≤ 𝑋 ≤ 20) = 𝐹(20) − 𝐹(10) 

= 𝑃(X ≤ 20) − 𝑃(X ≤ 10) 
= 𝑃(X ≤ 20) − 𝑃(X ≤ 10) 

= [𝟏 − 𝒆−
1
10
(𝟐𝟎)  ] − [𝟏 − 𝒆−

1
10
(𝟏𝟎)  ] 

= −0.1353 + 0.3678 = 0.2325 
 

𝑃(10 ≤ 𝑋 ≤ 20) = 0.2325 

3) The expectation and variance of the waiting time    E(X)  ,  Var(X)  
 

𝑬(𝑿) =
1  

1 10⁄
= 10        ,   𝐕𝐚𝐫(𝐗) =

1  

(1 10⁄ )2
= 100 

Example03: 

Assuming that x is a random variable representing the time in hours required to 

repair a production machine, which follows an exponential distribution, and it is 

known that the average time required to repair the production machine is 0.2 

hours. Find : 

a) The probability density function f(x) ? 

b) The cumulative distribution function F(x) ? 
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c) The probability that the repair time of the production machine exceeds         

Two hours? 

d) The probability that the repair time of the production machine is less than  

one hour? 

Solution: 

a) The probability density function f(x) 
X follows the exponential distribution   𝑿 ⤳ 𝑬𝑿𝑷(𝝀)  where its probability 

density function is given as: 

𝑬(𝑿) = 𝟐 =
𝟏  

𝝀
⟹ 𝝀 =

𝟏  

𝟐
  

𝟏 

𝟐
 𝒆−

𝟏  
𝟐
𝒙                  ;      𝒙 ≥ 𝟎      

𝒇(𝒙) = 
0                      ;     𝒙 < 𝟎    

b) The cumulative distribution function F(x) 

 
       𝟎                    ;     𝒙 < 𝟎      

𝐅(𝐗)  =    
  𝟏 − 𝒆−

𝟏  
𝟐
𝒙         ;   𝒙 ≥ 𝟎                                              

c)   

𝑃(𝑋 > 2) = 1 − 𝑃(𝑋 ≤ 2) = 1 − (1 − 𝑒−𝝀𝑥)  = 𝟏 − (1 − 𝒆−
𝟏  
𝟐
(𝟐)) = 𝒆−𝟏

= 𝟎. 𝟑𝟔𝟕𝟖 
Or in another form: 

𝑃(𝑋 > 2) = ∫  
𝟏

𝟐
𝒆−
𝟏  
𝟐
𝒙𝑑𝑥

∞

2

= [−𝒆−
𝟏  
𝟐
𝒙]
2

∞

= −(0 − 𝒆−
𝟏  
𝟐
(𝟐)) 

                             = (𝒆−𝟏) = 𝟎. 𝟑𝟔𝟕𝟖  

d)      

𝑃(𝑋 ≤ 1) = (1 − 𝒆−
𝟏  
𝟐
(𝟏))  = 𝟏 − (𝒆−

𝟏  
𝟐 ) 

             = 1 − 0.6065 = 𝟎. 𝟑𝟗𝟑𝟒 
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3- The Gamma Distribution    

4-1-Probability Density Function  

A random variable X has the Gamma distribution with parameters α > 0  

and 𝜆 > 0 if its density function is given by :  

   𝛌
𝛂

𝚪(𝛂)
𝒙𝜶−𝟏 𝒆−𝝀𝒙          ;   𝒙 ≥ 𝟎 

 

𝒇(𝒙) = 
    0                      ;  𝒙 < 𝟎 

And we write :   𝑿 ⤳ 𝜸(𝜶; 𝝀)       

For  α > 0   The Gamma Function 𝚪(𝛂)  is given by : 

𝚪(α) = ∫ 𝒙𝜶−𝟏 𝒆−𝒙
∞

𝟎

𝒅𝒙 
4-3- Distribution function  

X is a random variable that follows an Gamma Distribution   with parameters  α , 

λ   such that, the distribution function of this random variable F(X)=P(X≤x) is 

given as follows: 

F(x)   = 𝑃(𝑋 ≤ 𝑥) =    ∫ 𝑓(𝑥)𝑑𝑥 
𝑥

0

 

  0                                  ;     𝑋 < 0      
𝐅(𝐱)   = 𝑷(𝑿 ≤ 𝒙)  

  𝟏 − 𝒆−𝝀𝒙   ∑ (𝝀 𝒙)𝒊−𝟏

Γ(i)
𝜶
𝒊=𝟏                 ;   𝑥 ≥ 0                                              

4-2- Properties of the Gamma Distribution 

 The expectation and variance 

𝑬(𝑿) =
𝜶  

𝝀
        ,   𝑽(𝑿) =

𝜶  

(𝝀)𝟐
 

 Moment Generating Function 

𝑚𝑥(𝑡) = 𝐸(𝑒
𝑡𝑥) = ∫ 𝑒𝑡𝑥   

   λ
α

Γ(α)
𝑥𝛼−1 𝑒−𝜆𝑥           

∞

0
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𝒎𝒙(𝒕) = (𝟏 −
𝒕

𝝀 
)
−𝛼

= (
𝝀

𝝀 − 𝒕 
)
𝛼

  , 𝒕 < 𝝀  

 The parameter α is the shape parameter and if   α=1 then the exponential 

distribution is a special case of the gamma distribution. For different values 

of α (α=1, α=2, α=4, and λ=1), shown in the figure below, the shape of the 

density function of gamma  varies for different values of α (α is sometimes 

called the shape parameter of the gamma distribution and 
𝟏

𝝀 
 is called the 

scale parameter. 

Figure08 : The density function of the Gamma distribution for  

different values of α with , λ = 1 

  

 In a Poisson chain of events, if the time between successive failures in a 

given system follows an exponential distribution, then the accumulated time 

for λ failures follows the Gamma Distribution   X⤳ 𝚪 (α;λ)   

 For different values of α (an integer) we find the values of the γ-function 

corresponding to different values of α by using the integral by parts of the 

gamma  function. 

 𝚪(1) = ∫ 𝒙𝟏−𝟏 𝒆−𝒙
∞

𝟎
𝒅𝒙 = [−𝒆−𝒙]𝟎

∞ = 𝟏 

𝚪(α + 1) = ∫ 𝒙α 𝒆−𝒙
∞

𝟎

𝒅𝒙 = ∫ 𝒙α (
𝒅(−𝒆−𝒙)

𝒅𝒙
) 

∞

𝟎

𝒅𝒙 

f(x) 

x 
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= [−𝒙α𝒆−𝒙]𝟎
∞ −∫ 𝜶𝒙𝜶−𝟏 (−𝒆−𝒙)

∞

𝟎

𝒅𝒙 = 𝟎 + 𝜶∫ 𝒙𝜶−𝟏 𝒆−𝒙
∞

𝟎

𝒅𝒙 
To summarize, we find : 

𝚪(𝛂 + 𝟏) = 𝜶 𝚪(𝛂)     ;  𝛂 > 𝟎  
Using the previous formula, we get  :  

𝚪(2) = 𝚪(1 + 1) = 𝟏 𝚪(1) = 𝟏 
𝚪(3) = 𝚪(2 + 1) = 𝟐 𝚪(2) = 𝟐. 𝟏 = 𝟐! 
𝚪(4) = 𝚪(3 + 1) = 𝟑 𝚪(3) = 𝟑. 𝟐. 𝟏 = 𝟑 ! 

Therefore, for every non-integer for α, we find : 

𝚪(α + 1) = 𝜶 𝚪(α) =  α(α− 1)(α− 2)… . 𝟐. 𝟏 =  α!     ;  α > 0 
𝚪(α + 1) = α! 

We also find that : 

  

𝚪(𝛂) = (𝛂 − 𝟏) 𝚪(𝛂 − 𝟏)! 
  And if :  α  is  an integer then :  𝚪(𝛂) = (𝛂 − 𝟏)!  
It is difficult to calculate the values of Γ(α) = ∫ 𝑥𝛼−1 𝑒−𝑥

∞

0
𝑑𝑥 

In order for the values of α to be an no integer, we use the formula 

 Γ(α + 1) = α!   so that :  Γ (
1

2
) = √𝜋  

𝚪(3/2) = 𝚪 (
1

2
+ 1) =

1

2
𝚪 (
1

2
) =

1

2
√𝝅 

𝚪(5/2) = 𝚪 (
3

2
+ 1) =

3

2
𝚪 (
3

2
) =

3

2
𝚪 (
1

2
+ 1) =

3

2

1

2
𝚪 (
1

2
) =

3

4
𝚪 (
1

2
)

=
𝟏

𝟐
√𝝅 

Example01: 

If the lifespan (in months) of light lamps produced in a factory has the following 

probability density function: 

𝒇(𝒙) =  𝑪 𝒙 𝒆−𝟐𝒙     ;      𝒙 ≥ 𝟎  
1) Determine the type of probability distribution for the random variable X 

and then find the values of the constant C ? 
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2) If one lamp produced by this factory is randomly selected, what is the 

probability that the the lifespan of this lamp is less than 03 months? 

Solution: 

a) the values of the constant C with the type of probability distribution of the 

random variable X 

It is clear that X is a random variable that follows   the gamma distribution   

X⤳ 𝚪 (α;λ)    with parameters α=2,  λ=2 and therefore  :  

𝒇(𝒙) =
   λ

α

𝚪(α)
𝒙𝜶−𝟏 𝒆−𝝀𝒙 

𝒇(𝒙) =  𝑪 𝒙 𝒆−𝟐𝒙 

𝑪 =
   λ

α

𝚪(α)
=
   22

𝚪(2)
     ;            𝚪(2) = 𝟏      ;    𝚪(1) = 𝟏 

     𝑪 =
   22

𝟏
= 𝟒 

so the density function will become :   

𝒇(𝒙) =  𝟒 𝒙 𝒆−𝟐𝒙 
b) The probability that the lifespan of this lamp is less than 03 months 

𝑃(𝑋 ≤ 3) =  ∫ 4 𝑥 𝑒−2𝑥
3

0

𝑑𝑥 = −2∫  𝑥(−2)−2𝑥
3

0

𝑑𝑥 

= −2([𝑥 𝑒−2𝑥]0
3 −∫  1(𝑒−2𝑥)

3

0

𝑑𝑥) 

= [−2𝑥 𝑒−2𝑥]0
3 − 2 [

1

2
𝑒−2𝑥]

0

3

 
= 0.9832 

Example02: 

The daily consumption of aviation fuel in millions of gallons at a certain airport 

can be treated as a gamma random variable with α = 3, λ = 1 

a) What is the probability that on a given day the fuel consumption will be less 

than  million gallons? 



The Second Axis : The Most Important Laws of Continuous Probability Distributions 

[57] 
 

b) Suppose the airport can store only 2 million gallons of fuel. What is the 

probability that the fuel supply will be inadequate on a given day? 

 

Solution: 

a) Let X be the fuel consumption in millions of gallons on a given day at a 

certain airport. Then   X⤳ 𝚪 (α=3;λ=1)     

𝒇(𝒙) =
   λ

α

𝚪(α)
𝒙𝜶−𝟏 𝒆−𝝀𝒙 =

   13

𝚪(3)
𝒙𝟑−𝟏 𝒆−𝟏𝒙 =

 1

𝟐
𝒙𝟐𝒆−𝒙  ;   𝒙 > 𝟎 

using integration by parts, we obtain : 

𝑃(𝑋 ≤ 1) =  
1

2
∫ 𝑥2𝑒−𝑥
1

0

𝑑𝑥 = 1 −
5

2𝒆
= 0.08025 

This probability can also be calculated directly using the distribution function: 

𝐅(𝐱)   = 𝑷(𝑿 ≤ 𝒙) = 𝟏 − 𝒆−𝝀𝒙   ∑
(𝝀 𝒙)𝒊−𝟏

Γ(i)

𝜶

𝒊=𝟏

    

𝑷(𝑿 ≤ 𝟏) = 𝟏 − 𝒆−𝟏(𝟏)∑
(𝝀 𝒙)𝒊−𝟏

Γ(α)

𝟑

𝒊=𝟏

= 𝟏 − 𝒆−𝟏(𝟏) (
[𝟏(𝟏)]𝟏−𝟏

Γ(1)
+
[𝟏(𝟏)]𝟐−𝟏

Γ(2)
+
[𝟏(𝟏)]𝟑−𝟏

Γ(3)
)  

𝑷(𝑿 ≤ 𝟏) = 𝟏 − 𝒆−𝟏 (𝟏 + 𝟏 +
𝟏

2
) = 1−

5
2𝒆
= 0.08025 

There is about an 8. 025 % chance that on a given day the fuel consumption 

will be less than 1 million gallons 

b) The probability that the fuel supply will be inadequate on a given day 

𝑃(𝑋 > 2) =  
1

2
∫ 𝑥2𝑒−𝑥
∞

2

𝑑𝑥 = 0.677 

Because the airport can store only 2 million gallons, the fuel supply will be 

inadequate if the fuel consumption X is greater than 2 
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5- The Beta Distribution 

5-1-  Definition  

The Beta Distribution is characterized by its high flexibility according to the 

values of its parameters so that it is used to calculate the Student-Fisher distribution, 

the negative binomial distribution..., and it is used to represent some variables 

whose values are between 0 and 1 such as a ratio such as the percentage of spoiled 

production or the percentage of sales... 

5-2- Probability Density Function: 

We say that a random variable X has a beta distribution if its probability density 

function takes the following form: 

𝟏

𝑩(𝜶;𝜷)
𝒙𝜶−𝟏 (𝟏 − 𝒙)𝜷−𝟏      ;    𝟎 <  𝒙 < 𝟏      

𝒇(𝒙) = 
0                                    ;     Otherwise  
Where : 

Where :     𝑩(𝜶;𝜷) = 𝑩(𝜷;𝜶) = ∫ (𝒙)𝜶−𝟏(𝟏 − 𝒙)𝜷−𝟏𝒅𝒙
𝟏

𝟎
  

𝑩(𝜶;𝜷) =
𝚪(𝛂) 𝚪(𝜷)

𝚪(𝛂 + 𝜷)
 

And we write : 𝑿 ⤳ 𝑩(𝜶;𝜷)            𝜶 > 𝟎   ; 𝜷 > 𝟎 

So that :𝑩(𝜶;𝜷)  is a beta function   eulérienne, 
  The formula for the probability density function of the variable X varies 

according to the values of the parameters α and  . Through the relationship of the 

beta function 𝑩(𝜶;𝜷) to the gamma function, the probability density function of 

the beta distribution can be rewritten as  :  
𝚪(α + 𝜷)

𝚪(α) 𝚪(𝜷)
𝒙𝜶−𝟏 (𝟏 − 𝒙)𝜷−𝟏      ;    𝟎 <  𝒙 < 𝟏  

𝒇(𝒙) = 
0                                                 ;  Otherwise     
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5-3- The Distribution Function  

The cumulative distribution function for the beta random variable is commonly 

called the incomplete beta function and is denoted by : 

 

𝐅(𝐱)   =    ∫ 𝒇(𝒙) 𝒅𝒙
𝒙

−∞

 =   ∫
𝟏

𝑩(𝜶;𝜷)
𝒙 𝜶−𝟏 (𝟏 − 𝒕)𝜷−𝟏

𝒙

𝟎

𝒅𝒙 = 𝑰𝒙(𝜶;𝜷) 

 

A tabulation of 𝑰𝒙(𝜶;𝜷) is given in Tables of the Incomplete Beta Function 

(Pearson,1968). When α and β are both positive integers, 𝑰𝒙(𝜶;𝜷) is related to the 

binomial probability function. Integration by parts can be used to show that for 

   𝟎 <  𝒙 < 𝟏    and α and β both integers :  

0                      ; 𝒙 < 𝟎       

𝐅(𝐱)   =     ∑ 𝑪𝒏
𝒊   (𝒙)𝒊 (𝟏 − 𝒙)𝒏−𝟏𝒏

𝒊=𝜶       ;   𝟎 ≤  𝒙 < 𝟏      
                    1                    ;  𝒙 ≥ 𝟏 
 

where    n = α + β – 1 , Notice that the sum on the right-hand side of this 

expression is just the sum of probabilities associated with a binomial random 

variable with n = α + β − 1 and p = y. The binomial cumulative distribution 

function is presented in Appendix (Table 01).  

5- 4- Properties of the Beta Distribution 

 𝑬(𝑿) =
𝜶  

𝜶+𝜷
        ,   𝑽(𝑿) =

𝜶 𝜷  

(𝜶+𝜷)𝟐(𝜶+𝜷+𝟏)
 

 Moment Generating Function 

𝑚𝑥(𝑡) = 𝐸(𝑒
𝑡𝑥) = 1 +∑(∏

𝛼 + 𝑘

𝛼 + 𝛽 + 𝑘

𝑛−1

𝑘=0

)
𝑡𝑛

𝑛!

∞

𝑛=1

  

 

 The ratio between two variables that follow a gamma distribution is a 

variable that follows a beta distribution  
 The beta distribution is associated with two parameters and is used to 

describe many positive random phenomena such as waiting time, product 

lifetime… 
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Figure 09: The density function of the Beta distribution for different choices 

of the parameters 𝛼 and 𝛽. 

 

Figure (a) presents the plot of the density of the Beta distribution when 𝛼 = 𝛽. As 

can be seen easily, for 𝛼 = 𝛽 the Beta distribution is symmetric around the point 

1∕2. Note that for 𝛼 = 𝛽 = 1, the Beta distribution reduces to the Uniform 

distribution  

Figure (b) shows the graph of three Beta densities for which the mean 𝛼∕(𝛼 + 𝛽) 

is  kept fixed. In all cases, we have 𝛼 < 𝛽 and we see that the distribution is 

skewed to the right; that is, the density function has a peak at a point to the left 

of the midpoint  𝒙 =
𝟏

𝟐
   and  large values are less likely. When 𝛼 > 𝛽, the situation 

is reversed and the Beta distribution is skewed to the left.  

Figure (c)  presents (in the same system of coordinates) the density function of the 

Beta distribution for several choices of the parameters 𝛼 and 𝛽  
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Example01: 

Calculate the following: 

1) 𝐵(3; 2)      ,      𝐵 (4; 1
2
)   

2)  ∫ 𝑥 (1 − 𝑥)1

0
𝑑𝑥    

3)  ∫ 𝑥4 (1 − 𝑥)31

0
𝑑𝑥    

Solution: 

1)        𝑩(𝜶;𝜷) =
𝚪(α) 𝚪(𝜷)

𝚪(α+𝜷)
 

𝑩(𝟑; 𝟐) =  
Γ(3) Γ(2)

Γ(3 + 2)
=
2!   1! 

4!
=
2

24
=
1

12
  

𝑩(𝟒;
𝟏

𝟐
) =  

Γ(4) Γ (
1
2)

Γ (4 +
1
2)
=
3! √𝜋

Γ(4.5)
 

Γ(4.5) = Γ(3.5 + 1) = 3.5Γ(3.5) = 3.5(2.5) Γ(2.5)

= 3.5(2.5) (1.5)(0.5)Γ(0.5) = 6.5625√𝜋 

𝐵 (4;
1

2
) =  

3! √𝜋

Γ(3.5 + 1)
=

3!  √𝜋 

6.5625√𝜋
= 0.9142 =

1

12
 

2)   ∫ 𝒙 (𝟏 − 𝒙)
𝟏

𝟎
𝒅𝒙   

We know that  :  

𝛽(𝛼; 𝜃) = ∫ (𝑥)𝛼−1(1 − 𝑥)𝜷−1𝑑𝑥
1

0

 =
Γ(α) Γ(𝛽)

Γ(α + 𝛽)
  

∫ 𝑥 (1 − 𝑥)
1

0

𝑑𝑥 = 𝛽(2; 2) =
Γ(2) Γ(2)

Γ(2 + 2)
=
(2 − 1)! (2 − 1)!

(4 − 1)!
=
1

6
 

3)     ∫ 𝒙𝟒 (𝟏 − 𝒙)𝟑
𝟏

𝟎
𝒅𝒙    

∫ 𝑥4 (1 − 𝑥)3
1

0

𝑑𝑥 = 𝛽(5; 4) =
Γ(5) Γ(4)

Γ(5 + 4)
=
(5 − 1)! (4 − 1)!

(9 − 1)!
=

1

280
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Example02: 

If the proportion of spoiled production X in a factory has a probability density 

function :  

𝒇(𝒙) =    𝒂 𝒙𝟐 (𝟏 − 𝒙)     ;     𝟎 < 𝒙 <  𝟏 

1) Determine the type of probability distribution for X and then find the value of 

the constant term” a “ . 

2) Find the probability that the percentage of spoiled production is less than 60% 

𝑷(𝑿 ≤ 𝟎. 𝟔)     ? 

3) Find the expectation and variance of the random variable X ? 

Solution: 

1) The type of probability distribution for X and the value of the constant 

term” a “ 

 It is clear that the variable X follows a Beta Distribution with parameters 

α, β such that  : 

𝒇(𝒙) =    𝟏𝟐 𝒙𝟐 (𝟏 − 𝒙)     ;     𝟎 ≤ 𝒙 ≤  𝟏                  ....(01) 

𝒇(𝒙) =
𝚪(α+𝜷)

𝚪(α) 𝚪(𝜷)
 𝒙𝜶−𝟏 (𝟏 − 𝒙)𝜷−𝟏      ;    𝟎 <  𝒙 < 𝟏     ……(02)  

By conformity relations 01 and 02, we find : 

𝜷 − 𝟏 = 𝟏 ⇒ 𝜷 = 𝟐 
𝜶 − 𝟏 = 𝟐 ⇒ 𝜶 = 𝟑 

𝚪(α + 𝜷)

𝚪(α) 𝚪(𝜷)
=
𝚪(3 + 𝟐)

𝚪(3) 𝚪(𝟐)
=

𝟒!

𝟐!  𝟏!
= 𝟏𝟐 

𝒂 =
𝚪(α + 𝜷)

𝚪(α) 𝚪(𝜷)
= 𝟏𝟐 

𝒂 = 𝟏𝟐 
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The Probability Density Function becomes of the form :  

 𝟏𝟐 𝒙𝟐 (𝟏 − 𝒙)          ;    𝟎 ≤  𝒙 ≤ 𝟏  
       𝒇(𝒙)  0                        ;  Otherwise       

 

1) The percentage of spoiled production is less than 60%       

𝑃(𝑋 ≤ 0.6) = ∫ 12 𝑥2 (1 − 𝑥)
0.6

0

𝑑𝑥 = [4𝑥3 − 3𝑥4]0
0.6 = 0.475   

2) The expectation and variance of the random variable X  
𝑬(𝑿) =

𝜶  

𝜶 + 𝜷
=

𝟑

𝟑 + 𝟐
=
𝟑

𝟓
         

   𝑽𝒂𝒓(𝑿) =
𝜶 𝜷  

(𝜶 + 𝜷)𝟐(𝜶 + 𝜷 + 𝟏)
=
𝟏

𝟐𝟓
 

Example 03:  

A gasoline wholesaler has large storage tanks that contain a steady supply and are 

filled on one day of each week.  Of interest to the wholesaler is the proportion of 

this inventory that is sold during the week. Over many weeks of observation, the 

distributor has found that this proportion can be modeled by a beta distribution 

with α = 4 and 𝜷 = 2 

1) Find the probability density function for the proportion of inventory sold during 

the week.  

2) Find the probability that the wholesaler sells at least 90% of this inventory in a 

given week , does he have a high chance of selling this stock of gasoline? 

Solution: 

1) The probability density function for the proportion of inventory sold 

during the week. 

If X refers to the percentage sold during the week, then : 

𝚪(𝛂 + 𝜷)

𝚪(𝛂) 𝚪(𝜷)
𝒙𝜶−𝟏 (𝟏 − 𝒙)𝜷−𝟏      ;    𝟎 <  𝒙 < 𝟏  

𝒇(𝒙) = 
0                                       ;  Otherwise          
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𝚪(𝟔)

𝚪(𝟒) 𝚪(𝟐)
𝒙𝟑 (𝟏 − 𝒙) =   𝟐𝟎  (𝒙𝟑 − 𝒙𝟒)   ;    𝟎 <  𝒙 < 𝟏  

𝒇(𝒙) = 
0                                    ;  Otherwise       
   

 

𝑃(𝑋 > 0.9) = ∫ 𝑓 (𝑥)
∞

0.9

𝑑𝑥 = ∫ 20  (𝑥3 − 𝑥4)
∞

0.9

𝑑𝑥 = 20 [
𝑥4

4
−
𝑥5

5
]
0.9

1

= 0.08   
It is not likely that 90% of the inventory will be sold in a given week because the 

resulting probability is very small 

Example 14:  

The maximum time allowed for an exam is three hours. The time required  X, as a 

proportion of this maximum duration by a student to complete the exam (that is, if 

a student completes the exam in t hours, X takes the value t∕3) has a 

Beta distribution with parameters 𝛼 = 5 and 𝛽 = 2. 

a) Find the density function and  the  Distribution Function of X ? 

b) Obtain the mean and the standard deviation of X  ? 

c) What proportion of students complete the exam within two hours ? 

Solution: 

a) The density function of X is given by : 

 

𝟏

𝑩(𝟓; 𝟐)
𝒙𝟓−𝟏 (𝟏 − 𝒙)𝟐−𝟏      ;    𝟎 <  𝒙 < 𝟏      

𝒇(𝒙) = 
0                                    ;     Otherwise  

we see that the value of B(5, 2) is :  

𝑩(𝟓; 𝟐) =
𝚪(5) 𝚪(𝟐)

𝚪(5 + 𝟐)
=
𝟒!  𝟏!

𝟔! 
=
𝟏

𝟑𝟎 
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Thus, the density takes the form : 

𝟑𝟎 𝒙𝟒 (𝟏 − 𝒙)        ;    𝟎 <  𝒙 < 𝟏      
𝒇(𝒙) = 0                       ;     Otherwise  

For the distribution function, we have: 

𝐅(𝐗)   =    ∫ 𝒇(𝒙) 𝒅𝒙
𝒙

−∞

= ∫ 30 𝑥4 (1 − 𝑥) 𝒅𝒙
𝒙

𝟎

 

    0                     ;   𝒙 < 𝟎       
 𝐅(𝐗)  =     𝟔 𝒙𝟓 − 𝟓 𝒙𝟔             ;   𝟎 ≤  𝒙 < 𝟏      

          1                         ;  𝒙 ≥ 𝟏 

the mean and variance 

𝑬(𝑿) =
𝛼  

𝛼 + 𝛽
=

5

5 + 2
=
𝟓

𝟕
         

   𝑽𝒂𝒓(𝑿) =
𝛼 𝛽  

(𝛼 + 𝛽)2(𝛼 + 𝛽 + 1)
=
𝟏𝟎

𝟑𝟗𝟐
 

As explained in the statement, if a student completes the exam in t hours, the 

associated value of X is   
𝒕  

𝟑
. Thus, in order to find the probability that a student 

completes the exam within two hours (or, the proportion of students who complete 

the exam within two hours, which is the same), we need to find  𝑃(𝑋 ≤
2  

3
). This 

can be obtained easily upon substituting 𝑡 =
𝟐  

𝟑
   in the 

distribution function F. Thus, we see that : 

F(X)  = 𝑃 (𝑋 ≤
2  

3
) = F (

2  

3
) =  𝟔 (

2  

3
)
𝟓

− 𝟓 (
2  

3
)
𝟔

=
256  

729
≅ 0.3512 

so about 35% of the students complete the exam within two hours. 

 

 

 



The Second Axis : The Most Important Laws of Continuous Probability Distributions 

[66] 
 

6-   The Chi -Square Distribution 

6-1-Definition 

The Chi-squared distribution is among the most well-known continuous probability 

distributions and has many uses in inferential statistics, including tests of goodness 

of fit, homogeneity, and independence of variables. 

This distribution can be defined as follows: 

If  𝑋1, 𝑋2…𝑋𝑣  are random variables that follow the standard normal distribution 

and are independent of each other   𝑋𝑖 ⤳ 𝑁(0; 1) , then the random variable  

𝑿 = ∑ 𝑿𝒊
𝟐 = 𝑿𝟏

𝟐 + 𝑿𝟐
𝟐 +⋯+𝑿𝒗

𝟐𝒗
𝒊=𝟏   follows a chi-square distribution 𝝌𝒗

𝟐 

with degree of freedom ” v” and we write : 𝑋~𝜒𝑣
2 

6.2 – The Probability Density Function   

The probability density function for this distribution with degree of freedom v is 

given by the following formula: 

            0                       ;       𝒙 < 𝟎  
𝒇(𝒙) = 𝟏

(𝟐)
𝒗
𝟐 𝚪 (

𝒗
𝟐)
(𝒙)

𝒗
𝟐
−𝟏(𝒆)−

𝒙
𝟐      ;        𝟎 ≤ 𝒙 <  ∞ 

𝚪(𝛂)   : It represents the function Gamma 

Γ(α) = ∫ 𝑥𝛼−1
∞

0

𝑒−𝑥𝑑𝑡          , 𝛼 > 0 

The values of this distribution can be found using the table for this distribution . 

6-3- The Distribution Function  

X is a random variable that follows a chi-squared distribution  𝑋~𝜒𝑣
2  so that the 

distribution function for this random variable F(X)=P(X≤x) is given as follows: 

𝟎                                                    ;   𝒙 < 𝟎      
 𝐅(𝐗)   = 𝑷(𝑿 ≤ 𝒙) =  

𝟏

(𝟐)
𝒗
𝟐 𝚪(

𝒗

𝟐
)
∫ (𝒙)

𝒗

𝟐
−𝟏(𝒆)−

𝒙

𝟐
𝒙

𝟎
𝐝𝒙       ;       𝟎 ≤ 𝒙 <  ∞                       

   𝟏                                  ;  𝒙 → ∞          
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6-4- Properties  of the  Chi-Squared Distribution 

 The expectation and variance : 

E(X)=v    ;    Var(X)=2v 

By the definition of the chi-square distribution   𝑋𝑖 ⤳ 𝑁(0; 1)  we have: 

𝐸(𝑋𝑖
2) = 𝑉𝑎𝑟(𝑋𝑖) = 1,      𝑜𝑢 𝐸 (∑ 𝑋𝑖

2
𝑣

𝑖=1
) = 𝐸(𝑋) =  𝑣 

𝑉𝑎𝑟(𝑋𝑖
2) = 𝐸(𝑋𝑖

4) − (𝐸(𝑋𝑖
2))

2
= 𝜇4 − 1 ; 𝜇4 = 3 

𝑉𝑎𝑟(𝑋𝑖
2) = 2 

      𝑉𝑎𝑟 (∑ 𝑋𝑖
2

𝑣

𝑖=1
)  =  𝑉𝑎𝑟(𝑋) = 2𝑣 

So by the definition of the chi-square distribution  𝑿𝒊 ⤳ 𝑵(𝟎; 𝟏)  we conclude 

that : 

𝑬(𝑿) =  𝒗    ;         𝑽𝒂𝒓(𝑿)  = 𝟐𝒗 

 Moment Generating Function 

𝑚𝑥(𝑡) = (1 − 2𝑡)
−
𝑣
2 

 According to the values of degrees of freedom v, the chi-square distribution 

has different shapes: 

 

Figure 10 : Density Function of the chi-square distribution for different values of 

the parameter v. 
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 If X is replaced by 2y, the probability density function takes the form 

            0              ;   𝒚 < 𝟎  
𝒇(𝟐𝒚) = 𝟏

 𝚪 (
𝒗
𝟐)
(𝒙)

𝒗
𝟐
−𝟏(𝒆)−𝐲   ,       𝟎 ≤ 𝒚 <  ∞ 

This relationship represents the probability density function of the gamma 

distribution 

 The Chi-square distribution represents a special case of the Gamma 

distribution with two parameters:  λ=1/2 ,  α=v/2  

 If X is a random variable that follows a gamma distribution with parameters 

α and λ, then : 

𝑿 =
 2X  

λ
~𝜒2(2𝛼)  

 If v=2, the probability density function takes the form 

            0              ;   𝒙 < 𝟎  
𝒇(𝒙) = 𝟏

𝟐 
(𝒆)−

𝒙
𝟐   ,       𝟎 ≤ 𝒙 <  ∞ 

 
It expresses the probability density function of the exponential distribution with 

λ=1/2  

 The values of this distribution can be found using the statistical table for this 

distribution 

  The curve of the probability density function is skewed to the right but 

becomes symmetrical as the value of the degree of freedom v increases 

 If we have a random variable X where   𝑿 ⤳ 𝑵(𝝁, 𝜎2)  then  

   𝑍 =
𝑋̅−𝜇

𝜎
⤳ 𝑁(0,1)  ,  We define the probability distribution of Z squares as a chi-

square distribution with a degree of freedom v=1, denoted by  𝜒2   
 (where the degree of freedom is the parameter of this distribution) and express 

it by the following relation: 

𝒁𝟐    = (
𝑿̅ − 𝝁

𝝈
)

𝟐

⤳ 𝝌𝟐(𝟏) 
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 If   𝑼𝟏, 𝑼𝟐, 𝑼𝟑…𝑼𝒏    are independent random variables that follow a chi-

square distribution with degrees of freedom  𝑣1, 𝑣2, 𝑣3…𝑣𝑛             

respectively, then : 

∑ 𝑼𝒊~𝝌(𝒗)
𝟐

𝒏

𝒊=𝟏
 

With: 𝑣 = ∑ 𝑣𝑖
𝑛
𝑖=1  

 If 𝑿𝟏, 𝑿𝟐, 𝑿𝟑…𝑿𝒏is a random sample from a normal population with the 

mean μ and variance  σ𝟐  , then 

(𝑛 − 1)𝑆2

𝜎2
=
∑ (𝑋𝑖 − 𝑋̅)

2𝑛
𝑖=1

𝜎2
⤳ 𝜒2(𝑛−1) 

has a chi-square distribution with (n - 1) degrees of freedom. 

𝑆2 : variance random   n : size sample   

6-5- The Chi-square Distribution Table 

As with a normal distribution, to calculate the cumulative probability of a chi-

square distribution, we use statistical tables where the values of the chi-square 

variable corresponding to the degree of freedom v and the probability p, which 

represents the area to the left of the Chi-square value under the curve .  

   And sometimes through other references the point of the Chi-square is defined in 

terms of the area to the right of the Chi-square value under the curve   

  P = P(X ≥ χv;p
2 )   as shown in the following figure : 

Figure 10 : the probability in the density function Curve  

of the chi-square distribution 

 

 𝝌𝟐 

𝛘𝐯;𝐩
𝟐  

P  

𝒇(𝝌𝟐)  

𝑷(𝝌𝟐 ≥ 𝝌𝒑 ,𝒗
𝟐 )  

 𝟎 

 𝟏 − 𝒑 
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From the chi-square statistical table, we can find the probability p such that the chi-

square statistic     is greater than the value 𝛘𝐩 ,𝐯
𝟐    In the sense that : 

 𝐏(𝛘𝟐 ≥ 𝛘𝐩 ,𝐯
𝟐 ) = ∫ 𝒇(𝒙)𝒅𝒙

∞

𝛘𝐩 ,𝐯
𝟐 = 𝐩  by intersecting the probability column "P" 

with the degree of freedom line "v" to produce the critical chi-square statistic 

𝛘𝐩 ,𝐯
𝟐  and this probability is shown in the shaded area in the figure above. 

Note: 

Degrees of freedom are defined as the number n of independent observations in the 

sample minus the number k representing the population parameters (arithmetic 

mean, standard deviation...), thus v=n-k. For example, in the case of the Student's 

distribution, v=n-1, on the basis that the arithmetic mean of this distribution must 

be known,  and therefore the number of estimated parameters is 1. 

Example01: 

In the first column for the degree of freedom "v" and the first row for the 

probability "p", we find a chi-square statistic such as : 

 𝑃(𝜒2 ≥ 𝜒0.95; 15
2 ) = 0.95    

     At degree of freedom v=15 and P=0.95 we find: 

𝑃(𝜒2 > 7.261) = 0.95 
 𝑃(𝜒2 > 𝜒0.05 ;11

2 ) = 0.05 
At degree of freedom v=11 and P=0.05 we find:   𝑃(𝜒2 > 19.675) = 0.05 

Example02: 

If 𝜒2 is a random variable that follows a chi-square distribution with degree of 

freedom v, from the chi-square distribution statistical table  𝜒𝑝,𝑣
2    , find : 

a) The critical value of the chi-square statistic at v=9 and p=0.05; 

𝑃(𝜒2 ≥ 𝜒0.05;9
2 )  = 0.05  ?   

b) Critical value of the chi-square statistic when v=9 and p=0.975 

   𝑃(𝜒2 ≥ 𝜒0.975 ;9
2 ) = 0.975       ? 

c) The Probability   𝑃(𝜒2 ≥ 18.307) at v=10  ? 

d) The Probability     𝑃(𝜒2 < 18.307) at v=10     ?       
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Solution: 

a)  The critical value of the chi-square statistic   𝑷(𝝌𝟐 ≥ 𝝌𝟎.𝟎𝟓 ,𝟗
𝟐 )   

 From the chi-square statistical table, in the line corresponding to the degree 

of freedom v=9 and the column corresponding to p=0.05, we find that  

  χ0.05 ,9
2 = 16.919     so:   P(χ2 ≥ 16.919) = 0.05      

b) The critical value of the chi-square statistic  𝑷(𝝌𝟐 ≥ 𝝌𝟎.𝟗𝟕𝟓 ,𝟒
𝟐 ) = 𝟎. 𝟗𝟕𝟓  

From the chi-square statistical table, the line corresponding to the degree of 

freedom v=4 and the column corresponding to p=0.975, we find that   

  𝛘𝟎.𝟗𝟕𝟓 ,𝟒
𝟐 = 𝟎. 𝟒𝟖𝟒  ,  so :   𝐏(𝛘𝟐 ≥ 𝟎. 𝟒𝟖𝟒) = 𝟎. 𝟗𝟕𝟓    

c) The probability  𝑷(𝝌𝟐 ≥ 𝟏𝟖. 𝟑𝟎𝟕)  
From the statistical table, we can see that the intersection of the statistical critical 

value of the Cui-square  χp ,10
2 = 18.307   With degree of freedom v=10, the 

probability p=0.05 results :  P(χ2 ≥ 18.307) = 𝟎. 𝟎𝟓 

d) The probability  𝑷(𝝌𝟐 < 𝟏𝟖. 𝟑𝟎𝟕) 
𝑃(𝜒2 < 18.307) = 1 − 𝑃(𝜒2 ≥ 18.307) = 1 − 0.05 = 0.95  

Example03: 

A fruit-drink company wants to know the variation, as measured by the standard 

deviation, of the amount of juice in 16-ounce cans. From past experience, it is 

known that  𝛔𝟐 = 𝟐  . The company statistician decides to take a sample of 25 cans 

from the production line and compute the sample variance. Assuming that the 

sample values may be viewed as a random sample from a normal population, find 

a value of b such that 𝑷(𝒔𝟐 < 𝒃) = 𝟎. 𝟎𝟓 

Solution: 

To find the necessary probability, use the fact that :  

(𝑛−1)𝑆2

𝜎2
⤳ 𝜒2(𝑛−1)      , with n = 25 

 𝑃(𝑠2 > 𝑏) = 0.05      
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=  𝑃 (
(25 − 1)𝑆2

2
>
(25 − 1)𝑏

2
) 

=  𝑃 (
(25 − 1)𝑆2

2
>
24 𝑏

2
) 

=  𝑃(𝜒2 > 𝑐) 

𝑐 =
24 𝑏

2
 

From the chi-square table we obtain, c = 36.4151.  

Hence,   𝑐 =
24b

2
⟹ 𝑏 =

2 

24
𝑐 =

2 

24
(36.4151) = 3.03      

 

𝑷(𝒔𝟐 > 𝟑. 𝟎𝟑) = 𝟎. 𝟎𝟓 
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7- The Student Distribution  

7-1- Probability Density Function  

Let the random variables Y and Z be such that :  𝑌~𝜒𝑣
2    ,   𝑍~𝑁(0; 1)   and    

(𝑍 ∈ 𝑅, 𝑌 ∈ 𝑅+, 𝑇 ∈ 𝑅 )  , The variable   𝐓 =
𝒁

√
𝒀

𝒗

    It follows a Student's 

distribution and has a probability density function: 

𝒇(𝒕) =
𝚪(
𝒗+𝟏

𝟐
)

√𝒗𝝅  𝚪(
𝒗

𝟐
)
(𝟏 +

𝒕𝟐

𝒗
)
−(
𝒗+𝟏

𝟐
)
     ;   −∞ < 𝐓 < ∞       ;   

𝚪(α) = ∫ 𝒙𝜶−𝟏 𝒆−𝒙
∞

𝟎

𝒅𝒙   ;  𝜶 > 𝟎 
We say that X follows a Student's distribution with degree of freedom V and 

write: 𝑋~𝑡𝑣
2 

7-2- Properties of the Student distribution 

 Expectation and variance  𝑬(𝑻) = 𝟎       𝒗 ≥ 𝟐     ,   𝑽(𝑻) = 𝒗

𝒗−𝟐
     𝒗 ≥ 𝟑 

 lim
𝑥→∞

𝑓(𝑥) = lim
𝑥→−∞

𝑓(𝑥) =0 
 The probability density function f(x) reaches its maximum value when x=0, 

as shown by the Student's distribution curve if the mean E(x)=0 corresponds 

to the greatest probability  
 The Student's distribution curve is symmetrical (symmetrical) (every negative 

value of the Student's statistic corresponds to a positive value) in the sense of  

𝑡𝑝;𝑣 = −𝑡1−𝑝;𝑣 ,  and as v increases, the Student's distribution curve f(t) 

approaches the normal distribution curve  . 
Figure 11 : The symmetry in the Student's distribution

 

  t 

−𝑡𝑝              0                𝑡𝑝 

f(t)      
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 Because the probability density function of the Student's distribution is 

symmetrical to the mathematical expectation value (equal to 0), the distribution 

function satisfies :  

𝐹𝑥(0) = 𝑃(𝑇 < 0) = 0.5    
  𝑃(𝑇 < −𝑡) = -1 𝑃(𝑇 < 𝑡)  , In other words :   𝐹𝑥(−𝑥) = 1 − 𝐹𝑥(𝑥)    
 𝑃(|𝑇| ≥ 𝑡) = 1 − 𝑃(|𝑇| ≤ 𝑡) = 1 − 𝑃(−𝑡 ≤ 𝑇 ≤ 𝑡)     
= 1 − 𝑃(𝑇 ≤ 𝑡) + 𝑃(𝑇 ≤ −𝑡) 
 In statistical tables for the Student's t distribution, the value of “t” is given by 

the degree of freedom v and the probability p to the right of t under the curve 

and we write t_(p;v) (sometimes the value of t is given by the area function to 

the left of  "t "). 

 The following table shows the values of t and the associated probabilities p 

such that : P(T≥t)=p, the probabilities p appear at the top of the first row of 

the table (0.50 to 0.0005), the first column of this table shows the degrees of 

freedom of the Student's distribution, and in the center of the table, through 

the intersection of probabilities and degrees of freedom, the values of the 

Student's t statistic appear as shown in part of the statistical table of the 

following Student's distribution: 

Table 02:Statistical Table for The Student's Distribution  

         p 

  v        
0.50 0.25 0.20 0.15 0.10 0.05 0.025 0.01 0.005 0.001 0.0005 

1 0.000 1.000 1.376 1.963 3.078 6.314 12.71 31.82 63.66 318.31 636.62 

2 0.000 0.816 1.061 1.386 1.886 2.920 4.303 6.965 9.925 22.327 31.599 

3 0.000 0.765 0.978 1.250 1.638 2.353 3.182 4.541 5.841 10.215 12.924 

4 0.000 0.741 0.941 1.190 1.533 2.132 2.776 3.747 4.604 7.173 8.610 

5 0.000 0.727 0.920 1.156 1.476 2.015 2.571 3.365 4.032 5.893 6.869 

6 0.000 0.718 0.906 1.134 1.440 1.943 2.447 3.143 3.707 5.208 5.959 

7 0.000 0.711 0.896 1.119 1.415 1.895 2.365 2.998 3.499 4.785 5.408 

8 0.000 0.706 0.889 1.108 1.397 1.860 2.306 2.896 3.355 4.501 5.041 

9 0.000 0.703 0.883 1.100 1.383 1.833 2.262 2.821 3.250 4.297 4.781 

10 0.000 0.700 0.879 1.093 1.372 1.812 2.228 2.764 3.169 4.144 4.587 
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Example01:  

Using the statistical tables of critical values for the Student distribution, find the 

following probabilities: 

a) 𝑃(𝑇 ≥ 1.812) =  ?    n = 11   

b) 𝑃(𝑇 ≤ −2.131) =  ?    n = 16    

c) 𝑃(𝑇 < 1.325) = ?   v=20 

Solution: 

a) At degree of freedom v=n-1=11-1=10 , The corresponding probability can 

be found :   𝑃(𝑇 ≥ 1.812) = 0.05 

b) At degree of freedom v= 16-1=15 . 

 Since the student distribution is symmetric, then: 

 (𝑇 ≤ −2.131) = (𝑇 ≥ 2.131) = 0.025 

c) At degree of freedom v= 20,   

𝑃(𝑇 < 1.325) = 1 − 𝑃(𝑇 ≥ 1.325) = 1 − 0.1 = 0.99 

Example02 :  

At degree of freedom v,   and probability  P  , find the values of the critical 

Student's t statistic  𝑡𝑣; 𝑝   that corresponds to : 

a)  𝑃(𝑇 ≥ 𝑡9;0.05)  ? 

b) 𝑃(𝑇 < 𝑡9;0.99)  ? 

c) 𝑃(−𝑡0.005 < 𝑇 < 𝑡0.025)  ? 

Solution: 

a) The area on the right-hand side corresponding to the p-value 0.05 and v=9 

corresponds the value of the Student's t-statistic. 1.833, meaning 

𝑃(𝑇 ≥ 1.833) = 0.05 

b) The area on the left-hand side corresponding to the p-value 0.99 and v=9  , 

so the misleading area (probability) is equal to p=1-0.99=0.01, so the area 

corresponds the value of the Student's t-statistic  2.821  ,  meaning         

  𝑃(𝑇 < 2.821  ) = 0.99 

c) The area on the right of  𝑡0.25   is 0.025 and the area on the left of  −𝑡0.005  

is 0.0025, so the area between them is :  

𝑃(−𝑡0.005 < 𝑇 < 𝑡0.25) = 1 − (0.025 + 0.005) =0.97 



The Second Axis : The Most Important Laws of Continuous Probability Distributions 

[76] 
 

8- The Fisher Distribution 

8-1- Definition: 

Given two independent random variables  𝑈~𝜒𝑣1
2    and    𝑌~𝜒𝑣2

2 ,   the random 

variable 𝐹 =
𝑈
𝑣1⁄

𝑌
𝑣2⁄
 ~𝐹(𝑣1;  𝑣2 )   follows a Fisher distribution and is defined on ℝ+  

, The Fisher distribution defined on ℝ+   is the ratio of two random variables that 

follow a chi-square distribution, where it is never negative. 

𝒗𝟏  , 𝒗𝟏  :  represent the degrees of freedom of the Fisher distribution  

6-3-2-The probability density function: 

Let the random variable X follow a Fisher distribution such that    𝑣1  , 𝑣1  ∈     
 ℕ
∗
    degrees of freedom and  𝑋 ∈ ℝ+   if its probability density function is 

defined as  :  

 

            0                                           ;   𝒙 ≤ 𝟎  
𝒇(𝒙) =   𝚪 (

𝒗𝟏 + 𝒗𝟐
𝟐 )

𝚪 (
𝒗𝟏
𝟐 )  𝚪 (

𝒗𝟐
𝟐 )
(
𝒗𝟏
𝒗𝟐
)

𝒗𝟏
𝟐
    

𝒙
𝒗𝟏−𝟐
𝟐

(𝟏 +
𝒗𝟏
𝒗𝟐
𝒙)

𝒗𝟏+𝒗𝟐
𝟐
 

    ;    𝒙 > 𝟎 

   
𝚪(𝛂)   : the function gamma  

Γ(α) = ∫ 𝑥𝛼−1
∞

0

𝑒−𝑥𝑑𝑡          , 𝛼 > 0 
The values of this distribution can be found using the table for this distribution 

6-3-3- Properties of the   Fisher Distribution   

 If  𝑣2 ≥ 3   then :         𝐸(𝑥) =
𝑣2

𝑣2−2
,   

 If: 𝑣2 ≥ 5       then:       :   𝑉(𝑥) = 2𝑣2
2(𝑣1+𝑣2−2)

𝑣1(𝑣2−2)
2𝑣2−4

  

𝐹𝑝 ;𝑣1; 𝑣2 ≠  𝐹𝑝 ; 𝑣2; 𝑣1 
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 Let 𝑋 ~𝐹(𝑣1;  𝑣2 )) such that if    𝑣1 = 1 ,  then 𝐹(1; 𝑣2 ) = 𝑡𝑣
2   

That is, 𝐹(1; 𝑣2 ) and 𝑇2 have the same distribution. 

Due to the importance of the Fisher distribution, Fisher's statistical values 

𝐹𝑝; 𝑣1; 𝑣2are tabulated according to the two degrees of freedom  𝒗𝟏; 𝒗𝟐 respectively, 

where the critical Fisher statistic     is calculated by the probability value p (which 

represents the area under the curve to the right of the F statistic) at the intersection 

of the two degrees of freedom  𝑣1;  𝑣2  . 

Example01: 

𝐹𝑝; 𝑣1; 𝑣2 = 𝐹0.05;6; 10 = 3.22    so:    𝑃(𝐹𝑐 ≥ 3.22) = 0.05    
  𝐹𝑝; 𝑣1; 𝑣2 = 𝐹0.01;6; 10 = 5.39     so : 𝑃(𝐹𝑐 ≥ 5.39) = 0.01    

Figure 12 : the probability in the density function Curve of 

 the fisher distribution 

 

 We have a    𝑋 ~𝐹(𝑣1;  𝑣2 )     So  1
𝑋
 ~𝐹(𝑣2;  𝑣1 )  in the sense that           

𝑭𝒑 ,𝒗𝟏; 𝒗𝟐 =
𝟏

𝑭𝟏−𝒑 ,𝒗𝟐; 𝒗𝟏
 

 Relationship with other distributions :  
𝑭𝒑;𝒗 =

𝝌𝒑 ;𝒗
𝟐

𝒗
     ;           𝑭𝒑;𝒗 = 𝒕𝒑

𝟐
;𝒗
𝟐 

 

 

 

 𝑭 𝑭𝒑; 𝒗𝟏; 𝒗𝟐  

p 

 

𝒇(𝑭)  

1-p 

𝑷(𝑭 ≥ 𝑭𝒑; 𝒗𝟏; 𝒗𝟐)  

 𝟎 

𝑷(𝑭 < 𝑭𝒑; 𝒗𝟏; 𝒗𝟐)  
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Example 02:  

Test the validity of the following relationships: 

a) 𝑭𝟎.𝟎𝟓 = 𝒕𝟎.𝟎𝟓
𝟐      

b) 𝑭𝟎.𝟎𝟏;𝒗 =
𝝌𝒑 ;𝒗
𝟐

𝒗
   

Solution: 

a) 𝑭𝟎.𝟎𝟓 = 𝒕𝟎.𝟎𝟐𝟓
𝟐      

We have the relationships :  𝑭𝒑;𝒗 = 𝒕𝒑
𝟐
;𝒗
𝟐  

We compare the values of Fisher's statistic in the first column  F0.05;v  at v1 = 1  

and  different degrees of freedom  𝒗 (𝒗 = 𝒗𝟐) 

 At   𝑣 = 1       161 = (12.71)2 
 At    𝑣 = 2       18.5 = (4.30)2 
 At  𝑣 = 3      10.1 = (3.18)2 

b) 𝑭𝟎.𝟎𝟏;𝒗 =
𝝌𝒑 ;𝒗
𝟐

𝒗
   

We compare the values of the Fisher statistic in the last row of degrees of 

freedom  𝐯𝟐 , and at different degrees of freedom v (𝒗 = 𝒗𝟏 ) 

F0.01;v      

 At  𝑣 = 1   :  𝐹0.01;𝑣 = 𝜒𝑝 ;𝑣
2

𝑣
   ⇒  6.63 = 6.63

1
 

 At   𝑣 = 2        4.61 = 9.21

2
 

 At   𝑣 = 3        3.78 = 11.3

3
 

c) The Fisher and chi -square distributions are special cases of each other and are 

both special cases of another distribution, the Gamma distribution, so the 

Fisher normality can be defined : 

𝑭𝒗𝟏; 𝒗𝟐 =
𝝌𝟏
𝟐 𝒗𝟏⁄

𝝌𝟐
𝟐 𝒗𝟐⁄

=
𝝈𝟐
𝟐 

𝝈𝟏
𝟐 
 
 𝑺𝟏
𝟐

 𝑺𝟐
𝟐
=
𝑺𝟏
𝟐 𝝈𝟏

𝟐⁄

𝑺𝟐
𝟐 𝝈𝟐

𝟐⁄
~𝑭(𝒗𝟏;  𝒗𝟐 ) 

𝑣1 = 𝑛1 − 1 ;  𝑣2 = 𝑛2 − 1   
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There are cases in which probability distributions can converge with each other, , 

meaning that the two distributions give a probability value that is close, and this 

means that when this convergence occurs, two (or more) probability distributions 

can be used to calculate the same probability for the variable X. 

1- Central Limit Theory 

Let   X1, X2…Xn    be a random sample such that Xi are independent and 

identically distributed (i=1,2…n) drawn from an infinite statistical population 

with mean μ and variance  𝝈𝟐 such that: 

𝑺𝒏 = X1 +  X2 +⋯Xn = ∑ 𝑿𝒊
𝒊=𝟏
𝒏       , then: 

 

𝒁𝒏 =
𝑺𝒏 − 𝒏𝝁

𝝈√𝒏
   

The probability distribution of  𝒁𝒏  approaches the standard normal distribution as 

n approaches infinity 𝒏 ⤳ ∞ 

And we write: 

𝐥𝐢𝐦
𝒏→∞

𝒑(𝒁𝒏 ≤ 𝒛) = ∫
𝟏

√𝟐𝚷

𝒛

−∞

 𝒆−
𝒛𝟐

𝟐  𝒅𝒛  

Through the central limit theorem, we conclude that: 
 The probability related to  𝒁𝒏    can be approximated by the probabilities 

corresponding to the standard variable when the sample size n is large (usually, a 

value of n≥30 ensures that the distribution of  𝒁𝒏 can be approximated to the 

normal distribution). 
 The Central Limit Theorem assumes that we have a number of independent 

random variables with the same distribution (discrete or continuous) and with a 

finite mean μ and variance 𝝈𝟐  , such that the standardized random variable  
𝒁 =

𝑺𝒏−𝒏𝝁

𝝈√𝒏
     is considered a standardized variable for 𝑆𝑛 . This theorem is also 

valid under more general conditions, such as when the variables  X1, X2…Xn      
are random and independent with the same mean and variance, but it is not 

necessary for each of them to have the same distribution. 

The following figure summarizes the approximation rules between some of the 

most important discrete and continuous probability distributions. 
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2-  Approximating The Binomial Distribution to The Poisson Distribution 

If X is a random variable that follows a binomial distribution with parameters n 

and p.  For values x=0,1... and large n values n→∞ , and the probability of success 

is close to zero p→0 (the probability of failure q is close to integer one), then the 

event is rare occurrence.  

We know that the random variable X follows a binomial distribution with mean: 

E(X)=μ=np and the variance 𝑉(𝑋) = 𝜎2 = 𝑛𝑝𝑞 

 As a rule, in practical situations, an event is considered rare when p is small 

and n is large such that p ≤ 0.1 and n ≥ 40 and therefore the Poisson 

approximation should be used   

 In general, another rule for using the Poisson approximation to a binomial 

distribution is when :  𝒏𝒑 < 𝟓  ,  with    E(X) = μ = np = λ 

It is not possible to use statistical tables for the binomial distribution when n is 

large, so calculating any probability in this case requires approximating the 

binomial distribution with a Poisson distribution. 

Example01 : 

 A factory has a defective production rate of 10%.  We select a random sample of 

06 units of the factory's production on a given day. 

- Using both the binomial and Poisson distributions, calculate the probability that 

two units are defective ?  

Solution: 

 Calculate the probability using a binomial distribution 

𝑃(𝑋) =   𝑐𝑋
40(0.9)𝑋(0.1)40−𝑋     ,    𝑋 = 0,1,2, …40 

𝑷(𝑿 = 𝟐) = 𝑐2
40(0.1)2(0.90)40−2 =

40!

(40 − 2)! 2!
(0.1)2(0.90)38 = 0.1423 

 Calculate the probability using a Poisson distributions 

Rule  Approximation :  𝒏𝒑 = 𝟒𝟎(𝟎. 𝟏) = 𝟒 < 𝟓    ,  

𝜇 = 𝑛𝑝 = λ     
𝜇 = 40(0.1 ) = 4     
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𝑷(𝑿 = 𝒙) =
𝒆−λ   λ

𝑥

𝒙!
      ;    𝒙 = 𝟎, 𝟏, 𝟐…𝒏      

            𝑃(𝑋 = 𝑥) = 𝑒−4   42

2!
= 0.1465      ;    𝑥 = 0,1,2…40 

 

Calculating the probability using the previous two distributions, we can see that 

the results are close but not identical 

Example 02: 

It is known that the probability of a person having a rare allergic reaction to a 

medication is 0.001, so if 2000 people who have taken this medication are 

randomly selected, in the sample, calculate the probability that: 

1) Three person are allergic to this medication? 

2) More than three person are allergic to this medication? 

Solution : 

1) The probability of three person who are allergic this medication  in the sample 

(using a Poisson distributions ) 

Rule  Approximation 

𝒏𝒑 = 𝟐𝟎𝟎𝟎(𝟎. 𝟎𝟎𝟏) = 𝟐 < 𝟓     

𝜇 = 𝑛𝑝 = λ 
𝜇 = 2000(0.001 ) = 2 

            𝑷(𝑿 = 𝒙) = 𝒆−λ   λ
𝑥

𝒙!
      ;    𝒙 = 𝟎, 𝟏, 𝟐…𝒏        

            𝑃(𝑋 = 3) = 𝑒−2   23

3!
= 0.1804      ;    𝑥 = 0,1,2…2000 

2) More than three person are allergic to this medication 

𝑃(𝑋 > 2) = 1 − 𝑃(𝑋 = 0) − 𝑃(𝑋 = 1) − 𝑃(𝑋 = 2) 

                                         = 1 − 5𝑒−2 = 0.323        
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3- Approximation of The Hypergeometric Distribution to The Binomial 

Distribution  

If the population size N Become ssufficiently large compared to the sample size n, 

there is no difference between sampling with return and sampling without return, 

in the case  

l, there will effectively be little difference in the probabilities obtained by the 

hypergeometric   (sampling without return( and binomial distributions   )sampling 

with return( 

of  𝑁 → ∞   and   
𝐴

𝑁
 → 𝑝  and   0 < 𝑝 < 1  :  

𝐥𝐢𝐦
𝒂,𝒃→∞

𝒂  

𝒂 + 𝒃 
= 𝒑 

we have that for x = 0,1,2,…,n, :  

𝐥𝐢𝐦
𝒂,𝒃→∞

𝑪𝒂
𝒙𝑪𝒃

𝒏−𝒙  

𝑪𝑵
𝒏  

→   𝒄𝑿
𝒏(𝟏 − 𝒑)𝑿(𝒒)𝒏−𝑿 

The approximation of the hypergeometric distribution by the binomial  is good if 

both parameters a and b are much larger than n. 

As a rule, according to statisticians, an estimate is good if:  

𝑵 > 𝟓𝟎     and    𝒏
𝑵
≤ 𝟎. 𝟏 
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4-  Approximation of The Binomial Distribution to The Normal Distribution 

If X is a random variable following the binomial distribution  𝑋 ⤳ 𝐵(𝑛, p)    then 

the binomial distribution approaches the normal distribution according to the 

central limit theorem if the sample size is large, which is explained by the 

following theorem. 

4-1-De Moivre-Laplace Theorem 

Let X be a random variable following the binomial distribution X⤳B(n,p) with 

parameters n and p, for real numbers a<b, we have: 

 

𝐥𝐢𝐦
𝒏→∞

(𝒂 <  
𝑿 − 𝒏𝒑

√𝒏𝒑𝒒
< 𝒃) =

𝟏

√𝟐𝝅
∫ −

𝟏

𝟐
𝒙𝟐𝒅𝒙

𝒃

𝒂

 

    So that:   𝐸(𝑋) = 𝑛𝑝    ;   𝑉(𝑋) = 𝑛𝑝𝑞 
4-2-The approximation rule: 

The previous theorem indicates that in the case of a large n and the probability p 

not close to zero, the normal distribution can be considered a good approximation 

of the binomial distribution, and the two distributions yield more similar results as 

the sample size increases. 

Generally, as a rule of thumb, the approximation is considered appropriate if: 

    - np≥5, n(1-p)≥5 

 -    There is another approximation rule if: np≥10, nq≥10, or npq≥10 

The normal distribution statistic Z (the standard variable) is given with a mean of 

0 and a variance of 1 as follows: 

𝒁 =
𝑿 − 𝑬(𝑿)

𝝈
=
𝑿 − 𝒏𝒑

𝝈
⤳ 𝑵(𝟎, 𝟏) 

“Yates” found that approximating the binomial distribution (a discrete 

distribution) to the normal distribution (a continuous distribution) is accurate and 

realistic if a correction is made to the value of the random variable x by adding or 

subtracting 0.5 from it. This is called “Yates' correction “or the “continuity 

correction factor”.As follows: 
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Table 03.: Rules for Approximating the Binomial Distribution to                                    

The Normal Distribution 

The cases approximation 

𝑷(𝑿 > 𝒂) 
𝑃 (𝑍 >

(𝑎 + 0.5) − 𝑛𝑝

𝜎
) 

𝑷(𝑿 ≤ 𝒂) 
𝑃 (𝑍 ≤

(𝑎 + 0.5) − 𝑛𝑝

𝜎
) 

𝑷(𝑿 < 𝒂) 
𝑃 (𝑍 <

(𝑎 − 0.5) − 𝑛𝑝

𝜎
) 

𝑷(𝑿 ≥ 𝒂) 
𝑃 (𝑍 ≥

(𝑎 − 0.5) − 𝑛𝑝

𝜎
) 

𝑷(𝒂 ≤ 𝑿 ≤ 𝒃) 
𝑃 (
(𝑎 − 0.5) − 𝑛𝑝

𝜎
≤ 𝑍 ≤

(𝑏 + 0.5) − 𝑛𝑝

𝜎
) 

P(X=k) where k is a positive 

integer between 0 and n 
𝑃 (
𝑘 − 0.5 − 𝑛𝑝

𝜎
≤ 𝑍 ≤)

𝑘 + 0.5 − 𝑛𝑝

𝜎
 

Example01 

Assuming a coin is tossed 15 times, the probability of heads appearing is 0.4, and 

let X be the random variable representing the number of heads that can appear. 

- By using the binomial distribution formula and then using the normal 

approximation, calculate the probability P(X=4)? 

Solution: 

𝑋 ⤳ 𝐵(15; 0.4)              15 =p=0.4. ;      n 
-Calculating the probability: P(X=4) 

 Using the binomial distribution relationship : 

𝑃(𝑋) =   𝑐𝑋
15(0.4)𝑋(0.6)15−𝑋     ,    𝑋 = 0,1,2,…15 

𝑷(𝑿 = 𝟒) = 𝑐4
15(0.4)4(0.6)15−4 =

15!

(15 − 4)! 4!
(0.4)4(0.6)11 = 0.1267 

 Using the binomial distribution approximation to the normal 

distribution, then: 

𝐸(𝑋) = 𝑛𝑝 = (15)(0.4) = 6    
  𝜎2 = 𝑛𝑝𝑞 = (15)(0.4)(0.6) = 3.6  , 𝜎 = 1.8973  

𝑃(𝑋 = 4) ≈ 𝑃(4 − 0.5 ≤ 𝑋 ≤ 4 + 0.5) 
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𝑃 (
(4 − 0.5) − 𝑛𝑝

𝜎  
≤ 𝑍 ≤

(4 + 0.5) − 𝑛𝑝

𝜎 
) 

𝑃 (
3.5 − 6

1.897
≤ 𝑍 ≤

4.5 − 6

1.897
) 

𝑃(−1.3176 ≤ 𝑍 ≤ −0.7905) 
𝑃(𝑍 ≤ −0.790) − 𝑃(𝑍 ≤ −1.318) 

=(1-0.78524)-(1-0.90490) =0.11966 

Example02 

Let us have 𝑿 ⤳ 𝑩(𝟐𝟎; 𝟎. 𝟑)    

- Find  :  𝑃(𝑋) = 8    ,   𝑃(𝑋) ≤ 8   ? 

 Solution: 

Using the binomial distribution formula: 

𝑷(𝑿 = 𝟖) = 𝑐8
20(0.3)8(0.7)20−8 = 0.1144 

Using the approximation of the binomial distribution to the normal distribution: 

𝑛𝑝 = 6  ;   𝑛𝑞 = 14   
Since the conditions for approximation are met, a binomial distribution can be 

approximated to a normal distribution. 

𝐸(𝑋) = 𝑛𝑝 = (20)(0.3) = 6    
𝜎2 = 𝑛𝑝𝑞 = (20)(0.3)(0.7) = 4.2           ;   𝜎 = √4.2  

𝑃(𝑋 = 8) ≈ 𝑃(8 − 0.5 ≤ 𝑋 ≤ 8 + 0.5) 

𝑃 (
7.5 − 𝑛𝑝

𝜎  
≤ 𝑍 ≤

8.5 − 𝑛𝑝

𝜎 
) 

= 𝑃 (
7.5 − 6

√4.2  
≤ 𝑍 ≤

8.5 − 6

√4.2 
) 

= 𝑃(0.73 ≤ 𝑍 ≤ 1.22) = 0.888 − 0.7673 = 0.1215 
𝑷(𝑿 ≤ 𝟖) = 𝑃 (𝑍 ≤

8 + 0.5 − 𝑛𝑝

𝜎 
) 

= 𝑃 (𝑍 ≤
8.5 − 6

√4.2 
) = 𝑃(𝑍 ≤ 1.22) = 0.8888 
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5- Approximation of The Poisson Distribution To The Normal Distribution 

Let X be a random variable following the Poisson probability distribution with 

parameter λ>0, with the probability density function: 

 𝒆
−𝛌   𝛌

𝒙

𝒙!
                    ;     𝒙 = 𝟎, 𝟏, 𝟐… ∝       𝑷(𝑿 = 𝒙)   

0                         , Otherwise 

 

𝑬(𝑿) = 𝝁 = 𝛌    ;   𝑽(𝑿) = 𝝈𝟐 = 𝛌       

The standard random variable Z:      𝒁 =
𝑿−𝝁

𝝈
==

𝑿−𝛌

√𝛌

           

Therefore, the Poisson distribution approaches the normal distribution as λ→∞, 

meaning: 

lim
λ→∞

(

 𝑎 ≤  
𝑋 − λ

√λ

≤ 𝑏

)

 =
1

√2𝜋
∫ −

1

2
𝑥2𝑑𝑥

𝑏

𝑎

 

 

Statisticians consider that the Poisson distribution approaches the normal 

distribution when λ is large, specifically when λ≥18. 

Example: 

The average defective production in a computer manufacturing plant over a month 

was 20 units. 

 Find the probability of having 03 defective units among the production of a 

randomly selected sample during a month using the normal distribution as an 

approximation to the Poisson distribution. 
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Solution: 

The Poisson distribution can be approximated by the normal distribution because 

the approximation rule is satisfied with λ=20. 

𝜇 = 20    ;  𝜎2 = 20 

𝑃(𝑋 ≤ 3) = 𝑃

[
 
 
 

𝑍 ≤
(3 + 0.5) − λ

√λ ]
 
 
 

= 𝑃 [𝑍 ≤
3.5 − 20

√20
] 

= 𝑃(𝑍 ≤ 3.68) = 1 − 0.99987 = 0.00013 
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6- Approximating The Chi-Squared Distribution to The Normal Distribution 

If the random variable X follows a chi-squared distribution with V degrees of 

freedom, 𝑋~𝜒𝑣   is a chi-squared distribution. 

E(X) = v ; Var(X) = 2v 

If the number of degrees of freedom ν → ∞ , then: 

𝑿 − 𝐯

√𝟐𝐕 𝒍𝒂𝒘
→ 𝑵(𝟎, 𝟏) 

- However, for small values of ν  , we obtain a better approximation by using 

convergence as the result: 

√𝟐𝝌𝟐 − √𝟐𝒗 − 𝟏  
𝒍𝒂𝒘
→  𝑁(0,1)        follows the standard normal distribution. 

Example: 

The order fractile   0.025  of the chi-square distribution with 50 degrees of 

freedom has the value 𝝌𝟐 = 𝟕𝟏. 𝟒𝟐𝟎  (Table No. 5 in the appendix) ,  With the 

first approximation, we write: 

 71.420 = 𝑃 (
𝑋−50

√2(50)
≥
𝑢−v

√2V
) 

1 − 0.025 = 0.975 = 𝑃 (
𝑋 − V

√2V
≤
𝑢 − v

√2V
) 

The order fractile   0.975 of the Normal distribution  N(0,1) has the 

value  z = 1.96 (Table No. 3 in the appendix) 

from which we deduce as an approximate value of u: 

𝑢 − v

√2V
= 𝑧 ⟺

𝑢 − 50

√2(50)
= 1.96 ⇒ 𝑢 − 50 = 1.96 (√2(50) ) ⇒ 

𝑢 = 50 + 19.6 = 69.6 

To use the second approximation, we write: 
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𝟎. 𝟎𝟐𝟓 = 𝑷(√𝟐𝝌𝟐 − √𝟐𝒗 − 𝟏 ≥ √𝟐𝒖 − √𝟐𝒗 − 𝟏) 

√𝟐𝒖 − √𝟐𝒗 − 𝟏 ≅ 𝒛  ,     𝒛 = 𝟏. 𝟗𝟔 

√𝟐𝒖 ≅ 𝒛 + √𝟐𝒗 − 𝟏  

√𝟐𝒖 ≅ 𝟏. 𝟗𝟔 + √𝟐(𝟓𝟎) − 𝟏  

𝒖 ≅ 𝟕𝟎. 𝟗𝟑  (value closer to the exact value.) 
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7- Approximating The Student Distribution to The Normal Distribution 

If the random variable X follows a Student's t-distribution with degrees of 

freedom v, meaning 𝑋~𝑡𝑣  , then the random variable  𝑍 =
𝑋−𝑣

√
𝒗

𝒗−𝟐

     approaches the 

standard normal distribution as v approaches infinity. 

𝑬(𝑻) = 𝟎       𝒗 ≥ 𝟐                    ,   𝑽(𝑻) =
𝒗

𝒗 − 𝟐
 

Statisticians have determined that when v≥30, the Student's t-distribution 

approaches the normal distribution. 

Example: 

To get an idea of the approximation of the fractile of order 0.95 by that of the 

normal distribution which is z =1.645, the table below gives the exact fractiles of 

the Student distribution as a function of n (Table No. 4 in the appendix) 

 

n 30 40 80 100 1000 

t 1.697 1.684 1.664 1.660 1.646 
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 Figure 13 : Approximation rules among the most important probability distributions 

                                                       𝒏𝒑 < 𝟓  𝐨𝐫 

  𝒏 ≥ 𝟒𝟎    
 𝒑 ≤ 𝟎. 𝟏 

 𝑵 > 𝟓𝟎 
𝒏

𝑵
≤ 𝟎. 𝟏  

 

𝑷(𝝀) 
Poisson distribution 

 

    𝑩(𝒏; 𝐩) 
Binomial distribution 

 

 𝑯(𝑵;𝒏; 𝒂) 
Hypergeometric 

distribution 

    𝝀 ≥ 𝟏𝟖  𝒏𝒑 ≥ 𝟓   
𝒏𝒒 ≥ 𝟓 

  

𝑿 ⤳ 𝜸(𝜶; 𝝀) 
Gamma distribution 

𝜶 ⤳ ∞ 𝑵(𝟎 ; 𝟏)      
Normal distribution    

𝒗 ⤳ ∞    𝒕𝒗 
Student distribution 

    𝜶 = 𝟏      
λ =

1

2
, 𝛼 =

𝑣

2
    

𝑿 ⤳ 𝑬𝑿𝑷(𝝀) 
Exponential 

distribution 

 𝝌𝒗
𝟐 

Chi-square distribution 

  

 
 
 

     𝒗 ⤳ ∞   
[𝑵(𝟎 ; 𝟏)]𝟐 

Normal distribution 
   𝒕𝒗

𝟐 
 Student distribution 

𝒗 = 𝟏      𝒗𝟏 = 𝟏 
𝒗𝟐 → ∞ 

 

 𝒗𝟏 = 𝟏 
𝒗𝟐 = 𝒗 

 

𝝌𝒗
𝟐

𝒗
 

 𝒗𝟏 = 𝒗 
𝒗𝟐 → ∞ 

  

 
𝑭𝒗𝟏,; 𝒗𝟐  

Fisher distribution 
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The study of discrete or continuous random variables, in one dimension, does not 

allow for the resolution of all issues that require statistical theory. 

Indeed, the studied events can be linked to several random variables simultaneously, 

and hence the need arose to determine the joint, marginal, and conditional 

probability laws as well as all the associated properties. 

All random variables are defined on the same sample space, and in this section, we 

will limit ourselves to studying two random variables (X, Y)   by conducting a study 

of discrete joint random variables. and continuous And their properties, then 

studying the properties of discrete and continuous bivariate random functions, with 

a focus on the case where the variables are independent of each other. Independent 

of each other. 

 

1-  Bivariate Discrete Random Variables  

1-1- Definition 

The random vector (X,Y) is called a discrete random vector if each of its 

components is a discrete random variable, meaning that the vector (X,Y) is discrete 

if its values form a finite and countable (indivisible) set of real pairs X,Y. Therefore, 

the discrete bivariate random variables consist of two variables X and Y, for which 

the set of possible values can be written in the form  {𝑥𝑖}𝑖∈𝐼  and {𝑦𝑗}𝑗∈𝐽       
, where I and J belong to N. 

 

1-2- Bivariate Discrete Distributions and The Marginal Function 

As in the case of one-dimensional random variables, the law of discrete bivariate 

random variables is defined by the set of possible values, let it be:  

{( 𝑥𝑖 , 𝑦𝑗); (𝑖, 𝑗) ∈ 𝐼 × 𝐽}   and associated with probabilities. 

 

 f(X, Y) =   𝑝𝑖𝑗 = 𝑃(𝑋 = 𝑥𝑖   , 𝑌 = 𝑦𝑗   ) 
= 𝑃 ((𝑋 = 𝑥𝑖) ∩ ( 𝑌 = 𝑦𝑗   )) = 𝑃(𝑥𝑖  , 𝑦𝑗   ) 

The joint probability distribution for the independent variables (X,Y) is a joint 

probability density function f(X,Y) for the independent random variables (X,Y), 

and it gives the probabilities corresponding to different values of (X,Y) for the 

various values of this function. This function satisfies the conditions of a density 

function. 
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 f (X, Y) ≥ 0 
∑ ∑ f(X, Y)

𝑌𝑋
= 1 

 
This function is given in the form of a table called the discrete probability 

distribution table  . 

Table 04: Discrete Probability Distribution Table 

𝒇𝟏(𝒙𝒊)  𝒚𝒎 … 𝒚𝟐 𝒚𝟏  
𝑓(𝑥1) 𝑓(𝑥1, 𝑦𝑚) ... 𝑓(𝑥1, 𝑦2) 𝑓(𝑥1, 𝑦1) 𝒙𝟏 
𝑓(𝑥2) 𝑓(𝑥2, 𝑦𝑚) … 𝑓(𝑥2, 𝑦2) 𝑓(𝑥2, 𝑦1) 𝒙𝟐 

. 

. 

. 

 … … . 
. 
. 

. 

. 

. 
   …   

𝑓(𝑥𝑛) 𝑓(𝑥𝑛, 𝑦𝑚) ... 𝑓(𝑥𝑛, 𝑦2) 𝑓(𝑥𝑛, 𝑦1) 𝒙𝒏 

1 𝑓(𝑦𝑚) … 𝑓(𝑦2) 𝑓(𝑦1) 𝒇𝟐(𝒚𝒋)  
 

𝑓1(𝑥𝑖) : represents the sum of all probabilities in the row corresponding to the 

values   𝑥𝑖 (i=1,2,…n)  

𝑓2(𝑦𝑗): represents the sum of all probabilities in the row corresponding to the 

values 𝑦𝑗 (j=1,2,…m). 

The functions  𝑓1(𝑥𝑖)  and  𝑓2(𝑦𝑗) are called Marginal Functions for both x and 

y, and it means that one of the variables takes a specific value regardless of all the 

values that the variable can take, and they are defined as follows: 

𝑓1(𝑥) =∑𝑓(𝑥, 𝑦)

𝑗

          , 𝑓2(𝑦) =∑𝑓(𝑥, 𝑦)

𝑖

 

     So that      :   ∑𝑓1(𝑥) = 1      ;  ∑ 𝑓2(𝑦) = 1      ;     
The probability that: X=x is in the form of:  

𝑃(X = x) = 𝑓1(𝑥)  = ∑ 𝑓(𝑥, 𝑦𝑗)
𝑚
𝑗=1    
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Then   𝑓1(𝑥)   represents the probability that the variable  X  takes the value  

𝑥𝑖  without considering the values taken by the random variable  Y,  

 The probability that: Y=y is in the form:  

𝑃(𝑌 = y) = 𝑓2(𝑦)  =∑𝑓(𝑥𝑖 , 𝑦)

𝑛

𝑖=1

 

 Table 05:The Marginal Distribution Table  
… 𝑥𝑖 … 𝑥2 𝑥1 X 

…… 𝑓(𝑦𝑖) ….. 𝑓(𝑦2) 𝑓(𝑦1) 𝒇𝟏(𝒙) 

 
1-3-  Discrete cumulative distribution function (distribution function): 

The cumulative function for the variables (x,y) is given as follows: 

 
F (x, y) = P(𝑋 ≤ 𝑥, 𝑌 ≤ 𝑥 ) 
= ∑∑f(X, Y)

𝑌≤𝑦𝑋≤𝑥

 = ∑∑𝑃𝑖𝑗
𝑌≤𝑦𝑋≤𝑥

 

Example01: 

Two dice were rolled once, assuming that X is a random variable representing the 

sum of the points showing on the upper face of the two dice and Y represents the 

largest number showing on the upper face of the two dice. Find the joint 

probability density function for the pair (x,y). 

Solution: 

The sample space for this random experiment is: 
𝑆 = {(𝑖, 𝑗): 𝑖 = 𝑗 = 1,2,3…6} 
𝑋 = (𝑖 + 𝑗) = 2,3,4…12 
𝑌 = 𝑀𝑎𝑥(𝑖, 𝑗) = 1,2,3,…6 

The probabilities corresponding to the pair of variables (x,y) are calculated as 

follows: 

f(2,1)=P(X=2, Y=1)=P(1,1)=1/36 

  f(2,2) = P(X = 2, Y = 2) = P(Φ)=0 

f(4,1) = P(X = 4, Y = 1) = P(Φ)=0 
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f(4,2) = P(X = 4, Y = 2) = P(2,2) = 1/36  

f(4,3) = P(X = 4, Y = 3) = P[(3,1), (1,3)] = 2/36 

f(4,4) = P(X = 4, Y = 4) = P[(Φ)] = 0 

In the same way, the remaining probabilities corresponding to the bivariate 

variable (x,y) can be calculated, so that this can be summarized in the joint table 

representing the values of the probability density function f(X,Y). 

The Discrete Probability Distribution Table  

𝒇𝟏(𝒙) 6 5 4 3 2 1            Y 

 X   

𝟏/𝟑𝟔 0 0 0 0 0 1/36 2 
𝟐/𝟑𝟔 0 0 0 0 2/36 0 3 
𝟑/𝟑𝟔 0 0 0 2/36 1/36 0 4 
𝟒/𝟑𝟔 0 0 2/36 2/36 0 0 5 
𝟓/𝟑𝟔 0 2/36 2/36 1/36 0 0 6 
𝟔/𝟑𝟔 2/36 2/36 2/36 0 0 0 7 
𝟓/𝟑𝟔 2/36 2/36 1/36 0 0 0 8 
𝟒/𝟑𝟔 2/36 2/36 0 0 0 0 9 
𝟑/𝟑𝟔 2/36 1/36 0 0 0 0 01 
𝟐/𝟑𝟔 2/36 0 0 0 0 0 00 
𝟏/𝟑𝟔 1/36 0 0 0 0 0 02 

1 𝟏𝟏/𝟑𝟔 𝟗/𝟑𝟔 𝟕/𝟑𝟔 𝟓/𝟑𝟔 𝟑/𝟑𝟔 𝟏/𝟑𝟔 𝒇𝟐(𝒚) 

Example02: 

The electronic device contains nine electrical connections, three of which are 

white. Two black and four red, with the aim of inspecting this device and ensuring 

its safety before ramping up production, two units of this device were randomly 

selected for inspection. 

 

Let X be a random variable representing the number of white links drawn. 

Let Y be a random variable representing the number of black links drawn. 

 

a) Find the joint probability distribution table for the random variables X and Y. 
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b) Find the marginal distributions for each of the separate variables X and Y. 

Solution: 

a) The Probability Distribution Table 

2 1 0                X 

 Y  

f(0,2) f(0,1) f(0,0) 0 
f(1,2) f(1,1) f(1,0) 1 
f(2,2) f(2,1) f(2,0) 2 

 Such that: 

 f(0,0) = 𝑃(𝑋 = 0, 𝑌 = 0) =
𝐶3
0 𝐶2 

0𝐶4
2

𝐶9
2 =

6

36
 

f(0,1) = 𝑃(𝑋 = 0, 𝑌 = 1) =
𝐶3
0 𝐶2 

1𝐶4
1

𝐶9
2 =

8

36
 

f(0,1) = 𝑃(𝑋 = 0, 𝑌 = 1) = 0 

b) The Joint Probability Distribution Table  

𝒇𝟏(𝒙)  The total 2 1 6 Y 

         X 
15
36⁄  1

36
 8

36
 6

36
 0 

18
36⁄  0 6

36
 12

36
 1 

3
36⁄  0 0 3

36
 0 

1 1
36⁄  14

36⁄  21
36⁄    𝒇𝟐(𝒚) The total 

𝑓1(𝑥)   ، 𝑓2(𝑦)    :  They represent the marginal (boundary) functions of the 

variables x and y, respectively 
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Example03: 

𝐟(𝐗, 𝐘) = 𝒒𝟐𝒑𝒚−𝟐 
x = 1,2… . y − 1     ; 𝑦 = 2,3,4….   

0 ≤ p ≤ 1  ,   q = 1 − p 
a) Make sure that f(X,Y) is a probability function? 

b) Find the value of the probability f(2,4)? 

Solution: 

 Ensuring that f(X,Y) is a Probability Function 

 

The first condition: We observe that    f (X, Y) ≥ 0   for all values of x, y. 

 

The second condition: ∑ ∑ f(X, Y)𝑌𝑋 = 1 

 

From the limits of the variables, we notice that x starts from 1; and y starts from 

1+x, thus: 

∑ ∑ 𝑓(𝑥, 𝑦)

∞

𝑦=𝑥+1

∞

𝑥=1

= 𝑞2∑ ∑ 𝑝𝑦−2
∞

𝑦=𝑥+1

∞

𝑥=1 

 

= 𝑞2∑(𝑝𝑥−1 + 𝑝𝑥 + 𝑝𝑥+1 +⋯) 

∞

𝑥=1 

 

=  𝑞 ∑ 𝑝𝑥−1 

∞

𝑥=1 

=  𝑞.
1

1 − 𝑝
= 1 

So we conclude that the function  f(X,Y).  is a probability density function  

 

 Calculating the probability f(2,4) 

𝐅(𝐱, 𝐲) = 𝑷(𝑿 ≤ 𝒙, 𝒀 ≤ 𝒚) = ∑ ∑ 𝒒𝟐𝒑𝒚−𝟐
∞

𝑦=𝑥+1

∞

𝑥=1

 

𝐅(𝟐, 𝟒) = ∑ ∑ 𝒒𝟐𝒑𝒚−𝟐
4

𝑦=𝑥+1

2

𝑥=1

= 𝐅(𝟐, 𝟒) 

= 𝒒𝟐(𝟏 + 𝟐𝒑 + 𝟐𝒑𝟐)  
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Example04: 
If the probability function for the variables X and Y is given in the following 

table: 

 5 6 2-    Y 

 X 

6.2 6.25 6.15 1 

6.15 6.65 6.2 3 

 Find the Marginal Probability Density Functions for the random 

variables X and Y? 

 

Solution: 

By summing the probabilities horizontally and vertically, we obtain the following 

table: 

 

𝑓1(𝑥) 5 1 2-            Y 

X            

0.60 6.26 6.25 6.15 1 

0.40 6.15 6.65 6.26 3 

1 0.35 0.30 0.35 𝑓2(𝑦) 

 

-The marginal probability density function of the variable X is given as follows: 

 

    0 2- X 

0.40 0.60 𝒇𝟏(𝒙) 

- The marginal probability density function of the variable Y is given as 

follows: 

5 6 2- Y 

0.35 0.30 0.35 𝒇𝟐(𝒚) 
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2-  Bivariate Continuous Random Variables 

2-1- Joint Probability Density Function: 

Let X and Y be continuous variables. We say that f(X,Y) is a Joint Probability 

Density Function for the random variables (X,Y) if the following two conditions 

are satisfied: 

𝐟 (𝐱, 𝐲) ≥ 𝟎  
 

  ∫ ∫ 𝐟(𝐱, 𝐲)𝒅𝒙𝒅𝒚
∞

−∞

∞

−∞

= 𝟏 

 
From the previous definition, we find: 

𝑃(𝑥1 ≤ 𝑋 ≤ 𝑥2  , 𝑦1 ≤ 𝑌 ≤ 𝑦2 ) = ∫ ∫ f(x, y)𝑑𝑥𝑑𝑦
𝑦2

𝑦1

𝑥2

𝑥1

 

The graphical representation of the random vector (X,Y) is obtained by plotting 

the probability density function f(X,Y) graphically for every value (X, Y) ∈ ℝ2  in 

the plane. 

 

Thus, the relationship 𝑃(𝑥1 ≤ 𝑋 ≤ 𝑥2  , 𝑦1 ≤ 𝑌 ≤ 𝑦2 )   represents the volume 

under the curve of the joint probability density function and above the area 

defined by the lines  𝑥 = 𝑥1  و     𝑥 = 𝑥2  ,   𝑦 = 𝑦1  و     𝑦 = 𝑦2    in the Cartesian 

plane. 

2-2- The Continuous Marginal Probability Density Function 

Through the definition of the joint probability density function for the continuous 

random variables (X, Y), it is possible to obtain the marginal probability density 

functions for each of the continuous random variables x and y, respectively.  

𝑓1(𝑥) = ∫ f(x, y)𝑑𝑦
∞

−∞

 

 

𝑓2(𝑦) = ∫ f(x, y)𝑑𝑥
∞

−∞
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2-3- Continuous Cumulative Distribution Function: 

If  f(X,Y) is the probability density function for two random variables  X  and  Y, 

then the joint cumulative distribution function for the variables  X  and  Y, 

denoted by  F(x,y), is defined as follows: 

𝐅(𝐚, 𝐛) = 𝑷(𝑿 ≤ 𝒂, 𝒀 ≤ 𝒃) = ∫ ∫ 𝐟(𝐱, 𝐲)𝑑𝑥𝑑𝑦
𝑏

−∞

𝑎

−∞

 
Where a  and b represent real numbers of the values of the variables X and Y, 

respectively. 

 

The distribution function satisfies the following conditions: 
 

𝟎 ≤ 𝐅 (𝐱, 𝐲) ≤ 𝟏 
F(x,−∞) = 𝑝(𝑋 ≤ 𝑥 , 𝑌 ≤ −∞) = 0 
F(−∞, y) = 𝑝(𝑋 ≤ −∞ , 𝑌 ≤ 𝑦) = 0 

F(+∞,+∞) = 1 
F(−∞,−∞) = 0 

Such that this function is non-decreasing, that is: 

 

𝑥1 ≤ 𝑥2 ⇒ F(𝑥1, y) ≤ F(𝑥2, y) 
𝑦1 ≤ 𝑦2 ⇒ F(𝑥, 𝑦1) ≤ F(𝑥, 𝑦2) 

If (x,y) are continuous random variables, then the joint probability density 

function (probability density function) for these variables f(x,y) is given as 

follows: 

f(x, y) =
𝜕

𝜕𝑥

𝜕

𝜕𝑦
𝐹(𝑥, 𝑦) 

Example 01: 

If x and y are independent random variables, their joint probability density 

function is given as follows: 

𝐟(𝐱, 𝐲) = 𝑫 𝒙 𝒚    ;  𝟎 ≤ 𝒙 ≤ 𝒚 ≤ 𝟏     
𝑫 ≥ 𝟎      ,     D :  Constant value 
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Find : 

a) The value of the constant D  ? 

b) The probability  F(1 3⁄ ,
1
2⁄ )  ? 

c) The marginal probability density function for both X and Y  ? 

  Solution: 
a) The value of the constant term c 

- We conclude that the condition 𝐟 (𝐗, 𝐘) ≥ 0   is satisfied for all values of x and y 

 

∫ ∫ f(X, Y)𝑑𝑥𝑑𝑦
∞

−∞

∞

−∞

= 𝑐∫ 𝑥𝑑𝑥∫ y𝑑𝑦
1

𝑥

= 1   
1

0

 

 

= 𝑐∫ 𝑥 [
𝑦2

2
]
𝑥

1

𝑑𝑥   =
1

0

𝑐

2
∫ 𝑥(1 − 𝑥2)𝑑𝑥 
1

0

 

=
𝑐

2
[
𝑥2

2
−
𝑥2

4
]
0

1

= 1 

𝑐

8
= 1  ⟹   𝑐 = 8 

𝐟(𝐱, 𝐲) = 𝟖 𝒙 𝒚    ;  𝟎 ≤ 𝒙 ≤ 𝒚 ≤ 𝟏 
 

b) The probability  𝐅(𝟏 𝟑⁄ , 𝟏 𝟐⁄ ) 
𝐹(𝑎, 𝑏) = 𝑷(𝑿 ≤ 𝒂,𝒀 ≤ 𝒃) 

= 𝟖∫ 𝑥𝑑𝑥∫ 𝑦𝑑𝑦
𝑏

𝑥

𝑎

0

 

=
8

2
∫ 𝑥(𝑏2 − 𝑥2)𝑑𝑥
𝑎

0

 

=
8

2
[𝑏2

𝑥2

2
−
𝑥4

4
]
0

𝑎

 

2𝑎2𝑏2 − 𝑎4 
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𝐹 (
1

3
,
1

2
) = 2 (

1

3
)
2

(
1

2
)
2

− (
1

3
)
4

=
7

162
 

c) The Marginal Probability function for both X and Y 

𝑓1(𝑥) = ∫ f(X, Y)𝑑𝑦 = 8∫ 𝑥𝑦 𝑑𝑦 = 8𝑥 [
𝑦2

2
]
𝑥

1

=  4𝑥(1 − 𝑥2)      
1

𝑥

∞

−∞

 

𝑓2(𝑦) = ∫ f(X, Y)𝑑𝑥 = 8∫ 𝑥𝑦 𝑑𝑥 = 8𝑦 [
𝑥2

2
]
0

𝑦

= 4𝑦3       
𝑦

0

∞

−∞

 

 
 The Marginal Probability function for X becomes in the form : 

 

𝟒𝒙(𝟏 − 𝒙𝟐)          ;     𝟎 ≤ 𝒙 ≤ 𝟏  
𝒇𝟏(𝒙) = 

                    Otherwise; ;                  0  

 The Marginal Probability function for Y becomes in the form : 

𝟒𝒚𝟑                       ;     𝟎 ≤ 𝒚 ≤ 𝟏  
𝒇𝟐(𝒚) = 

              Otherwise     ;          0  

Example 02: 

Let X and Y be continuous random variables whose joint density function is given 

in the following form. 

𝒇(𝐱, 𝐲) =
𝒙

𝟒
(𝟏 + 𝟑𝒚𝟐)  ;   𝟎 ≤ 𝒙 ≤ 𝟐  ;   𝟎 ≤ 𝒚 ≤ 𝟏   

a) Prove that f(X,Y) represents a probability density function? 

b) Find the marginal density functions for each of the random variables X and 

Y? 

c) Find the joint cumulative distribution function for the random variables 

(X,Y)? 

d) Find the probability : P(X<1, Y<0.5)  ? 
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Solution: 

a) The previous probability density function can be rewritten as follows: 

 

𝒙

𝟒
(𝟏 + 𝟑𝒚𝟐)            ;   𝟎 < 𝒙 < 𝟐  , 𝟎 < 𝒚 < 𝟏 𝒇(𝒙, 𝐲) = 
    0               ;Otherwise                    

 

No matter the value of both Y and X, f(x,y) ≥ 0. 

Also: 

∫ ∫ f(x, y)𝑑𝑥𝑑𝑦
∞

−∞

∞

−∞

= 1 

 

∫ ∫ f(x, y)𝑑𝑥𝑑𝑦
∞

−∞

∞

−∞

= ∫ ∫
𝑥

4
(1 + 3𝑦2)𝑑𝑥𝑑𝑦

1

0

2

0

 

 

=
1

4
∫ 𝑥 [∫ [(1 + 3𝑦2)𝑑𝑦]

1

0

] 𝑑𝑥
2

0

 

 

=
1

4
∫ 𝑥[(𝑦 + 𝑦3)]0

1
2

0

𝑑𝑥 =
1

4
∫ 2𝑥𝑑𝑥 =

1

2
[
𝑥2

2
]
0

2

= 1
2

0

  

And thus we conclude that f(x,y) represents the joint probability density function 

of the variables x and y. 

b) The Marginal Density Functions 

𝑓1(𝑥) = ∫ f(x, y)𝑑𝑦 = ∫
𝑥

4
(1 + 3𝑦2)𝑑𝑦 =

𝑥

4
[(𝑦 + 𝑦3)]0

1 =
𝑥

2

1

0

∞

−∞

 

𝑓2(𝑦) = ∫ f(x, y)𝑑𝑥 = ∫
𝑥

4
(1 + 3𝑦2)𝑑𝑥 =

1 + 3𝑦2

4
[
𝑥2

2
]
0

2

=
1 + 3𝑦2

4

2

0

∞

−∞
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- The marginal density function of the random variable X becomes as 

follows: 
𝒙

𝟐
                     ;     𝟎 < 𝒙 < 𝟐 𝒇𝟏(𝒙) = 

                              ;Otherwise               0  
 

- The marginal density function of the random variable X becomes as 

follows: 

𝟏 + 𝟑𝒚𝟐

𝟐
                     ;     𝟎 < 𝒚 < 𝟏 𝒇𝟐(𝒚) = 

                   ; Otherwise                       0  
 

c) Joint Distribution Function  𝑭(𝒙, 𝒚) 

The joint cumulative distribution function (Cumulative)  for the variables F(x,y), 

can be found as follows: 

𝐹(𝑥, 𝑦) = 𝑷(𝑿 ≤ 𝒙, 𝒀 ≤ 𝒚) = ∫ ∫ f(X, Y)𝑑𝑥𝑑𝑦
𝑦

−∞

𝑥

−∞

 

∫ ∫
𝑥

4
𝑥(1 + 3𝑦2)𝑑𝑥𝑑𝑦

𝑦

−∞

𝑥

−∞

 

=
1

4
∫ ∫ 𝑥(1 + 3𝑦2)𝑑𝑥𝑑𝑦

𝑦

0

𝑥

0

 

=
1

4
∫ 𝑥[(𝑦 + 𝑦3)]0

𝑦
𝑥

0

𝑑𝑥 =
1

4
∫ 𝑥(𝑦 + 𝑦3)𝑑𝑥
𝑥

0

 

=
1

4
(𝑦 + 𝑦3) [

𝑥2

2
]
0

𝑥

=
1

4
(𝑦 + 𝑦3)

𝑥2

2
=
1

8
𝑥2(𝑦 + 𝑦3) 

𝑭(𝒙, 𝒚) =
𝟏

𝟖
𝒙𝟐(𝒚 + 𝒚𝟑) 

 
 
 



 The Fourth Axis: Bivariate Random Variables 

[105] 
 

d) The probability: P(X<1, Y<0.5)   
𝐹(1, 0.5) = 𝑷(𝑿 ≤ 𝟏, 𝒀 ≤ 𝟎. 𝟓) = ∫ ∫

𝑥

4
𝑥(1 + 3𝑦2)𝑑𝑥𝑑𝑦

0.5

0

1

0

 

=
1

4
∫ 𝑥[(𝑦 + 𝑦3)]0

0.5
1

0

𝑑𝑥 = 0.156 [
𝑥2

2
]
0

1

= 0.078 

The probability can also be calculated using the cumulative distribution function. 

 
𝐹(1, 0.5) = 𝑷(𝑿 ≤ 𝟏, 𝒀 ≤ 𝟎. 𝟓) = 
1

8
𝑥2(𝑦 + 𝑦3) =

1

8
12(0.5 + 0.53)=0.078 
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3- Conditional Probability Distribution 

3-1-  The conditional probability function of two discrete random variables 

If X and Y are independent random variables, their joint probability density 

function is f(X,Y). 

The conditional probability function of the variable Y given  𝑋 = 𝑥𝑖  given as 

follows: 

𝑓(𝑦 𝑋⁄ = 𝑥𝑖) =
𝑓(𝑥𝑖  , 𝑦   )

𝑓1(𝑥𝑖  )
  ;  𝑓(𝑥𝑖) > 0 

𝒇𝟏(𝒙𝒊 ) :The marginal probability function of the variable x And thus: 

       

𝑓(𝑦𝑗 ∕ 𝑥𝑖) = 𝑃(𝑌 = 𝑦𝑗  , 𝑋 = 𝑥𝑖    ) =
𝑃(𝑋 = 𝑥𝑖  , 𝑌 = 𝑦𝑗    )

𝑃(𝑋 = 𝑥𝑖)
=  
𝑓(𝑥𝑖  , 𝑦𝑗    )

𝑓1(𝑥𝑖  )
  

Similarly, the conditional probability function of the variable X given that        

𝒀 = 𝒚𝒊   is as follows: 

𝒇(𝒙 𝒚𝒋⁄ ) = 𝒇(𝒙 𝒀⁄ = 𝒚𝒋) =
𝒇(𝒙 , 𝒚𝒋   )

 𝑓2(𝒚𝒋)
  ;  𝒇(𝒚𝒋) > 𝟎 

𝑓2(𝒚𝒋)  : The marginal probability function of the variable Y 

3-2-   The Conditional Probability Function for two continuous random 

variables 

If (X, Y) are continuous random variables such that their probability density 

function is f(x, y) , then: 

    - The conditional probability density function of the variable Y given 𝑿 = 𝒙 is 

𝑓(𝑦 𝑥⁄ ) = 𝑓(𝑦 𝑋 = 𝑥⁄ ) =
𝑓(𝑥 , 𝑦 )

𝑓1(𝑥 )
      ;  𝑓1(𝑥 ) > 0 

 𝑓1(𝑥 )  :   The marginal probability function of the variable X   
 - The conditional probability density function of the variable x given Y=y is: 

 

 𝑓2(𝑦) > 0                   𝑓 (𝑥 𝑦⁄ ) =
𝑓(𝑥 ,𝑦)

𝑓2(𝑦)
≥ 0      ,      

  𝑓2(𝑦) :    The marginal probability function of the variable Y   
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The conditional probability function satisfies all the conditions of the known 

probability distribution, which are: 

 

∫ 𝑓(𝑥 𝑦⁄ )𝑑𝑥 =
1

 𝑓2(𝑦)

∞

−∞

∫ 𝑓(𝑥, 𝑦)𝑑𝑥 =
 𝑓2(𝑦)

 𝑓2(𝑦)

∞

−∞

= 1 

∫ 𝑓(𝑦 𝑥⁄ )𝑑𝑥 =
1

 𝑓1(𝑥)

∞

−∞

∫ 𝑓(𝑥, 𝑦)𝑑𝑥 =
 𝑓1(𝑥)

 𝑓1(𝑥)

∞

−∞

= 1 

Example: 

The joint probability density function  of  x and y is given as follows: 

𝐟(𝐱, 𝐲) = 𝟖 𝒙 𝒚    ;  𝟎 ≤ 𝒙 ≤ 𝒚 ≤ 𝟏     
- Find the marginal probability density function for both X and Y? 

- The conditional probability density function of the variables X and Y ? 

Solution: 
 The marginal probability density function for both X and Y 

𝑓1(𝑥) = ∫ f(x, y)𝑑𝑦 = 8∫ 𝑥𝑦 𝑑𝑦 =  4𝑥(1 − 𝑥2)      
1

𝑥

∞

−∞

 

𝑓2(𝑦) = ∫ f(x, y)𝑑𝑥 = 8∫ 𝑥𝑦 𝑑𝑥 = 4𝑦3       
𝑦

0

∞

−∞

 

 The conditional probability density function 

𝑓 (𝑥 𝑦⁄ ) =
𝑓(𝑥 , 𝑦)

𝑓2(𝑦)
=
2𝑥

𝑦2
    ;  0 ≤ 𝑥 ≤  𝑦                   

𝒇 (𝒙 𝒚⁄ ) : The conditional probability density function of the variable x  

𝑓 (𝑦 𝑥⁄ ) =
𝑓(𝑥 , 𝑦)

𝑓1(𝑥)
=

2𝑦

1 − 𝑥2
    ;  𝑥 ≤ 𝑦 ≤  1                   

𝒇 (𝒚 𝒙⁄ ) : The conditional probability density function of the variable y  
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4- Independence of Two Variables 

      - The two discrete random variables X and Y are independent if: 

𝒇(𝒙𝒊, 𝒚𝒋) = 𝒇𝟏(𝒙𝒊) 𝒇𝟐(𝒚𝒋) 
The continuous variables X and Y are independent if their joint probability 

function f(x,y) equals the product of their marginal probability functions f(x) and 

f(y), which means the following relationship holds: 

𝑓(𝑥, 𝑦) = 𝑓1(𝑥 ) 𝑓2(𝑦) 

If X and Y are independent variables, then the conditional distributions equal the 

marginal distributions, meaning that: 

𝑓(𝑥 𝑦⁄ ) =
𝑓(𝑥 , 𝑦)

𝑓2(𝑦)
=
𝑓1(𝑥) 𝑓2(𝑦)

𝑓2(𝑦)
=  𝑓(𝑥) 

𝑓(𝑦 𝑥⁄ ) =
𝑓(𝑥 , 𝑦)

𝑓1(𝑥)
=
𝑓1(𝑥) 𝑓2(𝑦)

𝑓1(𝑥)
=  𝑓2(𝑦) 

And thus we conclude that: 

𝒇(𝒙 𝒚⁄ )  =  𝒇𝟏(𝒙 )             و    𝒇(𝒚 𝒙⁄ )  =  𝒇𝟐(𝒚 )       
And this is because the independence of the variables means that knowing y does 

not affect the distribution of X in any way. 

 

Example 01: 

Let the joint probability function : 

  𝑓(𝑥, 𝑦) =
𝜆𝑥+𝑦 𝑒−2𝜆

𝑥! 𝑦!
        ; 𝑥 = 0,1,2….  ;   𝑦 = 0,1,2… 

-Prove that the two variables  x and y are independent ? 

Solution 

𝑓(𝑥, 𝑦) =   (
𝜆𝑥 𝑒−𝜆

𝑥! 
  ) (

𝜆𝑦 𝑒−𝜆

 𝑦!
  ) = 𝑓1(𝑥 ) 𝑓2(𝑦) 

Whereas the two variables follow the Poisson distribution. we conclude that the 

two variables  x and y  are independent. 
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Example 02: 

The following table gives the joint probability function for the two variables: 

4 3 2    Y 

 X 

0.09 0.15 0.06 1 

0.21 0.35 0.14 2 

- Are the variables x and y   independent ? 

 

Solution 

 

𝒇𝟏(𝒙𝒊) 4 3 2    Y 

 X 

0.3 0.09 0.15 0.06 1 

0.7 0.21 0.35 0.14 2 

1 0.3 0.5 0.2 𝒇𝟐(𝒚𝒋) 

We note that for all values of x and y , for example : 

F(1,4)=0.09=f(1) f(4)=(0.3) (0.3)  

F(2,3)=0.35=f(2) f(3)=(0.7) (0.5)  

So the two variables are independents 
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 Corrected Exercises 

1- It is known in a certain city that 10% of startups achieve profits by the end 

of the fiscal year. If a random sample of 5 startups is selected, let X be a 

random variable representing the number of startups that achieve profits by 

the end of the fiscal year. 

a. Determine the type and the mathematical formula for the probability law of 

X ? 

b. In the selected sample, calculate the probability of achieving profits: 

 - Less than or equal to one startup ? 

 - Between 01 to 02 startup companies  P(1≤X≤2) ? 

Solution: 

The type and mathematical formula for the probability law of X 

 

 

X follows a binomial distribution 𝑋 ⤳ 𝐵(5; 0.1) 
 

a. Probability calculation 

𝑷(𝑿 ≤ 𝟏) = 𝑃(𝑋 = 0) + 𝑃(𝑋 = 1)       

= 𝑐5
0(0.1)0(0.9)5−0 + 𝑐5

1(0.1)1(0.9)5−1 

= 0.5904 + 0.3280 = 0.9184 

𝑷(𝟏 ≤ 𝑿 ≤ 𝟐) = 𝑷(𝑿 = 𝟏) + 𝑷(𝑿 = 𝟐) 

= 𝑐5
1(0.1)1(0.9)5−1 + 𝑐5

2(0.1)2(0.9)5−2 

= 0.3280 + 0.0729 = 0.4009 

2- Assuming that the time required to load a product onto a truck in a factory 

follows an exponential distribution, if the average time required to load the 

truck is 5 minutes. 

a.  Find the probability that this product will be loaded onto the truck in a time 

greater than 06 minutes? 

b. Find the probability that the product will be loaded onto the truck in a time 

greater than 06 minutes? 

 

 

  𝒄𝟓
𝒙(𝟎. 𝟏)𝒙(𝟎. 𝟗)𝟓−𝒙 ;  𝒙 = 𝟎, 𝟏, 𝟐…𝟓  

𝑷(𝑿 = 𝒙)  0                 ;  Otherwise 
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Solution: 

a. The mathematical formula for the probability density function of the 

random variable X 

X follows an exponential distribution.    

𝑿 ⤳ 𝑬𝑿𝑷(
𝟏

𝟓
) 

 ⟹ 𝝀 =
1

𝟓
 𝐸(𝑋) = 5 =

1

𝝀
 

𝝀 𝒆−𝝀𝒙 =
1

𝟓
 𝒆−

1
𝟓
𝒙   ; 𝒙 ≥ 𝟎 

 

𝑷(𝑿 = 𝒙)=                   

     𝟎                             ;   𝒙 < 0                            

b. The probability of loading the product onto the truck in a time greater than 

6 minutes. 

𝑷(𝑿 ≤ 𝒙) = 𝟏− 𝒆−𝝀𝒙 

𝑷(𝑿 > 𝟔) = 𝟏 − 𝑷(𝑿 ≤ 𝟔) = 𝟏 − [𝟏 − 𝒆−(
1
𝟓
)(𝟔)]  = 𝟎. 𝟑𝟎𝟏𝟏 

 
3- An industrial product is shipped in batches, with each batch consisting of 20 

pieces. To determine whether the product is defective or not, factory experts 

take a random sample without replacement of five pieces from this product 

(from one of the batches). The batch is rejected for shipment if more than 

one defective piece is observed. 

 Let's consider X a random variable representing the number of defective pieces 

in the selected sample, if the batch contains four defective pieces. 

 

a. Determine the type and mathematical formula of the probability law that X 

follows? 

b. Calculate the probability of rejecting this shipment? 

c. What is the expected number and variance of defective items in a sample of 

5 pieces 
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Solution 

a. The type and mathematical formula of the probability law for X  

X follows the hypergeometric distribution. 

𝑋 ⤳ 𝐻(5; 4 ; 20) 

 

𝑪𝒂
𝒙𝑪𝒃

𝒏−𝒙  

𝑪𝑵
𝒏  

=
𝑪𝟒
𝒙𝑪𝟏𝟔
𝟓−𝒙  

𝑪𝟐𝟎
𝟓  

   ; 𝒙 = 𝟎, 𝟏, 𝟐…𝒏 
 

𝑷(𝑿 = 𝒙) =            
          0                                                  ;  Otherwise     

 

b.  The probability of rejecting this shipment. 

𝑷(𝑿 > 𝟏) = 𝑃(𝑋 = 2) + 𝑃(𝑋 = 3) + 𝑃(𝑋 = 4) 

   𝑷(𝑿 > 𝟏) = 1 − (𝑿 ≤ 𝟏) = 1 − [𝑃(𝑋 = 0) + 𝑃(𝑋 = 1)] 

   = 1 −
𝐶4
0𝐶16
5−0  

𝐶20
5  

−
𝐶4
1𝐶16
5−1  

𝐶20
5  

 

= 1 − 0.2817 − 0.4695 =  𝟎. 𝟐𝟒𝟖𝟖 

c. The expected number and variance of defective items in a sample of size 5 

𝛍 = 𝒏𝒑 = 𝟓(
𝟒

𝟐𝟎
) = 𝟏 

𝝈𝟐 = 𝒏𝒑𝒒(
𝑵 − 𝒏

𝑵 − 𝟏
) = 𝟓 (

𝟒

𝟐𝟎
) (
𝟏𝟔

𝟐𝟎
) (
𝟐𝟎 − 𝟓

𝟐𝟎 − 𝟏
) = 𝟎. 𝟔𝟑𝟏𝟓 

 

4- Assuming that the duration (measured in minutes) required to display a 

promotional advertisement for the features of a certain product on the internet for 

one of the companies follows a uniform distribution over the interval [4-8], during 

each paid advertisement conducted by this company, 

Let's consider X a random variable representing the duration of the promotional 

advertisement for this product. 

a. Find the mathematical formula for the probability density function of the 

random variable X? 

b. Find the probability that the advertisement duration exceeds five minutes? 
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Solution: 

a. The mathematical formula for the probability density function of the 

random variable X 

𝑿 ⤳ 𝑼([𝒂 − 𝒃]) 

                
𝟏  

𝟒 
  ;    𝒙 ∈ [4 − 8] 

 

𝑷(𝑿 = 𝒙)=                   
      𝟎    ;         𝐎𝐭𝐡𝐞𝐫𝐰𝐢𝐬𝐞   0                 

b. The probability that the advertisement duration will exceed five 

minutes  

𝑃(𝑋 > 5) = ∫
𝟏  

𝟒 
𝑑𝑥

8

5

= [
𝟏  

𝟒 
𝒙]
5

8

=
8

4
−
5

4
=
3

4
= 𝟎. 𝟕𝟓 

Or we calculate the probability using the cumulative distribution function: 

     𝑭(𝒙) = 𝑷(𝑿 ≤ 𝒙) =
  𝒙−𝒂

𝒃−𝒂 
     

𝑃(𝑋 > 5) = 1 − 𝑃(𝑋 ≤ 5) 

𝑃(𝑋 > 5) = 1 − [
  𝟓 − 𝟒

𝟖 − 𝟒 
] = 1 −

1

4
=
3

4
= 𝟎. 𝟕𝟓 

 
5- Assuming that the number of new annual employees X in public institutions 

in a city follows a normal probability distribution such that X→N(60;81), if 

one of the public institutions is randomly selected : 

a. Calculate the probability that the number of employees exceeds 65 

workers? 

b. Calculate the probability that the number of employees is between 55 and 

65? 

c. Find the number of employees such that :  𝑷(𝑿 > 𝒂) = 𝟎. 𝟏𝟒𝟔𝟗  ? 

Solution: 

a. The probability that the number of employees exceeds 65 workers 

P(X > 65) = 𝑃 (𝑍 >
65 − 60

9
) 

= 𝑃(𝑍 > 0.55) = 1 − 𝑃(𝑍 ≤ 0.55) = 1 − 0.7088 = 𝟎. 𝟐𝟗𝟏𝟐 



 The Fourth Axis: Bivariate Random Variables 

[114] 
 

b. - The probability that the number of employees will be between 55 and 

65 workers. 

P(55 ≤ X ≤ 65) = P(
55 − 60

9
≤ X ≤

65 − 60

9
) 

= P(−0.55 ≤ 𝑍 ≤ 0.55) =  𝑃(𝑍 ≤ 0.55) − 𝑃(𝑍 ≤ −0.55) 

=  𝑃(𝑍 ≤ 0.55) − [1 − 𝑃(𝑍 ≤ 0.55)] 

=  2𝑃(𝑍 ≤ 0.55) − 1 = 2(0.7088) − 1 = 0.4176 

c. The number of employees a such that :𝑷(𝑿 > 𝒂) = 𝟎. 𝟏𝟒𝟔𝟗 

𝑃(𝑋 > 𝑎) = 0.1469 ⟺ 𝑃 (𝑍 >
𝑎−60

9
) = 0.1469  

𝑃 (𝑍 ≤
𝑎 − 60

9
) = 1 − 0.1469 ⟺ 𝑃(𝑍 ≤ 1.05) = 0.8531 

1.05 =
𝑎 − 60

9
⇒ 𝒂 = 𝟔𝟗. 𝟒𝟓 

6- It is known that in a factory producing a certain food product, on a given day, 

10,000 pieces are produced with an average weight of 150 grams and a 

standard deviation of 20 grams, assuming that the weight of the produced 

pieces follows a normal probability distribution. 

a. Find the percentage and number of produced pieces whose weight is between 

130 grams and 160 grams? 

b. If 69.14% of the produced pieces weigh less than a certain weight, let it be b, 

find the value of weight b? 

Solution 

a. The percentage and number of produced pieces whose weight is between 

130 grams and 160 grams 

P(130 ≤ X ≤ 160) = P (
130 − 150

20
≤ X ≤

160 − 150

20
) 

= P(−1 ≤ X ≤ 0.5) = P(Z ≤ 0.5) − P(Z ≤ −1) 

= P(Z ≤ 0.5) − [1 − P(Z ≤ 1)] 
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= 0.6914 − 1 + 0.8413 = 𝟎. 𝟓𝟑𝟐𝟕 

The percentage of produced pieces whose weight is between 130 grams and 160 

grams is 53.27% 

The number of produced pieces whose weight is between 130 grams and 160 

grams is : 5327 

0.5327(10000)=5327 

 

b. The value of weight b 

P(Z ≤ b) = 0.6914 

⟺ P(Z ≤ z) = 0.6914 

P(Z ≤ 0.5) = 0.6914 

Z =
𝑋 − 𝜇

𝜎
 

0.5 =
𝑏 − 150

20
⇒ 𝑏 = 160 

7- A university student goes to the college where he studies daily by train, as 

the train departs from its stop at 08:00 AM.  Assuming that X is a random 

variable representing the duration of the train journey (in minutes) such that 

it follows a uniform distribution over the interval [50-40] (in minutes), 

We also assume that this student needs to walk for a fixed duration of 15 minutes 

from the train station to the classroom where they study, given that classes in the 

classroom start at exactly 9:00 AM. 

a. Find the probability of this student arriving at the classroom where he studies 

on time for the start of the lesson? 

b. Find the probability that the student arrives at the classroom at least one 

minute late after the scheduled start time of the lesson ? 

c. Find the expected time for this student to arrive at the classroom? 
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Solution 

𝟏  

𝟓𝟎 − 𝟒𝟎 
=
𝟏  

𝟏𝟎 
                      ;        𝒙 ∈ [𝟒𝟎 − 𝟓𝟎]      

𝒇(𝒙) = 0                                    ;  Otherwise 

 

a. The probability of this student arriving at the classroom where he studies on 

time for the start of the lesson 

(𝑋 < 45) = ∫
1  

10 
𝑑𝑥

45

40

 

= [
1  

10 
𝑥]
40

45

=
5  

10 
 

b. The probability that the student arrives at the classroom at least one minute 

late after the scheduled start time of the lesson 

𝑃(𝑋 ≥ 46) = 1 − 𝑃(𝑋 < 46) 

= 1 −∫
1  

10 
𝑑𝑥

46

40

 

= [
1  

10 
𝑥]
40

46

=
4  

10 
=
2  

5 
 

 

c. The expected time for this student to arrive at the classroom 

𝑬(𝑿) =
𝑏 + 𝑎  

2
=
50 + 40  

2
= 𝟒𝟓        
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8- If X is a random variable representing the number of cars entering the gas 

station in a quarter of an hour, with an average of three cars entering this 

station. 

d. Identify the type and formula of the probability law f(x) for the random 

variable X? 

During a quarter of an hour, Find the probability that  will enter the gas station: 

- One car?       - Two cars? 

e. Within half an hour, Find the probability of at most one car entering the gas 

station? 

 

Solution  

a. The type and mathematical formula of the probability law for X  

X follows the Poisson distribution. 𝑋 ⤳ 𝑃(3) 

           
𝒆−𝝀 𝝀𝒙  

𝒙! 
=
𝒆−𝟑 𝟑𝒙  

𝒙! 
   ;    𝒙 = 𝟎, 𝟏, 𝟐 

 

𝒇(𝒙) = 𝑷(𝑿 = 𝒙)= 
𝟎                                       ;         𝐎𝐭𝐡𝐞𝐫𝐰𝐢𝐬𝐞 

 
b. The probability that  will enter the gas station: 

- One car  :   

𝑷(𝑿 = 𝟏) =
𝒆−𝟑 𝟑𝟏  

𝟏! 
= 𝟎. 𝟏𝟒𝟗 

    - Two cars : 
 

𝑷(𝑿 = 𝟐) =
𝒆−𝟑 𝟑𝟐  

𝟐! 
= 𝟎. 𝟐𝟐𝟒𝟎 

c. The probability of at most one car entering the gas station Within half an 

hour 

𝑷(𝑿 = 𝒙) =
𝒆−𝝀́ 𝝀́𝒙  

𝒙! 
 

𝝀́ = 𝟐𝝀 = 𝟐(𝟑) = 𝟔 
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⇒ 𝝀́ = 𝟔 

𝑷(𝑿 = 𝒙) =
𝒆−𝟔 𝟔𝒙  

𝒙! 
 

 
𝑷(𝑿 ≤ 𝟏) = 𝑷(𝑿 = 𝟎) + 𝑷(𝑿 = 𝟏) 

=
𝒆−𝟔 𝟔𝟎  

𝟎! 
+
𝒆−𝟔 𝟔𝟏  

𝟏! 
 

= 𝟎. 𝟎𝟎𝟐𝟒 + 𝟎. 𝟎𝟏𝟒𝟒 
= 𝟎. 𝟎𝟏𝟔𝟖 

9- It is known that in a mobile phone manufacturing plant, the defective 

production rate is 1%.  

Let us consider the random variable X, which represents the number of mobile 

phones selected (with replacement) until the first defective mobile phone is 

obtained. 

a. Identify the type and form of the appropriate probability distribution for the 

random variable X? 

b.  Find the probability: 

-That the first defective phone selected is during the second draw (the second 

attempt)? 

- the first defective phone selected is during the third draw (third attempt)? 

- the first defective phone selected is during at least the second draw? 

 

Solution 
a. X follows the Geometric Distribution. 𝑋 ⤳ G(0.01) 

 The probability function of X is given by:   

𝒒𝒙−𝟏𝒑 = (𝟎. 𝟗𝟗)𝒙−𝟏(𝟎. 𝟎𝟏)     ;    𝒙 = 𝟏, 𝟐…∞      
 𝑷(𝑿 = 𝒙)   

0         ;  Otherwise     
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b. The probability : 
- The first defective phone selected is during the second draw 𝑃(𝑋 = 2) 

𝑃(𝑋 = 2) = (0.99)2−1(0.01) = 0.0099     

-  The first defective phone selected is during the third draw 𝑃(𝑋 = 3) 

 = (0.99)3−1(0.01) = 0.0098     
- The first defective phone selected is during at least the second draw 

   𝑃(𝑋 ≥ 2) = 1 − 𝑃(𝑋 < 2) 
                 = 1 − 𝑃(𝑋 = 1) 
                 = 1 − (0.99)1−1(0.01) = 0.99     
 
10- A delivery worker at a commercial establishment travels a fixed 

distance to deliver goods to customers on every working day. The time period 

X in minutes required to deliver these goods is a random variable. The 

probability density function f(x) is given by the following formula: 

 

;  λ > 0  λ
2
𝒙 𝒆−𝝀𝒙        ;   𝒙 > 𝟎    

𝒇(𝒙)     =    0              ;  𝒙 ≤ 𝟎 
 

a.  Deduce the probability distribution type for the random variable X and 

find the value of the parameter λ,  given that The average delivery time 

to customers is 80 minutes ? 

b. Find the cumulative distribution function F(x)  ? 

c. What is the probability that the delivery time is less than 120 minutes? 

 

Solution 

a. The type of the probability law for X  and the value of the 

parameter λ 

X follows the Gamma Distribution. 𝐺 ⤳ 𝑃(𝛼; 𝜆) 

We have : 

 𝑓(𝑥) = λ
2
𝑥 𝑒−𝜆𝑥         ;   𝑥 > 0    ……..(1) 
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𝑓(𝑥) =
   λ

α

Γ(α)
𝑥𝛼−1 𝑒−𝜆𝑥 =

   λ
2

Γ(3)
𝑥2−1 𝑒−𝜆𝑥        ;   𝑥 > 0   …..(2) 

By comparing the two previous relationships, we obtain :  𝜶 = 𝟐 

We have also :  

𝐸(𝑋) = 80      ;    𝐸(𝑋) =
  α 

λ
 

We conclude that:   

 𝑬(𝑿) =
  α 

λ
= 𝟖𝟎 ⇒

  2 

λ
= 𝟖𝟎  

⇒ λ =
  2 

80
=
  𝟏 

𝟒𝟎
 

b. The Distribution Function F(x) 

- F(X)   = 0     , if  𝑥 ≤ 0 

- F(X)   = 𝑃(𝑋 ≤ 𝑥) = 1 − 𝑒−𝜆𝑥   ∑
(𝜆 𝑥)𝑖−1

Γ(i)
𝛼
𝑖=1    ,  if  𝑥 ≥ 0 

𝐅(𝐗)   = 1 − 𝑒−
  1 
40
𝑥   ∑

( 
  1 
40
𝑥)
𝑖−1

Γ(i)

2

𝑖=1

= 𝟏 − [𝒆−
  𝟏 
𝟒𝟎
𝒙   (𝟏 +

  𝟏 

𝟒𝟎
𝒙)] 

 

      𝟎                                   ;  𝒙 < 𝟎  
𝐅(𝐗)   = 𝑷(𝑿 ≤ 𝒙)   =    𝟏 − [𝒆−

  𝟏 

𝟒𝟎
𝒙   (𝟏 +

  𝟏 

𝟒𝟎
𝒙)]        ;   𝒙 ≥ 𝟎         

 

c. The probability that the delivery time is less than 120 minutes 

 

𝑃(𝑋 ≤ 120) =  𝟏 − [𝒆−
  𝟏 
𝟒𝟎   (𝟏 +

  𝟏 

𝟒𝟎
(𝟏𝟐𝟎))] = 1 − 0.1991 = 0.8009 
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11- Through the statistical tables, find the probability values P and the 

statistical values of the Student distribution t and the normal distribution 

Z. 

a. 𝑷(𝒁 ≤ −𝟏. 𝟒𝟐) = ⋯? 
b. 𝑷(𝒁 ≤ 𝟏. 𝟕𝟏) = ⋯? 
c. 𝑷(𝒁 ≤ ⋯) = 𝟎. 𝟗𝟔𝟑𝟐 
d. 𝑷(𝑻𝒗=𝟏𝟎 ≤ −𝟏. 𝟎𝟗𝟑) = ⋯? 
e. 𝑷(𝑻𝒗=𝟕 > −𝟏. 𝟖𝟗𝟓) = ⋯? 
f. 𝑷(𝑻𝒗=𝟏𝟐 < ⋯) = 𝟎. 𝟗 

Solution 

a. 𝑷(𝒁 ≤ −𝟏. 𝟒𝟐) = ⋯ 

𝑃(𝑍 ≤ −1.42) = 𝑃(𝑍 ≥ −1.42) 

= 1 − 𝑃(𝑍 ≤ 1.42) 

= 1 − 0.9222 = 0.0778 

b. 𝑷(𝒁 ≤ 𝟏. 𝟕𝟏) = ⋯ 
𝑃(𝑍 ≤ 1.71) = 0.9563 

c. 𝑷(𝒁 ≤ ⋯) = 𝟎. 𝟗𝟔𝟑𝟐 
𝑃(𝑍 ≤ 1.79) = 0.9632 
 

d. 𝑷(𝑻𝒗=𝟏𝟎 < −𝟏. 𝟎𝟗𝟑) = ⋯? 
𝑃(𝑇𝑣=10 ≤ −1.093) = 𝑃(𝑇𝑣=10 ≥ −1.093) 

= 0.15 
e. 𝑷(𝑻𝒗=𝟕 > −𝟏. 𝟖𝟗𝟓) = ⋯? 
𝑃(𝑇𝑣=7 > −1.895) = 𝑃(𝑇𝑣=7 < 1.895) 

= 1 − 𝑃(𝑇𝑣=7 ≥ 1.895) 
= 1 − 0.05 = 0.95 

f. 𝑷(𝑻𝒗=𝟏𝟐 < ⋯) = 𝟎. 𝟗 

𝑃(𝑇𝑣=12 ≥ ⋯) = 0.9 
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1 − 𝑃(𝑇𝑣=12 ≥ ⋯) = 0.9 
𝑃(𝑇𝑣=12 ≥ ⋯) = 1 − 0.9 
𝑃(𝑇𝑣=12 ≥ ⋯) = 0.1 
𝑃(𝑇𝑣=12 ≥ 𝟏. 𝟑𝟓𝟔) = 0.1 

 
12- A gauging check, carried out for several months on the diameter of parts 

machined by a machine tool, indicates that the percentage of "defective" parts is 

equal to 8%. 

A sample of 100 parts from production is taken and the diameter of these parts 

is checked. Let X be the random variable "number of defective parts" in a sample 

of 100 parts. 

Find the probability that there are at least 10 defective parts in the selected 

sample? 

Solution 

The variable X follows the binomial distribution B(100 ; 0.08). 

Rule for approximating the binomial distribution to the normal distribution:  

np ≥ 5, nq ≥ 5 

np = 100(0.08) = 8 > 5, nq = 100(0.92) = 92 > 5 

It can then be approximated to the normal distribution N(8;2, 712) 

    E(x)=np=8  ,  𝜎 = √𝑛𝑝𝑞 = √(100)(0.08)(0.92) = 2.712 

𝑃(𝑋 ≥ 10) = 𝑃 (𝑍 ≥
(10 − 0.5) − 𝑛𝑝

𝜎 
) = 𝑃 (𝑍 ≥

9.5 − 8

2.712 
) 

= 𝑃(𝑍 ≥ 0.553) = 1 − 𝑃(𝑍 < 0.553) = 1 − 0.70884 = 0.2911  
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                     APPENDIX 
 

Tables 01: the Binomial Cumulative Distribution 𝑷(𝑿 ≤ 𝒙) 

 

 



 

[126] 
 

 



 

[127] 
 

 

 
  

 

 

 



 

[128] 
 

Tables02 : The Poisson Cumulative Distribution F(X) =P(X ≤ x) 
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Table 03: Standard Normal Distribution  

           𝑷(𝒁 ≤ 𝒛)    ,     Z = (x - µ) / σ 

 

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 

0.0 0.50000 0.50399 0.50798 0.51197 0.51595 0.51994 0.52392 0.52790 0.53188 0.53586 

0.1 0.53983 0.54380 0.54776 0.55172 0.55567 0.55962 0.56356 0.56749 0.57142 0.57535 

0.2 0.57926 0.58317 0.58706 0.59095 0.59483 0.59871 0.60257 0.60642 0.61026 0.61409 

0.3 0.61791 0.62172 0.62552 0.62930 0.63307 0.63683 0.64058 0.64431 0.64803 0.65173 

0.4 0.65542 0.65910 0.66276 0.66640 0.67003 0.67364 0.67724 0.68082 0.68439 0.68793 

0.5 0.69146 0.69497 0.69847 0.70194 0.70540 0.70884 0.71226 0.71566 0.71904 0.72240 

0.6 0.72575 0.72907 0.73237 0.73565 0.73891 0.74215 0.74537 0.74857 0.75175 0.75490 

0.7 0.75804 0.76115 0.76424 0.76730 0.77035 0.77337 0.77637 0.77935 0.78230 0.78524 

0.8 0.78814 0.79103 0.79389 0.79673 0.79955 0.80234 0.80511 0.80785 0.81057 0.81327 

0.9 0.81594 0.81859 0.82121 0.82381 0.82639 0.82894 0.83147 0.83398 0.83646 0.83891 

1.0 0.84134 0.84375 0.84614 0.84849 0.85083 0.85314 0.85543 0.85769 0.85993 0.86214 

1.1 0.86433 0.86650 0.86864 0.87076 0.87286 0.87493 0.87698 0.87900 0.88100 0.88298 

1.2 0.88493 0.88686 0.88877 0.89065 0.89251 0.89435 0.89617 0.89796 0.89973 0.90147 

1.3 0.90320 0.90490 0.90658 0.90824 0.90988 0.91149 0.91309 0.91466 0.91621 0.91774 

1.4 0.91924 0.92073 0.92220 0.92364 0.92507 0.92647 0.92785 0.92922 0.93056 0.93189 

1.5 0.93319 0.93448 0.93574 0.93699 0.93822 0.93943 0.94062 0.94179 0.94295 0.94408 

1.6 0.94520 0.94630 0.94738 0.94845 0.94950 0.95053 0.95154 0.95254 0.95352 0.95449 

1.7 0.95543 0.95637 0.95728 0.95818 0.95907 0.95994 0.96080 0.96164 0.96246 0.96327 

1.8 0.96407 0.96485 0.96562 0.96638 0.96712 0.96784 0.96856 0.96926 0.96995 0.97062 

1.9 0.97128 0.97193 0.97257 0.97320 0.97381 0.97441 0.97500 0.97558 0.97615 0.97670 

2.0 0.97725 0.97778 0.97831 0.97882 0.97932 0.97982 0.98030 0.98077 0.98124 0.98169 

2.1 0.98214 0.98257 0.98300 0.98341 0.98382 0.98422 0.98461 0.98500 0.98537 0.98574 

2.2 0.98610 0.98645 0.98679 0.98713 0.98745 0.98778 0.98809 0.98840 0.98870 0.98899 

2.3 0.98928 0.98956 0.98983 0.99010 0.99036 0.99061 0.99086 0.99111 0.99134 0.99158 

2.4 0.99180 0.99202 0.99224 0.99245 0.99266 0.99286 0.99305 0.99324 0.99343 0.99361 

2.5 0.99379 0.99396 0.99413 0.99430 0.99446 0.99461 0.99477 0.99492 0.99506 0.99520 

2.6 0.99534 0.99547 0.99560 0.99573 0.99585 0.99598 0.99609 0.99621 0.99632 0.99643 

2.7 0.99653 0.99664 0.99674 0.99683 0.99693 0.99702 0.99711 0.99720 0.99728 0.99736 

2.8 0.99744 0.99752 0.99760 0.99767 0.99774 0.99781 0.99788 0.99795 0.99801 0.99807 

2.9 0.99813 0.99819 0.99825 0.99831 0.99836 0.99841 0.99846 0.99851 0.99856 0.99861 

3.0 0.99865 0.99869 0.99874 0.99878 0.99882 0.99886 0.99889 0.99893 0.99896 0.99900 

3.1 0.99903 0.99906 0.99910 0.99913 0.99916 0.99918 0.99921 0.99924 0.99926 0.99929 

3.2 0.99931 0.99934 0.99936 0.99938 0.99940 0.99942 0.99944 0.99946 0.99948 0.99950 

3.3 0.99952 0.99953 0.99955 0.99957 0.99958 0.99960 0.99961 0.99962 0.99964 0.99965 

3.4 0.99966 0.99968 0.99969 0.99970 0.99971 0.99972 0.99973 0.99974 0.99975 0.99976 

3.5 0.99977 0.99978 0.99978 0.99979 0.99980 0.99981 0.99981 0.99982 0.99983 0.99983 

3.6 0.99984 0.99985 0.99985 0.99986 0.99986 0.99987 0.99987 0.99988 0.99988 0.99989 

3.7 0.99989 0.99990 0.99990 0.99990 0.99991 0.99991 0.99992 0.99992 0.99992 0.99992 

3.8 0.99993 0.99993 0.99993 0.99994 0.99994 0.99994 0.99994 0.99995 0.99995 0.99995 

3.9 0.99995 0.99995 0.99996 0.99996 0.99996 0.99996 0.99996 0.99996 0.99997 0.99997 
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Table 04: Student Distribution 

 

p = P[T ≥ t] 

 

  p   

v 0.50 0.25 0.20 0.15 0.10 0.05 0.025 0.01 0.005 0.001 0.0005 

1 0.000 1.000 1.376 1.963 3.078 6.314 12.71 31.82 63.66 318.31 636.62 

2 0.000 0.816 1.061 1.386 1.886 2.920 4.303 6.965 9.925 22.327 31.599 

3 0.000 0.765 0.978 1.250 1.638 2.353 3.182 4.541 5.841 10.215 12.924 

4 0.000 0.741 0.941 1.190 1.533 2.132 2.776 3.747 4.604 7.173 8.610 

5 0.000 0.727 0.920 1.156 1.476 2.015 2.571 3.365 4.032 5.893 6.869 

6 0.000 0.718 0.906 1.134 1.440 1.943 2.447 3.143 3.707 5.208 5.959 

7 0.000 0.711 0.896 1.119 1.415 1.895 2.365 2.998 3.499 4.785 5.408 

8 0.000 0.706 0.889 1.108 1.397 1.860 2.306 2.896 3.355 4.501 5.041 

9 0.000 0.703 0.883 1.100 1.383 1.833 2.262 2.821 3.250 4.297 4.781 

10 0.000 0.700 0.879 1.093 1.372 1.812 2.228 2.764 3.169 4.144 4.587 

11 0.000 0.697 0.876 1.088 1.363 1.796 2.201 2.718 3.106 4.025 4.437 

12 0.000 0.695 0.873 1.083 1.356 1.782 2.179 2.681 3.055 3.930 4.318 

13 0.000 0.694 0.870 1.079 1.350 1.771 2.160 2.650 3.012 3.852 4.221 

14 0.000 0.692 0.868 1.076 1.345 1.761 2.145 2.624 2.977 3.787 4.140 

15 0.000 0.691 0.866 1.074 1.341 1.753 2.131 2.602 2.947 3.733 4.073 

16 0.000 0.690 0.865 1.071 1.337 1.746 2.120 2.583 2.921 3.686 4.015 

17 0.000 0.689 0.863 1.069 1.333 1.740 2.110 2.567 2.898 3.646 3.965 

18 0.000 0.688 0.862 1.067 1.330 1.734 2.101 2.552 2.878 3.610 3.922 

19 0.000 0.688 0.861 1.066 1.328 1.729 2.093 2.539 2.861 3.579 3.883 

20 0.000 0.687 0.860 1.064 1.325 1.725 2.086 2.528 2.845 3.552 3.850 

21 0.000 0.686 0.859 1.063 1.323 1.721 2.080 2.518 2.831 3.527 3.819 

22 0.000 0.686 0.858 1.061 1.321 1.717 2.074 2.508 2.819 3.505 3.792 

23 0.000 0.685 0.858 1.060 1.319 1.714 2.069 2.500 2.807 3.485 3.768 

24 0.000 0.685 0.857 1.059 1.318 1.711 2.064 2.492 2.797 3.467 3.745 

25 0.000 0.684 0.856 1.058 1.316 1.708 2.060 2.485 2.787 3.450 3.725 

26 0.000 0.684 0.856 1.058 1.315 1.706 2.056 2.479 2.779 3.435 3.707 

27 0.000 0.684 0.855 1.057 1.314 1.703 2.052 2.473 2.771 3.421 3.690 

28 0.000 0.683 0.855 1.056 1.313 1.701 2.048 2.467 2.763 3.408 3.674 

29 0.000 0.683 0.854 1.055 1.311 1.699 2.045 2.462 2.756 3.396 3.659 

30 0.000 0.683 0.854 1.055 1.310 1.697 2.042 2.457 2.750 3.385 3.646 

40 0.000 0.681 0.851 1.050 1.303 1.684 2.021 2.423 2.704 3.307 3.551 

60 0.000 0.679 0.848 1.045 1.296 1.671 2.000 2.390 2.660 3.232 3.460 

80 0.000 0.678 0.846 1.043 1.292 1.664 1.990 2.374 2.639 3.195 3.416 

100 0.000 0.677 0.845 1.042 1.290 1.660 1.984 2.364 2.626 3.174 3.390 

1000 0.000 0.675 0.842 1.037 1.282 1.646 1.962 2.330 2.581 3.098 3.300 

z 0.000 0.674 0.842 1.036 1.282 1.645 1.960 2.326 2.576 3.090 3.291 

 0% 50% 60% 70% 80% 90% 95% 98% 99% 99.8% 99.9% 

Confidence Level 
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 Table 05: Chi-Square Distribution  

 

P(2≥ 2
df , p) = p 

 

 
 

 

 

 

 
 

df  : is the number of degrees of freedom. For df= v ˃ 30, we can assume that the quantity 

 √2𝜒2 − √2𝑉 − 1 follows the Standard Normal Distribution    

2
df , p 
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Table 05: Fisher  Distribution 

 
 

 p = 0.05 

 
𝒗𝟐 

𝒗𝟏 

1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 ∞ 

1 161.4 199.5 215.7 224.6 230.2 234.0 236.8 238.9 240.5 241.9 243.9 245.9 248.0 249.1 250.1 251.1 252.2 253.3 254.3 

2 18.51 19.00 19.16 19.25 19.30 19.33 19.35 19.37 19.38 19.40 19.41 19.43 19.45 19.45 19.46 19.47 19.48 19.49 19.50 

3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 8.79 8.74 8.70 8.66 8.64 8.62 8.59 8.57 8.55 8.53 

4 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 5.91 5.86 5.80 5.77 5.75 5.72 5.69 5.66 5.63 

5 6.61 5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.77 4.74 4.68 4.62 4.56 4.53 4.50 4.46 4.43 4.40 4.36 

6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 4.00 3.94 3.87 3.84 3.81 3.77 3.74 3.70 3.67 

7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68 3.64 3.57 3.51 3.44 3.41 3.38 3.34 3.30 3.27 3.23 

8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.35 3.28 3.22 3.15 3.12 3.08 3.04 3.01 2.97 2.93 

9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.14 3.07 3.01 2.94 2.90 2.86 2.83 2.79 2.75 2.71 

10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.98 2.91 2.85 2.77 2.74 2.70 2.66 2.62 2.58 2.54 

11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90 2.85 2.79 2.72 2.65 2.61 2.57 2.53 2.49 2.45 2.40 

12 4.75 3.89 3.49 3.26 3.11 3.00 2.91 2.85 2.80 2.75 2.69 2.62 2.54 2.51 2.47 2.43 2.38 2.34 2.30 

13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 2.77 2.71 2.67 2.60 2.53 2.46 2.42 2.38 2.34 2.30 2.25 2.21 

14 4.60 3.74 3.34 3.11 2.96 2.85 2.76 2.70 2.65 2.60 2.53 2.46 2.39 2.35 2.31 2.27 2.22 2.18 2.13 

15 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59 2.54 2.48 2.40 2.33 2.29 2.25 2.20 2.16 2.11 2.07 

16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54 2.49 2.42 2.35 2.28 2.24 2.19 2.15 2.11 2.06 2.01 

17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49 2.45 2.38 2.31 2.23 2.19 2.15 2.10 2.06 2.01 1.96 

18 4.41 3.55 3.16 2.93 2.77 2.66 2.58 2.51 2.46 2.41 2.34 2.27 2.19 2.15 2.11 2.06 2.02 1.97 1.92 

19 4.38 3.52 3.13 2.90 2.74 2.63 2.54 2.48 2.42 2.38 2.31 2.23 2.16 2.11 2.07 2.03 1.98 1.93 1.88 

20 4.35 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39 2.35 2.28 2.20 2.12 2.08 2.04 1.99 1.95 1.90 1.84 

21 4.32 3.47 3.07 2.84 2.68 2.57 2.49 2.42 2.37 2.32 2.25 2.18 2.10 2.05 2.01 1.96 1.92 1.87 1.81 

22 4.30 3.44 3.05 2.82 2.66 2.55 2.46 2.40 2.34 2.30 2.23 2.15 2.07 2.03 1.98 1.94 1.89 1.84 1.78 

23 4.28 3.42 3.03 2.80 2.64 2.53 2.44 2.37 2.32 2.27 2.20 2.13 2.05 2.01 1.96 1.91 1.86 1.81 1.76 

24 4.26 3.40 3.01 2.78 2.62 2.51 2.42 2.36 2.30 2.25 2.18 2.11 2.03 1.98 1.94 1.89 1.84 1.79 1.73 

25 4.24 3.39 2.99 2.76 2.60 2.49 2.40 2.34 2.28 2.24 2.16 2.09 2.01 1.96 1.92 1.87 1.82 1.77 1.71 

26 4.23 3.37 2.98 2.74 2.59 2.47 2.39 2.32 2.27 2.22 2.15 2.07 1.99 1.95 1.90 1.85 1.80 1.75 1.69 

27 4.21 3.35 2.96 2.73 2.57 2.46 2.37 2.31 2.25 2.20 2.13 2.06 1.97 1.93 1.88 1.84 1.79 1.73 1.67 

28 4.20 3.34 2.95 2.71 2.56 2.45 2.36 2.29 2.24 2.19 2.12 2.04 1.96 1.91 1.87 1.82 1.77 1.71 1.65 

29 4.18 3.33 2.93 2.70 2.55 2.43 2.35 2.28 2.22 2.18 2.10 2.03 1.94 1.90 1.85 1.81 1.75 1.70 1.64 

30 4.17 3.32 2.92 2.69 2.53 2.42 2.33 2.27 2.21 2.16 2.09 2.01 1.93 1.89 1.84 1.79 1.74 1.68 1.62 

40 4.08 3.23 2.84 2.61 2.45 2.34 2.25 2.18 2.12 2.08 2.00 1.92 1.84 1.79 1.74 1.69 1.64 1.58 1.51 

60 4.00 3.15 2.76 2.52 2.37 2.25 2.17 2.10 2.04 1.99 1.92 1.84 1.75 1.70 1.65 1.59 1.53 1.47 1.39 

120 3.92 3.07 2.68 2.45 2.29 2.17 2.09 2.02 1.96 1.91 1.83 1.75 1.66 1.61 1.55 1.50 1.43 1.35 1.25 

∞ 3.84 3.00 2.60 2.37 2.21 2.10 2.01 1.94 1.88 1.83 1.75 1.67 1.57 1.52 1.46 1.39 1.32 1.22 1.00 
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 p = 0.005 

 𝒗𝟏 

𝒗𝟐 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 ∞ 

1 16211 20000 21615 22500 23056 23437 23715 23925 24091 24224 24426 24630 24836 24940 25044 25148 25253 25359 25465 

2 198.5 199.0 199.2 199.2 199.3 199.3 199.4 199.4 199.4 199.4 199.4 199.4 199.4 199.5 199.5 199.5 199.5 199.5 199.5 

3 55.55 49.80 47.47 46.19 45.39 44.84 44.43 44.13 43.88 43.69 43.39 43.08 42.78 42.62 42.47 42.31 42.15 41.99 41.83 

4 31.33 26.28 24.26 23.15 22.46 21.97 21.62 21.35 21.14 20.97 20.70 20.44 20.17 20.03 19.89 19.75 19.61 19.47 19.32 

5 22.78 18.31 16.53 15.56 14.94 14.51 14.20 13.96 13.77 13.62 13.38 13.15 12.90 12.78 12.66 12.53 12.40 12.27 12.14 

6 18.63 14.54 12.92 12.03 11.46 11.07 10.79 10.57 10.39 10.25 10.03 9.81 9.59 9.47 9.36 9.24 9.12 9.00 8.88 

7 16.24 12.40 10.88 10.05 9.52 9.16 8.89 8.68 8.51 8.38 8.18 7.97 7.75 7.65 7.53 7.42 7.31 7.19 7.08 

8 14.69 11.04 9.60 8.81 8.30 7.95 7.69 7.50 7.34 7.21 7.01 6.81 6.61 6.50 6.40 6.29 6.18 6.06 5.95 

9 13.61 10.11 8.72 7.96 7.47 7.13 6.88 6.69 6.54 6.42 6.23 6.03 5.83 5.73 5.62 5.52 5.41 5.30 5.19 

10 12.83 9.43 8.08 7.34 6.87 6.54 6.30 6.12 5.97 5.85 5.66 5.47 5.27 5.17 5.07 4.97 4.86 4.75 4.64 

11 12.23 8.91 7.60 6.88 6.42 6.10 5.86 5.68 5.54 5.42 5.24 5.05 4.86 4.76 4.65 4.55 4.44 4.34 4.23 

12 11.75 8.51 7.23 6.52 6.07 5.76 5.52 5.35 5.20 5.09 4.91 4.72 4.53 4.43 4.33 4.23 4.12 4.01 3.90 

13 11.37 8.19 6.93 6.23 5.79 5.48 5.25 5.08 4.94 4.82 4.64 4.46 4.27 4.17 4.07 3.97 3.87 3.76 3.65 

14 11.06 7.92 6.68 6.00 5.56 5.26 5.03 4.86 4.72 4.60 4.43 4.25 4.06 3.96 3.86 3.76 3.66 3.55 3.44 

15 10.80 7.70 6.48 5.80 5.37 5.07 4.85 4.67 4.54 4.42 4.25 4.07 3.88 3.79 3.69 3.58 3.48 3.37 3.26 

16 10.58 7.51 6.30 5.64 5.21 4.91 4.69 4.52 4.38 4.27 4.10 3.92 3.73 3.64 3.54 3.44 3.33 3.22 3.11 

17 10.38 7.35 6.16 5.50 5.07 4.78 4.56 4.39 4.25 4.14 3.97 3.79 3.61 3.51 3.41 3.31 3.21 3.10 2.98 

18 10.22 7.21 6.03 5.37 4.96 4.66 4.44 4.28 4.14 4.03 3.86 3.68 3.50 3.40 3.30 3.20 3.10 2.99 2.87 

19 10.07 7.09 5.92 5.27 4.85 4.56 4.34 4.18 4.04 3.93 3.76 3.59 3.40 3.31 3.21 3.11 3.00 2.89 2.78 

20 9.94 6.99 5.82 5.17 4.76 4.47 4.26 4.09 3.96 3.85 3.68 3.50 3.32 3.22 3.12 3.02 2.92 2.81 2.69 

21 9.83 6.89 5.73 5.09 4.68 4.39 4.18 4.01 3.88 3.77 3.60 3.43 3.24 3.15 3.05 2.95 2.84 2.73 2.61 

22 9.73 6.81 5.65 5.02 4.61 4.32 4.11 3.94 3.81 3.70 3.54 3.36 3.18 3.08 2.98 2.88 2.77 2.66 2.55 

23 9.63 6.73 5.58 4.95 4.54 4.26 4.05 3.88 3.75 3.64 3.47 3.30 3.12 3.02 2.92 2.82 2.71 2.60 2.48 

24 9.55 6.66 5.52 4.89 4.49 4.20 3.99 3.83 3.69 3.59 3.42 3.25 3.06 2.97 2.87 2.77 2.66 2.55 2.43 

25 9.48 6.60 5.46 4.84 4.43 4.15 3.94 3.78 3.63 3.54 3.37 3.20 3.01 2.92 2.82 2.72 2.61 2.50 2.38 

26 9.41 6.54 5.41 4.79 4.38 4.10 3.89 3.73 3.60 3.49 3.33 3.15 2.97 2.87 2.77 2.67 2.56 2.45 2.33 

27 9.34 6.49 5.36 4.74 4.34 4.06 3.85 3.69 3.56 3.45 3.28 3.11 2.93 2.83 2.73 2.63 2.52 2.41 2.25 

28 9.28 6.44 5.32 4.70 4.30 4.02 3.81 3.65 3.52 3.41 3.25 3.07 2.89 2.79 2.69 2.59 2.48 2.37 2.29 

29 9.23 6.40 5.28 4.66 4.26 3.98 3.77 3.61 3.48 3.38 3.21 3.04 2.86 2.76 2.66 2.56 2.45 2.33 2.24 

30 9.18 6.35 5.24 4.62 4.23 3.95 3.74 3.58 3.45 3.34 3.18 3.01 2.82 2.73 2.63 2.52 2.42 2.30 2.18 

40 8.83 6.07 4.98 4.37 3.99 3.71 3.51 3.35 3.22 3.12 2.95 2.78 2.60 2.50 2.40 2.30 2.18 2.06 1.93 

60 8.49 5.79 4.73 4.14 3.76 3.49 3.29 3.13 3.01 2.90 2.74 2.57 2.39 2.29 2.19 2.08 1.96 1.83 1.69 

120 8.18 5.54 4.50 3.92 3.55 3.28 3.09 2.93 2.81 2.71 2.54 2.37 2.19 2.09 1.98 1.87 1.75 1.61 1.43 

∞ 7.88 5.30 4.28 3.72 3.35 3.09 2.90 2.74 2.62 2.52 2.36 2.19 2.00 1.90 1.79 1.67 1.53 1.36 1.00 
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 p = 0.01 

 𝒗𝟏 

𝒗𝟐 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 ∞ 

1 4052 4999.5 5403 5625 5764 5859 5928 5982 6022 6056 6106 6157 6209 6235 6261 6287 6313 6339 6366 

2 98.50 99.00 99.17 99.25 99.30 99.33 99.36 99.37 99.39 99.40 99.42 99.43 99.45 99.46 99.47 99.47 99,48 99.49 99.50 

3 34.12 30.82 29.46 28.71 28.24 27.91 27.67 27.49 27.35 27.23 27.05 26.87 26.69 26.60 26.50 26.41 26.32 26.22 26.13 

4 21.20 18.00 16.69 15.98 15.52 15.21 14.98 14.80 14.66 14.55 14.37 14.20 14.02 13.93 13.84 13.75 13.65 13.56 13.46 

5 16.26 13.27 12.06 11.39 10.97 10.67 10.46 10.29 10.16 10.05 9.89 9.72 9.55 9.47 9.38 9.29 9.20 9.11 9.02 

6 13.75 10.92 9.78 9.15 8.75 8.47 8.26 8.10 7.98 7.87 7.72 7.56 7.40 7.31 7.23 7.14 7.06 6.97 6.88 

7 12.25 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72 6.62 6.47 6.31 6.16 6.07 5.99 5.91 5.82 5.74 5.65 

8 11.26 8.65 7.59 7.01 6.63 6.37 6.18 6.03 5.91 5.81 5.67 5.52 5.36 5.28 5.20 5.12 5.03 4.95 4.86 

9 10.56 8.02 6.99 6.42 6.06 5.80 5.61 5.47 5.35 5.26 5.11 4.96 4.81 4.73 4.65 4.57 4.48 4.40 4.31 

10 10.04 7.56 6.55 5.99 5.64 5.39 5.20 5.06 4.94 4.85 4.71 4.56 4.41 4.33 4.25 4.17 4.08 4.00 3.91 

11 9.65 7.21 6.22 5.67 5.32 5.07 4.89 4.74 4.63 4.54 4.40 4.25 4.10 4.02 3.94 3.86 3.78 3.69 3.60 

12 9.33 6.93 5.95 5.41 5.06 4.82 4.64 4.50 4.39 4.30 4.16 4.01 3.86 3.78 3.70 3.62 3.54 3.45 3.36 

13 9.07 6.70 5.74 5.21 4.86 4.62 4.44 4.30 4.19 4.10 3.96 3.82 3.66 3.59 3.51 3.43 3.34 3.25 3.17 

14 8.86 6.51 5.56 5.04 4.69 4.46 4.28 4.14 4.03 3.94 3.80 3.66 3.51 3.43 3.35 3.27 3.18 3.09 3.00 

15 8.68 6.36 5.42 4.89 4.56 4.32 4.14 4.00 3.89 3.80 3.67 3.52 3.37 3.29 3.21 3.13 3.05 2.96 2.87 

16 8.53 6.23 5.29 4.77 4.44 4.20 4.03 3.89 3.78 3.69 3.55 3.41 3.26 3.18 3.10 3.02 2.93 2.84 2.75 

17 8.40 6.11 5.18 4.67 4.34 4.10 3.93 3.79 3.68 3.59 3.46 3.31 3.16 3.08 3.00 2.92 2.83 2.75 2.65 

18 8.29 6.01 5.09 4.58 4.25 4.01 3.84 3.71 3.60 3.51 3.37 3.23 3.08 3.00 2.92 2.84 2.75 2.66 2.57 

19 8.18 5.93 5.01 4.50 4.17 3.94 3.77 3.63 3.52 3.43 3.30 3.15 3.00 2.92 2.84 2.76 2.67 2.58 2.49 

20 8.10 5.85 4.94 4.43 4.10 3.87 3.70 3.56 3.46 3.37 3.23 3.09 2.94 2.86 2.78 2.69 2.61 2.52 2.42 

21 8.02 5.78 4.87 4.37 4.04 3.81 3.64 3.51 3.40 3.31 3.17 3.03 2.88 2.80 2.72 2.64 2.55 2.46 2.36 

22 7.95 5.72 4.82 4.31 3.99 3.76 3.59 3.45 3.35 3.26 3.12 2.98 2.83 2.75 2.67 2.58 2.50 2.40 2.31 

23 7.88 5.66 4.76 4.26 3.94 3.71 3.54 3.41 3.30 3.21 3.07 2.93 2.78 2.70 2.62 2.54 2.45 2.35 2.26 

24 7.82 5.61 4.72 4.22 3.90 3.67 3.50 3.36 3.26 3.17 3.03 2.89 2.74 2.66 2.58 2.49 2.40 2.31 2.21 

25 7.77 5.57 4.68 4.18 3.85 3.63 3.46 3.32 3.22 3.13 2.99 2.85 2.70 2.62 2.54 2.45 2.36 2.27 2.17 

26 7.72 5.53 4.64 4.14 3.82 3.59 3.42 3.29 3.18 3.09 2.96 2.81 2.66 2.58 2.50 2.42 2.33 2.23 2.13 

27 7.68 5.49 4.60 4.11 3.78 3.56 3.39 3.26 3.15 3.06 2.93 2.78 2.63 2.55 2.47 2.38 2.29 2.20 2.10 

28 7.64 5.45 4.57 4.07 3.75 3.53 3.36 3.23 3.12 3.03 2.90 2.75 2.60 2.52 2.44 2.35 2.26 2.17 2.06 

29 7.60 5.42 4.54 4.04 3.73 3.50 3.33 3.20 3.09 3.00 2.87 2.73 2.57 2.49 2.41 2.33 2.23 2.14 2.03 

30 7.56 5.39 4.51 4.02 3.70 3.47 3.30 3.17 3.07 2.98 2.84 2.70 2.55 2.47 2.39 2.30 2.21 2.11 2.01 

40 7.31 5.18 4.31 3.83 3.51 3.29 3.12 2.99 2.89 2.80 2.66 2.52 2.37 2.29 2.20 2.11 2.02 1.92 1.80 

60 7.08 4.98 4.13 3.65 3.34 3.12 2.95 2.82 2.72 2.63 2.50 2.35 2.20 2.12 2.03 1.94 1.84 1.73 1.60 

120 6.85 4.79 3.95 3.48 3.17 2.96 2.79 2.66 2.56 2.47 2.34 2.19 2.03 1.95 1.86 1.76 1.66 1.53 1.38 

∞ 6.63 4.61 3.78 3.32 3.02 2.80 2.64 2.51 2.41 2.32 2.18 2.04 1.88 1.79 1.70 1.59 1.47 1.32 1.00 
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 p = 0.025 

 

𝒗𝟐 

𝒗𝟏 

1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 ∞ 

1 647.8 799.5 864.2 899.6 921.8 937.1 948.2 956.7 963.3 968.6 976.7 984.9 993.1 997.2 1001 1006 1010 1014 1018 

2 38.51 39.00 39.17 39.25 39.30 39.33 39.36 39.37 39.39 39.40 39.41 39.43 39.45 39.46 39.46 39.47 39.48 39.49 39.50 

3 17.44 16.04 15.44 15.10 14.88 14.73 14.62 14.54 14.47 14.42 14.34 14.25 14.17 14.12 14.08 14.04 13.99 13.95 13.90 

4 12.22 10.65 9.98 9.60 9.36 9.20 9.07 8.98 8.90 8.84 8.75 8.66 8.56 8.51 8.46 8.41 8.36 8.31 8.26 

5 10.01 8.43 7.76 7.39 7.15 6.98 6.85 6.76 6.68 6.62 6.52 6.43 6.33 6.28 6.23 6.18 6.12 6.07 6.02 

6 8.81 7.26 6.60 6.23 5.99 5.82 5.70 5.60 5.52 5.46 5.37 5.27 5.17 5.12 5.07 5.01 4.96 4.90 4.85 

7 8.07 6.54 5.89 5.52 5.29 5.12 4.99 4.90 4.82 4.76 4.67 4.57 4.47 4.42 4.36 4.31 4.25 4.20 4.14 

8 7.57 6.06 5.42 5.05 4.82 4.65 4.53 4.43 4.36 4.30 4.20 4.10 4.00 3.95 3.89 3.84 3.78 3.73 3.67 

9 7.21 5.71 5.08 4.72 4.48 4.32 4.20 4.10 4.03 3.96 3.87 3.77 3.67 3.61 3.56 3.51 3.45 3.39 3.33 

10 6.94 5.46 4.83 4.47 4.24 4.07 3.95 3.85 3.78 3.72 3.62 3.52 3.42 3.37 3.31 3.26 3.20 3.14 3.08 

11 6.72 5.26 4.63 4.28 4.04 3.88 3.76 3.66 3.59 3.53 3.43 3.33 3.23 3.17 3.12 3.06 3.00 2.94 2.88 

12 6.55 5.10 4.47 4.12 3.89 3.73 3.61 3.51 3.44 3.37 3.28 3.18 3.07 3.02 2.96 2.91 2.85 2.79 2.72 

13 6.41 4.97 4.35 4.00 3.77 3.60 3.48 3.39 3.31 3.25 3.15 3.05 2.95 2.89 2.84 2.78 2.72 2.66 2.60 

14 6.30 4.86 4.24 3.89 3.66 3.50 3.38 3.29 3.21 3.15 3.05 2.95 2.84 2.79 2.73 2.67 2.61 2.55 2.49 

15 6.20 4.77 4.15 3.80 3.58 3.41 3.29 3.20 3.12 3.06 2.96 2.86 2.76 2.70 2.64 2.59 2.52 2.46 2.40 

16 6.12 4.69 4.08 3.73 3.50 3.34 3.22 3.12 3.05 2.99 2.89 2.79 2.68 2.63 2.57 2.51 2.45 2.38 2.32 

17 6.04 4.62 4.01 3.66 3.44 3.28 3.16 3.06 2.98 2.92 2.82 2.72 2.62 2.56 2.50 2.44 2.38 2.32 2.25 

18 5.98 4.56 3.95 3.61 3.38 3.22 3.10 3.01 2.93 2.87 2.77 2.67 2.56 2.50 2.44 2.38 2.32 2.26 2.19 

19 5.92 4.51 3.90 3.56 3.33 3.17 3.05 2.96 2.88 2.82 2.72 2.62 2.51 2.45 2.39 2.33 2.27 2.20 2.13 

20 5.87 4.46 3.86 3.51 3.29 3.13 3.01 2.91 2.84 2.77 2.68 2.57 2.46 2.41 2.35 2.29 2.22 2.16 2.09 

21 5.83 4.42 3.82 3.48 3.25 3.09 2.97 2.87 2.80 2.73 2.64 2.53 2.42 2.37 2.31 2.25 2.18 2.11 2.04 

22 5.79 4.38 3.78 3.44 3.22 3.05 2.93 2.84 2.76 2.70 2.60 2.50 2.39 2.33 2.27 2.21 2.14 2.08 2.00 

23 5.75 4.35 3.75 3.41 3.18 3.02 2.90 2.81 2.73 2.67 2.57 2.47 2.36 2.30 2.24 2.18 2.11 2.04 1.97 

24 5.72 4.32 3.72 3.38 3.15 2.99 2.87 2.78 2.70 2.64 2.54 2.44 2.33 2.27 2.21 2.15 2.08 2.01 1.94 

25 5.69 4.29 3.69 3.35 3.13 2.97 2.85 2.75 2.68 2.61 2.51 2.41 2.30 2.24 2.18 2.12 2.05 1.98 1.91 

26 5.66 4.27 3.67 3.33 3.10 2.94 2.82 2.73 2.65 2.59 2.49 2.39 2.28 2.22 2.16 2.09 2.03 1.95 1.88 

27 5.63 4.24 3.65 3.31 3.08 2.92 2.80 2.71 2.63 2.57 2.47 2.36 2.25 2.19 2.13 2.07 2.00 1.93 1.85 

28 5.61 4.22 3.63 3.29 3.06 2.90 2.78 2.69 2.61 2.55 2.45 2.34 2.23 2.17 2.11 2.05 1.98 1.91 1.83 

29 5.59 4.20 3.61 3.27 3.04 2.88 2.76 2.67 2.59 2.53 2.43 2.32 2.21 2.15 2.09 2.03 1.96 1.89 1.81 

30 5.57 4.18 3.69 3.25 3.03 2.87 2.75 2.65 2.57 2.51 2.41 2.31 2.20 2.14 2.07 2.01 1.94 1.87 1.79 

40 5.42 4.05 3.46 3.13 2.90 2.74 2.62 2.53 2.45 2.39 2.29 2.18 2.07 2.01 1.94 1.88 1.80 1.72 1.64 

60 5.29 3.93 3.34 3.01 2.79 2.63 2.51 2.41 2.33 2.27 2.17 2.06 1.94 1.88 1.82 1.74 1.67 1.58 1.48 

120 5.15 3.80 3.23 2.89 2.67 2.52 2.39 2.30 2.22 2.16 2.05 1.94 1.82 1.76 1.69 1.61 1.53 1.43 1.31 

∞ 5.02 3.69 3.12 2.79 2.57 2.41 2.29 2.19 2.11 2.05 1.94 1.83 1.71 1.64 1.57 1.48 1.39 1.27 1.00 
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 p = 0.10 

 𝒗𝟏 

𝒗𝟐 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 ∞ 

1 39.86 49.50 53.59 55.83 57.24 58.20 58.91 59.44 59.86 60.19 60.71 61.22 61.74 62.00 62.26 62.53 62.79 63.06 63.33 

2 8.53 9.00 9.16 9.24 9.29 9.33 9.35 9.37 9.38 9.39 9.41 9.42 9.44 9.45 9.46 9.47 9.47 9.48 9.49 

3 5.54 5.46 5.39 5.34 5.31 5.28 5.27 5.25 5.24 5.23 5.22 5.20 5.18 5.18 5.17 5.16 5.15 5.14 5.13 

4 4.54 4.32 4.19 4.11 4.05 4.01 3.98 3.95 3.94 3.92 3.90 3.87 3.84 3.83 3.82 3.80 3.79 3.78 3.76 

5 4.06 3.78 3.62 3.52 3.45 3.40 3.37 3.34 3.32 3.30 3.27 3.24 3.21 3.19 3.17 3.16 3.14 3.12 3.10 

6 3.78 3.46 3.29 3.18 3.11 3.05 3.01 2.98 2.96 2.94 2.90 2.87 2.84 2.82 2.80 2.78 2.76 2.74 2.72 

7 3.59 3.26 3.07 2.96 2.88 2.83 2.78 2.75 2.72 2.70 2.67 2.63 2.59 2.58 2.56 2.54 2.51 2.49 2.47 

8 3.46 3.11 2.92 2.81 2.73 2.67 2.62 2.59 2.56 2.54 2.50 2.46 2.42 2.40 2.38 2.36 2.34 2.32 2.29 

9 3.36 3.01 2.81 2.69 2.61 2.55 2.51 2.47 2.44 2.42 2.38 2.34 2.30 2.28 2.25 2.23 2.21 2.18 2.16 

10 3.29 2.92 2.73 2.61 2.52 2.46 2.41 2.38 2.35 2.32 2.28 2.24 2.20 2.18 2.16 2.13 2.11 2.08 2.06 

11 3.23 2.86 2.66 2.54 2.45 2.39 2.34 2.30 2.27 2.25 2.21 2.17 2.12 2.10 2.08 2.05 2.03 2.00 1.97 

12 3.18 2.81 2.61 2.48 2.39 2.33 2.28 2.24 2.21 2.19 2.15 2.10 2.06 2.04 2.01 1.99 1.96 1.93 1.90 

13 3.14 2.76 2.56 2.43 2.35 2.28 2.23 2.20 2.16 2.14 2.10 2.05 2.01 1.98 1.96 1.93 1.90 1.88 1.85 

14 3.10 2.73 2.52 2.39 2.31 2.24 2.19 2.15 2.12 2.10 2.05 2.01 1.96 1.94 1.91 1.89 1.86 1.83 1.80 

15 3.07 2.70 2.49 2.36 2.27 2.21 2.16 2.12 2.09 2.06 2.02 1.97 1.92 1.90 1.87 1.85 1.82 1.79 1.76 

16 3.05 2.67 2.46 2.33 2.24 2.18 2.13 2.09 2.06 2.03 1.99 1.94 1.89 1.87 1.84 1.81 1.78 1.75 1.72 

17 3.03 2.64 2.44 2.31 2.22 2.15 2.10 2.06 2.03 2.00 1.96 1.91 1.86 1.84 1.81 1.78 1.75 1.72 1.69 

18 3.01 2.62 2.42 2.29 2.20 2.13 2.08 2.04 2.00 1.98 1.93 1.89 1.84 1.81 1.78 1.75 1.72 1.69 1.66 

19 2.99 2.61 2.40 2.27 2.18 2.11 2.06 2.02 1.98 1.96 1.91 1.86 1.81 1.79 1.76 1.73 1.70 1.67 1.63 

20 2.97 2.59 2.38 2.25 2.16 2.09 2.04 2.00 1.96 1.94 1.89 1.84 1.79 1.77 1.74 1.71 1.68 1.64 1.61 

21 2.96 2.57 2.36 2.23 2.14 2.08 2.02 1.98 1.95 1.92 1.87 1.83 1.78 1.75 1.72 1.69 1.66 1.62 1.59 

22 2.95 2.56 2.35 2.22 2.13 2.06 2.01 1.97 1.93 1.90 1.86 1.81 1.76 1.73 1.70 1.67 1.64 1.60 1.57 

23 2.94 2.55 2.34 2.21 2.11 2.05 1.99 1.95 1.92 1.89 1.84 1.80 1.74 1.72 1.69 1.66 1.62 1.59 1.55 

24 2.93 2.54 2.33 2.19 2.10 2.04 1.98 1.94 1.91 1.88 1.83 1.78 1.73 1.70 1.67 1.64 1.61 1.57 1.53 

25 2.92 2.53 2.32 2.18 2.09 2.02 1.97 1.93 1.89 1.87 1.82 1.77 1.72 1.69 1.66 1.63 1.59 1.56 1.52 

26 2.91 2.52 2.31 2.17 2.08 2.01 1.96 1.92 1.88 1.86 1.81 1.76 1.71 1.68 1.65 1.61 1.58 1.54 1.50 

27 2.90 2.51 2.30 2.17 2.07 2.00 1.95 1.91 1.87 1.85 1.80 1.75 1.70 1.67 1.64 1.60 1.57 1.53 1.49 

28 2.89 2.50 2.29 2.16 2.06 2.00 1.94 1.90 1.87 1.84 1.79 1.74 1.69 1.66 1.63 1.59 1.56 1.52 1.48 

29 2.89 2.50 2.28 2.15 2.06 1.99 1.93 1.89 1.86 1.83 1.78 1.73 1.68 1.65 1.62 1.58 1.55 1.51 1.47 

30 2.88 2.49 2.28 2.14 2.05 1.98 1.93 1.88 1.85 1.82 1.77 1.72 1.67 1.64 1.61 1.57 1.54 1.50 1.46 

40 2.84 2.44 2.23 2.09 2.00 1.93 1.87 1.83 1.79 1.76 1.71 1.66 1.61 1.57 1.54 1.51 1.47 1.42 1.38 

60 2.79 2.39 2.18 2.04 1.95 1.87 1.82 1.77 1.74 1.71 1.66 1.60 1.54 1.51 1.48 1.44 1.40 1.35 1.29 

120 2.75 2.35 2.13 1.99 1.90 1.82 1.77 1.72 1.68 1.65 1.60 1.55 1.48 1.45 1.41 1.37 1.32 1.26 1.19 

∞ 2.71 2.30 2.08 1.94 1.85 1.77 1.72 1.67 1.63 1.60 1.55 1.49 1.42 1.38 1.34 1.30 1.24 1.17 1.00 

 
 
 


