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Abstract

On Fractional Differential Equations and Inclusions

This thesis investigates the global existence of solutions to fractional diffusion
equations involving Caputo fractional derivatives, incorporating nonlinear me-
mory effects and small initial data. We analyze the influence of both the nonli-
nearity parameter and the fractional derivative order on the admissible range of
exponents and the corresponding solution estimates. Our analytical approach
combines the Banach fixed-point theorem with established results for the asso-

ciated linear fractional differential equations.

Key words: Global in time existence. Small data, Fractional deffusion equation.

Critical exponents. Fractional differential equation.
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Notation

Symbol Description

R Set of real numbers.

R* Set of positive real numbers.

N Set of natural numbers {1,2,3,...}.

Ny Set of non-negative integers {0,1,2,3,...}.
|| Absolute value of x.

Izl Norm of z.

[B] Ceiling function (smallest integer > f3).

< Inequality /approximation: a < b means a < C' - b for some constant C' > 0.
Re(z) Real part of complex number z.

Jm(2) Imaginary part of complex number z.

() Euler gamma function.

Es(w) Standard Mittag-Leffler function.

Es(w)  Mittag-LefHler function in two arguments a and f.
Oy Partial derivative.

AN Laplacian operator of ¢.

£{o} Laplace transform of ¢.

S{o} Fourier transform of ¢.

‘E’f . Riemann-Liouville fractional integral of order .
Df " Riemann-Liouville fractional derivative of order f3.
CD? . Caputo fractional derivative of order .




Introduction

In this thesis, we focus on studying Fractional Diffusion Equation with non-
linear memory. The model under consideration is as follows

COTp—Ap =[5 (T —0)7|p(0,.)]" 0,
907'(07 C) = 901(C)7

where 0 < 0,8 < 1, 7 € [0,00),( € R™, > 1 and “O?*1p denotes the
Caputo fractional derivative of order 5+ 1 with respect to time 7. We prove
the global existence of solutions to the Cauchy problem (1) for small initial
data. Additionally, we illustrate the influence of the nonlinearity parameter
o together with the fractional derivative order 8 on the range of the exponent
i and the estimation of the solutions. This is achieved by applying the fixed
point theorem.

What does means diffusion?

Diffusion is a physical phenomenon that describes the movement of particles
(such as atoms, molecules, or ions) from a region of higher concentration to a
region of lower concentration.This process is driven by the random movement
of particles and gradually distributes them evenly throughout a medium over
time.

Diffusion is described using mathematical equations called partial differ-
ential equations (PDEs). In these equations, (7, () represents the concen-
tration of the substance at a certain location ¢ and time 7. The variables
that change are time 7 and one or more space coordinates (.

The behavior of diffusion is strongly influenced by factors such as the
system, initial conditions (the concentration distribution at 7 = 0).boundary



conditions (constraints on the concentration at the edges of the domain), the
geometry of the domain, and any external influences or disturbances.

Diffusion occurs in a wide range of scientific and engineering disciplines,
including chemistry (e.g., diffusion of gases or solutes in liquids), biology
(e.g., nutrient transport in cells), materials science (e.g., diffusion of atoms
in solids), environmental science (e.g., dispersion of pollutants), and heat
transfer (e.g., thermal diffusion).

The diffusion process is typically described by solutions to either linear
or nonlinear PDEs, such as Fick’s second law of diffusion, also known as
classical diffusion equation

dp(1,0)  9%p(7,¢)

DS gl PN

or ocz
where R is the diffusion coefficient, which describes how fast particles spread.
In higher dimensions, the equation generalizes to

0
2TE) _ a(r. ).

While the specific methods for solving diffusion equations vary depending
on the application, the focus here is not on the solution techniques but rather
on understanding the fundamental nature of diffusion.

Fractional diffusion equations (FDEs) are generalized forms of classical
diffusion equations. These equations are abstract partial differential equa-
tions that involve fractional derivatives in time and, in some cases, in space.
They are particularly useful for modeling anomalous diffusion, where the
spread of particles deviates from the standard Fickian behavior described by
classical diffusion. In FDEs, the standard time derivative is replaced with
a fractional derivative. We refer to [18, 21, 2, 17, 12] to illustrate various
applications of fractional derivative theory in modeling complex systems, in-
cluding anomalous diffusion, viscoelastic materials, and memory-dependent
processes.

Let us present some research relevant to our framework. In [6], D’ Abbicco
et al. study a semilinear fractional diffusive equation of the type

O o — Ap = ||,
@T(Oa C) = 301(4)7
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where 7, ¢, 3, p and €OP+1p are as in problem (1).
The authors show that there exist two critical exponents for the global
solutions of the Cauchy problem (2). The first critical exponent defined as

_1+8

21+p8)—-1

They proved that global solutions to (2) exist if u > i and ¢, ¢ are suffi-
ciently small in £! N £#. The second critical exponent defined as

28 + 2
(m—2)(1+p8)+2

=1+

pni=1+

This exponent appears when ¢ is assumed to be zero. In this cas, it is
shown that global solutions to (2) exist if 1 > fi and ¢y is sufficiently small
in £ N Lr.

The Cauchy problem described in (2), acts as an interpolation between
two basic equations of mathematical physics, the semilinear wave equation
which is obtained when = 1 and the semilinear heat equation, which is
obtained when g = 0.

In the case when 8 = 1, the corresponding semilinear wave equation

87'7'90 - Agp = ‘90|H>
907'(07 C) = Qol(g)a

has been extensively studied by numerous researchers. See the first work
by Kato in [14], which demonstrated that for 1 < u < 14 —%5 (and for > 1
if m = 1), there are no global generalized solutions to the Cauchy problem
(3). It was conjectured in [24] and [25] that the critical exponent for (3),
denoted as p., is given by the positive root of the quadratic equation

(m—1)p?—(m+1)pu—2=0. (4)

Subsequently, John [13] proved this result for the case when m = 3.

Additionally, many authors in [9, 16, 26, 27] derived the global existence of
solutions to (3) with small data in different spatial dimensions when p > ..
On the other hand, for an appropriate choice of initial data, the author in
23], established that the solution to (3) blow-up in finite time for 1 < p < p..

10



When = 1, the semilinear fractional diffusive equation (2) reduces to
the semilinear heat equation

8790 - ASO - ‘90|M7
(0,¢) = ¢o(C),

In [8], Fujita constructed the critical exponent for the Cauchy problem
(5) as p1p = 1+ 2. He proved the global existence of solutions to (5) for small
initial data when p > po and also, derived finite time blow-up of solutions
for the case when 1 < p < pp.

In the case when nonlinear memory terms are present, meaning that the
right-hand side of equation (5) is replaced by [ (T —0)~7 [p(0,.)|" d, it was
shown in [4] that the critical exponent for (5) becomes

(5)

jo = maz {0, 2}, (6)

where
4 — 20

m—2+4+20

Additionally, it was established that the global solutions with small initial
data exist if p > fip, while the blow-up behavior of solutions in finite time
occurs for 1 < p < fig

Numerous researchers have studied the influence of the nonlinear memory
term on the global existence of solutions with small initial data for problems
involving wave equations, damped wave equations, and fractional damped
equations, see [11, 7] and [20].

In 2013, M. D’Abbicco [5] considered the following Cauchy problem

pm,o) =1+

pre =g+ = [ (=077 lol6, )" 0, g
0

90(07 C) = (pO(C)a 907(07 C) = ()01<C)7 <8>

where, 1 <m <5, 0 € (0,1) and p > 1.

The author established that The critical exponent for (7)-(8) is given by
fio, as defined in (6) for the heat equation with a nonlinear memory. Addi-
tionally, the author derived significant results regarding the global existence
of solutions for u > fip and the no global existence of weak solutions if
1 < p < g, in space dimension 1 < m < 5.

11



The present thesis is structured into four chapters. Chapter 1 introduces
essential notations and fundamental concepts related to various topics in
analysis, including functional spaces, special functions (such as the gamma
function and Mittag-Leffler function), and key results on the properties of
Riemann-Liouville and Caputo fractional derivatives, as well as Laplace and
Fourier transforms. The chapter concludes with a presentation of the Banach
fixed-point theorem.

Chapter 2 focuses on fractional differential equations involving the Caputo
fractional derivative. In Section 1, we prove the existence and uniqueness of
solutions for the following nonlinear fractional differential equation of the

form:
(°08.¢) () = @l (7)), (9)
under the condition ‘
00(0) =g (10)

where 0 <7 <T,5>0,and g € Rforj=0,1,--- ,m—1withm = [f].
In Section 2, we derive the explicit solution to the following linear fractional
differential equation

(°08,) (7) = d(r) = @(7),

P (0) = ¢,
by reducing the problem to an equivalent Volterra integral equation. In
Section 3, an alternative method is presented to obtain the explicit solution,
utilizing the Laplace transform method.
In Chapter 3, we study the Cauchy problem associated with the following
fractional diffusion equation:

€O — Ap = (7, (),
©-(0,¢) = ¢1(¢),

First, we derive the explicit solution to the problem (11), utilizing the results
established in Chapter 2. Subsequently, we establish £V — L? estimates for
the solution, which play a fundamental role in our main result.

12



In Chapter 4, we present our global existence results for the Cauchy
problem (11) with

B(r,) = / (= 6) 7 (6,1 do,

and small initial data. Our approach relies on the Banach fixed-point theorem
applied in a suitable subspace € ([0, ), L' N £*), endowed with a carefully
chosen norm that enables us to derive the desired estimates for the solution.

13



Chapter 1
PRELIMINARIES

In this chapter, we present some useful notations and fundamental concepts
related to various topics in analysis, such as functional spaces, special func-
tions, fractional calculus, and the Laplace and Fourier transforms, which will
be useful throughout our work (see [15, 22, 16]).

1.1 Notations and defnitions

Let [b,d] be an interval of R and 1 <9 < co. We denote LY([b, d], R) as the
Banach space of all measurable functions from [b, d] to R, equipped with the
norm:

d 1/19
D] 20 = (/ |<I>(0)|’9d0) for 1 <4 < o0,
b

and

| Pz = inf{A >0:|P(f)] < A a.e. on [b,d]}.
We denote €([b,d],R) as the Banach space of all continuous functions
from [b, d] to R, endowed with the norm:

1@lls = max [2(6)].

While €™ ([b, d], R) with m € Ny, denotes the space of functions ® : [b,d] —
R that are m times continuously differentiable on [b, d| endowed with the

14



norm
m

1@l =3 o [P0, m € No
Let [b,d] be a finite interval of R and § € R with 0 < § < 1. We define
the weighted space €5([b, d], R) as the set of functions defined on (b, d] such

that (0 — b)°®(0) € €([b, d],R), equipped with the norm:

1@llg, = [|(0 = 1)’ @), . Golb.d] = €[b,d].
For m € N, we introduce €*([b, d], R) as the Banach space of functions
®, such that ® € €™ *([b,d], R) and ®™ € €;([b,d], R), equipped with the

norm

m—1
[@llap = >_ @9 + ]l . €51b,d] = Eilb, d)
i=0
Let [b, d] be a finite interval of R. We denote &7 %([b,d], R) as the space
of absolutely continuous functions on the interval [b, d], which coincides with
the space of primitives of Lebesgue summable functions:

o(0) € 7€ (b, d),R) = IV(0) € £1([b, d], R) such that : B(0) = k+ / ’ U(0)do.

(1.1)
For m € N. We define the space of functions &7 €™ ([, d|,R) as follows:

AEC™([b,d),R) ={®:[b,d =R | P € €™ ([b,d,R) and ™V € #€([b,d],R)}.
In particular, &% ([b,d],R) = o€ ([b,d],R).

Lemma 1.1.1. [22] Let ® : [b,d] — R. Then ® € &/¢"([b,d],R) if and
only if

d(h) = z_: k(0 —b)' + (T5, ) (6), (1.2)

where k; (fori=0,1,--- ,m—1) are arbitrary constants, V(o) € L*([b, d], R)
and

(T 0) (6) = ﬁ/{; (0 — )" ¥ (0)do.

From (1.2), we have

15



and V(o) = ®™(q).

Lemma 1.1.2. [15] Letm € Ny, § € R such that 0 <6 <1 and @ : [b,d] —
R. Then ® € €*([b,d],R) if and only if

m—1

d(0) = Z Ki(0 — b)' + ﬁ /b (0 — o)™ ' W(0)do, (1.3)

where k; (fori=0,1,--- ,m—1) are arbitrary constants, V(o) € €5([b,d],R).
In addition,

ki = — and V(o) = ™ (0). (1.4)

We conclude this section by presenting an essential result in functional
analysis: Young’s theorem. To begin, we first define the convolution, which
is a fundamental operation in mathematics, particularly in Fourier analysis
and functional analysis.

For two functions ® and ¥ the convolution operator of & and ¥, denoted by
® x W, is defined as:

Bl i= (@5 0)E) = [ BE- )W)y (15)

Theorem 1.1.3. Let ® € LH(R™) and ¥ € LP(R™). If p, p,¥ > 1 such that
R
ppu VU

then

1@ * Wl o < [[Wlzo[| @] 2.

1.2 Special Functions
In this section, we outline the definitions and properties of the Euler gamma

and Mittag-Leffler functions, which are crucial to the study of fractional
calculus.

16



1.2.1 Gamma Function

The Gamma function, denoted by I'(w) is a crucial mathematical function
that generalizes the factorial concept to complex and real number arguments.

For w € C with Re(w) > 0, the Gamma function is defined by the inte-
gral:

I(w) = /OOO e 0w 1do. (1.6)

This integral is convergent for all complex w € C with Re(w) > 0.
The Gamma function satisfies the property:

I'w+1)=wl(w) with Re(w) > 0. (1.7)

In particular
'm+1)=m! where m € Ny,

with (as usual) 0! = 1.

1.2.2 Mittag-Leffler Function

The one-parameter Mittag-Leffler function, denoted as £3(.) for a parameter
[, is a complex function that generalizes the exponential function and plays
a crucial role in fractional calculus and related areas, It is defined by:

s r 5] +1)
where w € C and Re(5) > 0.

The two-parameter Mittag-Leffler function &3, (-) is an extension of the
one-parameter Mittag-Leffler function and is defined by

where w, v € C and Re(5) > 0.

When v = 1, the function reduces to the one-parameter Mittag-Leffler
function: £z, (w) = Es(w).

For specific values of £ (w), we provide the following table:

17



Bl Epq(w)
011 ijo W = Z;:o w
) wj ) wj w
111 ijomzzj:oj_!:e
211 cosh(y/w)
sinh(y/w)
Table 1.1

1.3 Fractional Integral and Derivative

In this section, we will introduce some properties and definitions of the most
common fractional integrals and fractional derivatives that will be used in
this work.

1.3.1 Riemann-Liouville Fractional Integrals and Frac-
tional Derivatives

Let [b, d] be a finite interval on R.

Definition 1.3.1. [16] Let § € R*, The left-sided fractional integral of

Riemann-Liouville, denoted as T@igp for a function ¢(0), is defined by the

ETPTESSION,:

1 T p(h)dd :
(félcp) (1) := NG /b (r— )7 with T > . (1.9)

If 3 = m € N, the left-sided fractional integral of Riemann-Liouville
coincides with the standard integral of order m, given by

18



(The) (1) = /b ?91 /beleeQ - /b"ml # (0] O (1.10)

- oD /b (7 — 0)™p(6)d0.

Example 1.3.1. [16] Let 3 € R, v € R with v > —1. Consider the
function p(0) = (0 — b)Y. The Riemann-Liouville fractional integral of v (0)
15 given by:
I'(y+1)
Top) (1) =
(%00) () T(y+1+8)
Definition 1.3.2. [16] Let § € R, the Riemann-Liouville fractional deriva-
tive, denoted as Délg& for a function p(0), is defined by

(1 —b)PH. (1.11)

(95+¢) (1) = ﬁ (%)m/; % with v > b, (1.12)

where m = [[].

when = m with m € Ny, the following holds:
(O ) (1) = o™ (7),

and
(9549) (1) = (1),
where (™ (1) represents the m-th order derivative of ¢(7) .

Example 1.3.2. [16] Let 5 € Ry, v € R with v > —1. Consider the
function ¢(0) = (6 — b)Y.Then, the Riemann-Liouville fractional derivative

of p(0) is given by:

r 1
(9%0) (1) = %(T — byr*, (1.13)
In the special case where v = 0, this simplifies to:
AN
(95;1) (1) = %. (1.14)

It 1s important to note that, in general, the Riemann-Liouville fractional
deriwative of a constant is not zero.

19



Corollary 1.3.1. [16] Let § € R’ and m = []. Then <Db+g0) (1) =0 of
and only if

m

o(1) =Y k(r ="

i=1

where ki € R fori=1,--- ., m are arbitrary constants.

The following result delineates the necessary conditions for the existence
of the fractional derivative O . within the space &€ ([b,d],R).

Lemma 1.3.2. [22] Let f € Ry and m = [5]. If o(1) € /€™ ([b,d],R),
then the fractional derivative Dicp exists almost everywhere on [b,d] and it
can be expressed in the following form:

m—1
_py-? 1 T ™)
< b+90> 2 F 1+J— b) —i—F(m_B)/b (7’—(9)5*“‘“(19'
(1.15)

Lemma 1.3.3. [22] Let p(1) € L([b,d],R) such that 1 < v < oco. If
B, € R, then the following identity holds almost everywhere on [b, d]:

(50,500) () = (T%) (7). (1.16)
Moreover, if 5+~ > 1, equation (1.16) is valid at every point in [b,d].

The following statement demonstrates that the Riemann-Liouville frac-
tional differentiation operator acts as the left inverse of the Riemann-Liouville
fractional integration operator.

Lemma 1.3.4. [22] Let p(1) € L([b,d],R) such that 1 < v < oco. If
B € RY, then the following identity holds almost everywhere on [b,d):
(97,%5,¢) () = (7). (1.17)

The property below establishes the relationship between the Riemann-
Liouville fractional integration operator and the Riemann-Liouville fractional
differentiation operator.

20



Property 1.3.5. [16] Let o(1) € LY([b,d],R) such that 1 < v < oco. If
B,y € RL with v < B, then the following equality holds almost everywhere
on [b,d]:

(DgﬂH@) (r) = T (7). (1.18)
If v=3€ N and  >j, then
(9%0¢) (1) = T el). (1.19)

In what follows, we will use the notation ¢y g(7) = <‘Ib n gp) (1) to

denote the fractional integral of order m — £.
We now define the space of functions zf L (L£Y), for > 0and 1 < v < o0,
as follows

T = {00 =0, peLi(bdR)}.

This space will be used in the following result, which establishes the
composition of the operator ‘Zf . and the operator Df \
Lemma 1.3.6. [16]/ Let B € R and m = [3].

(a) If 1 <v < o0 and (1) € ‘Z’lir[ﬁ“], then
(500 0) (1) = (). (1.20)

(b) If (1) € LY([b,d],R) and pu_s(T) € LE™([b,d],R), then the follow-
ing equality holds almost everywhere on [b,d):

m (m— ) b
3 Pms () _ p\B—i
(T DH@) ;F( iy (U AR (2

If0 < B <1, then

(35,900) ()=o) - S22 -0 ()
If B=m &€ N, then
m—1 (k)
(.080) ()=o) -3 S onh (2)



The following lemma establishes the existence of the Riemann-Liouville
fractional integral in the space of functions @b, d] as well as the the exis-
tence of the Riemann-Liouville fractional derivatives in the space of functions
e (b, d].

Lemma 1.3.7. [16] Let 3 € R’ and 0 € R.

(a) If § < B with0 < § < 1, then the operator Tng is bounded from €sb, d]
into €'[b,d] :
HgbBJrq)H(g < CQH(I)H%%’

o L@
with ¢y = (d — b)P WW'

(b) If B € Ry and (1) € E€([b,d],R) where m = [(], then @f+g0 exist
on (b,d] and can be expressed in the form given by (1.15).

The following lemma presents some results from fractional calculus that
will be needed later in this thesis.

Lemma 1.3.8. [15] Let B € R* , m =[] and let 6 € R with 0 <6 < 1.

(a) If (1) € €5([b,d],R) and ®n_ps(T) € E([b,d],R), then the relation
(1.21) is satisfied at every point T € (b,d]. In particular, if 0 < f < 1
and ®1_5(7) € €5 ([b,d],R), then the relation (1.22) holds.

(b) If ®(1) € €([b,d],R) and Pyn_s(7) € €™([b,d],R), then (1.21) is sat-
isfied at every point T € [b,d|. In particular, when ®(7) € €™([b,d],R),
then the equality (1.23) holds at every point T € [b,d].

1.3.2 Caputo Fractional Derivative

Definition 1.3.3. [16] Let B € R. The left-sided Caputo fractional deriva-
tive, denoted as cD{L(p, for a function ©(0), is defined in terms of the
Riemann-Liouville fractional derivative by the following expression:

m=l 6) ,
(cg§+<p) (1) := (D& [w(&) — Z L@(e — b))]) (1), (1.24)
where
m=[8]if 3¢ Ny, andwm=pifp e Ny. (1.25)

22



If 8 ¢ Ny and both fractional derivatives <CD,€ +g0) (1) and (Df +g0> (7)

of order € R, exist for a suitable function ¢(7), then according to (1.13),
they are related by the following expression:

(90,9) (7) = (90,) (1)~ 3= s where m = [5]

(1.26)
Also, we have

(“Ofse) (1) = (950) (7).
under the condition
p(b) = @'(0) = - = ™ D(b) = 0 where m = [5].
If 3 =m € Ny and the ordinary derivative ¢(™ (z) exists, then we have
(COr ) (1) =¢™(7) where m € N. (1.27)
The Caputo fractional derivative (CDf +<p> (1) shares properties analo-

gous to those of the Riemann-Liouville fractional derivative <Df L) (1) as
described in (1.13), but it differs from the properties outlined in (1.14).

Example 1.3.3. [16] Let f € R’, v € R with v > —1 and let m be defined
as in (1.25).Consider the function p(0) = (0 —b)Y. Then

(1) For v >m —1 the Caputo fractional derivative of p(0) is given by:

L(y+1) -1
(‘Ohe) M=oy

(2) When v =j wherej=0,1,--- ,m—1, the Caputo fractional derivative
vanishes:

<C535+g0> (1) =0.

In particular, for the constant function ¢(0) = 1 (corresponding to
v =0), the Caputo fractional derivative is:
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(Cof+1> (r) = 0.

From the definition of the Caputo fractional derivative, it follows that if
the Riemann-Liouville fractional derivative in (1.24) exists, then the Caputo

fractional derivative (CD;? +g0> (1) is well-defined. Specifically, it is defined
for functions in the space /€™ ([b,d], R).

Theorem 1.3.9. [16] Let § € Ry and m be defined as in (1.25). If o(T) €
AE"([b,d],R), then (CDergo) (1) exists almost everywhere on [b, d).

(a) If B ¢ Ny, the Caputo fractional derivative (CDergp) (1) is expressed

as follows:

B 1 T o™ (9)do
(ohe) )= =gy |, g
where m = [[].
(b) If B =m € Ny, then
(020) () = ¢™(r).

In particular, if 5 =0, then

(“Obs0) (1) = (7).

Lemma 1.3.10. [16] Let 3 € R’ and m be defined as in (1.25). If o(7) €
¢™([b,d],R) or o(1) € Z€"([b,d],R), then

B C B = SD(j)(b) j
($2.00,0) (1) = (r) = S E 2 (r =)
In particular, when 0 < 8 < 1, then

(52,907%) (1) = (7) = ()
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1.4 Fourier and Laplace Transforms

In this section, we introduce the definitions and fundamental properties of the
multidimensional Fourier transform and the one-dimensional Laplace trans-
form, both of which play a crucial role in applications to partial differential
equations (PDEs) and fractional differential equations (FDEs).

Fourier Transform

Let ®(0) be a function of § = (0,6, --- ,0,) € R™ . The Fourier transform
of ®(0) is defined as:

(39)(C) = FB(0)](C) = B(C) = / COB(0)d for C € R, (1.28)

m

The inverse Fourier transform is defined as:

1

(3719) (O =3 OO = 5w ¥(-0) =

1
(2m)™

(1.29)
The Fourier transform and its inverse are well-defined for functions ® €
L' (R™, R)(respectively, ® € L2 (R™, R)) which are functions that are abso-
lutely integrable (respectively, square-integrable).
We present some basic properties of the Fourier transform:
Linearity:

Sla®(0) +7¥(0)](0) = aF[@(0)](0) + T [¥(0)](0), a,7€R.

Differentiation Property:

§[D2(0)] (¢) = (=i)"(F®)(¢) with ¢ € R™, K= (k1 ,km) € N
(1.30)
for ®(0) € ¢*(R™ R) such that D'®(¢) € L}(R™ R) for allj < &,
Where, D denotes the partial derivative operator.
Laplace Operator Property:

FAR(9)I(C) = —[CI*(FP)(C)- (1.31)
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Here, A denotes the Laplacian operator, defined as

0? 0?
A= —+.. .+ —.
a¢t G
The following theorem, known as the Fourier convolution theorem, pro-
vides the Fourier transform of the convolution operator:

Theorem 1.4.1. Let ® and ¥ be two functions in L,(R™ R)(or Lo3(R™, R)).

Then The Fourier transform of their convolution is given by

(F(@+ ¥))(C) = (F2)(¢) - (F¥)(C)-

Equivalently, the convolution itself can be expressed as:
(@ *W)(C) = (1 (FP) - (F¥)(C)- (1.32)

The Laplace Transform

Let be ®(0) a function of # € R, The Laplace transform of ®(6) is defined
as:

(£D)(0) = £[®(0)](0) = (o) := /0 h e ®(#)dfd  where 0 € C. (1.33)

The inverse Laplace transform for ¢ € R* is defined as follows:
1 d+ioco
(£710) (¢) = £7' W (0)](¢) = =— e’VU(o)do  where § = Re(o).

2mi d—ioc0

The Laplace transform and its inverse are inverse operations, meaning:

£71eh =0,
and

Lo = U,

Example 1.4.1. [16] Let ®(0) = 0 with « > —1. The Laplace transform
of ® is given by:

['(a+1)
gotl

L6 (o) = (o0 >0). (1.34)
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Indeed, from the definition of the Laplace transform:

(£6)(0) = /0 " e t7g0ap,

by setting ( = Oo, we find:

[e'e) (07 d
(go)o) = [ (g) &
_ UalH /O eS¢

The integral fooo e=$Cd( is the definition of the Gamma function T'(a+1).
Therefore, we have:

(20)(0) = 1Ot D

From this result, we can also conclude the inverse Laplace transform of the

function V(o) = which is given by:

0—a+1 ’

Example 1.4.2. [16] Let 0,6,y € R’ and p € R. Consider the elemen-
tary function 67 1Es (/L@‘S), where Es ., () is the two-parameter Mittag-Leffler
function. The Laplace transform of this function is given by:

5—
S ean ()] ()= =, witho >0 and | <1 (139

Indeed, from the definition of the Laplace transform:
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o0

e P70 Es ., (nf°) df

L5, (18°)] (o)

S— S—

OO —0o ny—1 = (/’Le(s)n
e 0 ZF((Sn—l—’y)dQ

()" /Oo —00 pir+y—
o\ 09 K+ 1d0
I'(0k +7) Jo ‘

NE

0

=
Il

(p)" Kty—1
Tom )% (075771 (o).

M8

=
i
=)

Going back to (1.34), one has

() T(0k+7)
“T(Br+7y) o
(1

R YA
0-65—5-7_20-7.(;)'

~k=0

e [0, (16°)] (o)

Mg ANk

Il
o

K

This is a geometric series with ratio ﬂ Summing the series under the
o?d

condition |puo=| < 1, we get:

1 1 0=y
L5 (1)) () = 5 =
T

g

This result is a fundamental tool in the analysis of fractional differential
equations with memory effects, as it connects the Mittag-Leffler function with
the Laplace transform

We present some basic properties of the Laplace transform:
Linearity:

Lla®(0) +7¥(0)](0) = aL[®(0)](0) +~7£[¥(0)](0), a7 €R.

Differentiation:
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The Laplace transform of the x-th order derivative of ®(0), is given by:
K—1
£[®"(0)] (0) = o%(£2)(0) — Y 0" '2(0) for k€ N.
=0

The Laplace transform of the convolution between ¥ € L;(R,R) (or
L>(R,R)) and ® € £;(R,R) (or L3(R,R)) is given by

L@+ 0)(0)] (o) = £[2(0)] (0) - £[¥(0)] (o). (1.36)

Laplace Transform of the Fractional Integrals and Deriva-

tives
Let us now present some fundamental results that are essential for solving
fractional differential equations using the Laplace transform. Specifically, we
will focus on the Laplace transforms of fractional integrals and fractional
derivatives under specific conditions. These conditions will be explicitly
stated for both cases, ensuring the applicability of the Laplace transform
to fractional-order operators.

First, let’s recall the definition of the exponential order of a function. For
6 > 0, a function ®(0) is said to be of exponential order v > 0 if there exist
constants A, d € R’ such that

|D(0)] < A for all 0 > d. (1.37)
Lemma 1.4.2. [16]
(a) Let B > 0. If ®(0) € L£([0,d],R) for any d > 0 and of exponential
order v > 0, then
(£30,2) (0) = o P(£0)(0),
for R(o) > 7.

(b) Let 5 >0, m=[fF]. If®(0) € d%m(JOA],R) for any d > 0, and there
exist the finite limits limg_,o, [D*Z5, " ®(0)]

and limg_, o [D"Z0 P ®(0)] =0 (D =d/df;k=0,1,...,m —1) then
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(soﬁg) (0) = 0®(£0)(0) — ~ ety (sg‘g%) (0+).

K

3

Il
o

Lemma 1.4.3. [16] Let > 0 and m = [(]. If ®(0) € €™ (R, R) and also
dM™(¢) € L£Y[0,d],R) for any d > 0 and of exponential order v > 0, then
the following relation holds:

(2‘395@) (0) = oP(£8)(0) — mz B (). (1.38)

1.5 Fixed Point Theorems

In this section, we present Banach’s Fixed-Point Theorem, a highly use-
ful tool in mathematics, particularly for solving differential equations and
fractional differential equations. This theorem provides sufficient conditions
under which a given function or mapping admits a unique fixed point. By
reformulating a problem as a fixed-point problem, we can guarantee not only
the existence but also the uniqueness of the solution. Moreover, this fixed
point corresponds directly to the solution of the original problem.

Definition 1.5.1. Let (A, d) be a metric space and T : A — A be a mapping.
An element ¢ € A is called a fized point of T if

T¢=(

Definition 1.5.2. A mapping T : A — A on a metric space (A,d) is called
a contraction if there exists R € [0,1) such that

d(T(0), T(€) < RA(C,€)  for all ¢, € A.

Now we present the classical Banach fixed point theorem in a complete
metric space

Theorem 1.5.1. Let (A,d) be a complete metric space and let T : A — A
be a contraction on A. Then Y has a unique fixed point C* € A.
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Chapter 2

FRACTIONAL
DIFFERENTIAL
EQUATIONS

In this chapter, we establish the existence and uniqueness of solutions for non-
linear fractional differential equations involving Caputo fractional derivatives.
We also derive explicit solutions for linear fractional differential equations
with Caputo derivatives through two complementary methods: reduction to
Volterra integral equations and application of the Laplace transform.

Definition 2.0.1. [19] An equation of the form
Zu; . <CD§Lr<p) (1) =®(7), for each T > 0, (2.1)
=0

where CDgLr denotes the Caputo fractional derivative of order B; with By >
Bm-1 > -+ > o >0, ®:]0,00) — R is a given function, and p; € R for
allj =0,....m with g = 1, is called a linear fractional differential equation.

An equation that cannot be expressed in the form (2.1) is called a nonlin-
ear equation.

Remark 2.0.1. If (1) = 0, the equation (2.1) reduces to the homogeneous
case:

m

S w- (Cogw) (1) =0, forT>0.

j=0
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2.1 The Existence and Uniqueness Theorem
for Fractional Differential Equations

In this section, we investigate the existence and uniqueness of solutions for
the following nonlinear fractional differential equation:

(°08.¢) (1) = @l (7)), (2:2)
under the initial conditions:

QO(j)([)) =G, (2'3)

where 0 < 7 < T,8 > 0, 095 + denotes the Caputo fractional derivative of
order f, and ¢; € R for j=0,1,--- ,m — 1 with m = [J].

In particular, if 5 = m € N the Cauchy problem described by (2.2)-
(2.3) reduces, based on (1.27), to the usual Cauchy problem for an ordinary
differential equation (ODE) of order m € N.

More precisely, the problem takes the form:

™ (1) = [r, o(7)], (2.4)
©"(0) = j, (2.5)
where 0 <7 <T,and g€ Rforj=0,1,--- ,m— 1.

This Cauchy problem can be equivalently transformed into the Volterra
integral equation of the second kind:

o(1) = Z S %), /OT(T — )™ P[0, p(0)]df, for0<T<T.

il (m—1
(2.6)
Consequently, the problem (2.2)—(2.3) can be equivalently transformed
into the Volterra integral equation:

o(1) = Z :—;Ti + F(lﬁ) /OT CIEE-Q’—(pxl)]—%H for0 <7 <T. (2.7)

First, we define the space of functions Cﬁf P[0, T] for which we establish the
conditions ensuring the existence of a unique solution ¢(7) to the problem
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(2.2)-(2.3). For > 0,0 € R with 0 < < 1 and p € N, the space is defined
as follows:

G000, 7] = {30(7) € ¢0,T]: O p € %[O,T]} , (2.8)

EUP0,T) = €°%0,T), €P°[0,T) =€7[0,T).

The following Theorem establishes an equivalence between the problem
(2.2)-(2.3) and the integral equation (2.7) in the space of continuously dif-
ferentiable functions. Specifically, it shows that solving the fractional differ-
ential equation (2.2) with the initial conditions (2.3) is equivalent to solving
the integral equation (2.7) in the space €*[0, 7.

Prior to presenting and proving the results, consider the following as-
sumptions:

(a) B>0and m=[F],0<d<1withd<pg.

(b) U be an open set in R, ® : (0,7] x U — R be a function such that, for
any ¢ € U, ®[r, 9| € 65[0,T).

(¢c) p=mfor e Nand p=m—1for § ¢ N.

Theorem 2.1.1. [16] Let the assumptions (a)-(c) hold. If (1) € €*[0,T],
then o(T) is a solution of the Cauchy problem (2.2)-(2.3) if and only if o(T)
is a solution of the Volterra integral equation (2.7).

Proof. For § = m € N, let (1) € €™[0,T] be a solution of the Cauchy
problem

P™(1) = @[r, p(7)], (2.9)
07 (0) = ;. (2.10)
By applying the operator T, to both sides of (2.9), we obtain
(o e™)(1) = (5[0, 0 (0)]) (7).

from (1.23) and (2.10), it follows that

P = Y o' = (T2, 40 (7
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Hence

o(1) = Z %Ti + (mi o /OT(T — )™ D9, p(0)]d6.

Conversely, if o(7) € ™[0, b] satisfies the integral equation(2.6), then

= o+ z;c—' T /OT(T — 0™ D[0, p(6)]d0

By differentiating this equation once, we obtain

m—1

1

4+ o) /0 (7 — 0)™2®[0, p(6)]do.

i=2

Differentiating a second time yields

1
(m—S)!

(2)

/0 "(r — 006, o(6)]d6.

Repeating this process, it follows that, for j =0, ...,m — 2

; B m—1 G . 1 T S
S0()<’7') = Cj+i:jz+1 (1_])'7' +m/o (1 —10) D0, p(6)]d0,
and -
™ (1) = emo +/ ®[6, 0(6)]d6. (2.11)

Taking the limit as 7 — 0, we obtain
e(0)=¢ forj=0,1,--- ,m—1.
On the other hand, differentiating equation (2.11), we get
P™(1) = @[, (7).
The proof is complete for 5 € N.
Form—1< f <m,let o(r) € €™ '[0,T] be a solution of the Cauchy

problem (2.2)-(2.3). From the definitions of the Caputo and Riemann-Liouville
fractional derivatives, we have:
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ﬁ

(“0%,) <T>:(D€+[ S 9]) (212

i=0

_ ( ( (0 0_ 9]) (1. (213)

Under the condition ®[7, ¢| € 5[0, 7] as stated in Theorem 2.1.1, it follows
that ( Do+go> (1) € 650, T]. Consequently, by Lemma 1.1.2, we obtain:

(rzg:_ﬁ 90(9) B mil Qo(i?(o) 91]) (7') = ‘55“[0, T]

il
i=0
By applying the Riemann-Liouville fractional integral of order g to both sides

of (2.12) and applying Lemma 1.3.8 for the term ¢(6) — > - 01 @() ) gt
get

m—1 ) .
(0,°08,¢) () = (s&o& [go(e) -y ifo)e‘D ()

i=0

m—1 S0(1)(0) ‘ m (P(nl k)(0+) - (2.14>
:wﬁy‘lo il T_ggrw—k+1) ’
where
Pm-s(7) = (z:;: o0~y “”“if%]) )
=0 (2.15)

— 1 TT_ m—p3—1 mlgp'
= A [ ]

Integrating equation (2.15) by parts, let u(@) ( ) — Z:n_ol “0<?!(0) 6 and
S e do

dv(0) = (1—6)™F~1df , which implies, du(f > I

and v(6) = (Tme—ﬂ Using the formula f wdv =uv — [ duv, it follows

v—'H
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More precisely,

m—1 @) ‘
Pm—p(T) = (Sg‘f o [@’(9) - 4 (0)'9‘_1D (7). (2.17)

Differentiating equation (2.17), and applying (1.19) with j = 1, we obtain

By iterating this process m —j times forj = 1,--- ;m, we obtain the following
relation:

50:11—5( ) (I& ’

i=m—j

-1 (1
(m=i) (g} — E vl gi—m+i
o) A (i—m+ ])
—1

_ ! _ p\m—p5—1 m—j . i O) i—m+j
_m/au o)~ [so( )(6) .—(l_mﬂ)!e +]d9.

i=m—j

By setting 6 = o7, which implies 7 — 0 = 7(1 — ¢) and df = 7do we derive,
forj=1,---,m,
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rm=p ! ‘
A ) = s L = e

i 90(0 (0) i—m+j
_ | (iT—l—j)!(UT) ] do.

m-—j

(2.18)

1

Since B < m and ™) (7) € €[0,T] j=1,--- ,m), then gpff‘_?(()—i—) =0 for
j=1,---,m, and therefore, (2.14) can be rewritten as

T (2.19)

(585:°080) (1) = () -

Since @1, ¢| € 65[0,T] and v < B, it follows from Lemma 1.3.7(a) that,
To ®[0,0(0)] € €[0,T]. By applying the Riemann-Liouville fractional inte-
gral of order § to both sides of (2.2), we obtain

(55:590,) () = (S0, 006, (O (7).
Using (2.19) along with the initial conditions (2.3), we have

m—

Z.' (3,210, (O))(7).
Hence

— o, | /“I)[Q,@(G)]d&
it T(B) Sy (r=0)2

i=0
This establishes the necessity.

Conversely, suppose (1) € €™ 1[0, T] satisfies the Volterra integral equa-
tion (2.7). We will show that (1) satisfies the initial conditions (2.3). Dif-
ferentiating the equation (2.7) j-times, where j = 1,--- ,m —1, and using the
property(1.19), we obtain

() = 3 T+ (S5 206, (0))(7)
= (2.20)

i—j ; TT_ Bi—1
G- +F(ﬁ—j)/0( 0) DY, (6)]d6.
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By setting § = o7, which implies 7 — § = 7(1 — 0) and df = 7do, we derive,
forj=1,--- ,m—1,

m—1

o0 (7) = G i
g (=3 (2.21)
—Tﬁij 1 1 —0)’ 77 ®[or, p(o7)]do
iy, 0 o

As a consequence of § > m — 1 and the continuity of ®[r, p(7)], the integral
in the expression (2.21) is well-defined and continuous. By taking the limit
as T — 0+, we obtain the initial conditions (2.3), forj =1,...,m — 1.

For j = 0, Repeating the same process to the Volterra integral eqution
(2.7), we derive ¢(0) = c.

We now want to prove that ¢(7) satisfies the equation (2.2). From (2.7)
together with (2.3) we have

m—1 (1) ' T

This equation can be rewritten in terms of the Riemann-Liouville fractional
integral operator ‘Eg  as follow:

7' = (To, P[0, 0(0)])(7), (2.23)

we apply the Riemann-Liouville fractional derivative operator Dg + to both
sides of (2.23). By taking (1.24) into account and using the property(1.17),

we obtain
(°08,¢) () = @l (7))
The proof is complet for 5 ¢ N. ]

Theorem 2.1.2. [16] Let the assumptions (a)-(b) hold, and let ® satisfies
the Lipschitz condition with respect to the second variable, means that, there
exists a constant A > 0 such that

|D[T, 1] — @[T, pa]| < N1 — pao|  for all 7 € (0,T], and for all @1,y € U.
(2.24)
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(i) If m —1 < g <m, where m € N, then the Cauchy problem (2.2)-(2.3)
has a unique solution o(7) in the space €. [0, T).

(i) If B = m € N, then the Cauchy problem (2.4)-(2.5) has a unique
solution o(7) in the space €0, T).

(iii) In particular, if 6 = 0 and ®[t, ] € €[0,T], the Cauchy problem (2.2)-
(2.3) has a unique solution in the space €™ 10, T, while the Cauchy
problem (2.4)-(2.5) has a unique solution in the space €™[0,T].

Remark 2.1.1. The established results on existence and uniqueness of solu-
tions for Caputo-type fractional differential equations can be naturally gen-
eralized to fractional differential inclusions. This generalization is achieved
by substituting the single-valued right-hand side function ® with a set-valued
mapping V, yielding:

(c08.) (1) € ¥l ()]

The existence of solutions can be guaranteed under standard reqularity con-
ditions on V¥, including upper semicontinuity and the requirement that W
takes nonempty, compact, and convex values. The proof typically relies on
fixed-point theorems adapted for multivalued operators. However, Uniqueness
requires additional conditions, particularly the Lipschitz continuity of ¥ when
equipped with the Hausdorff metric. for more detail of these results, we refer

to [1].

2.2 Linear Fractional Differential Equations

2.2.1 Reduction to Volterra Integral Equation Method
for Explicity Solving Linear Fractional Differen-
tial Equation

In this section, we derive the explicit solution to the linear fractional differ-
ential equation involving the Caputo fractional derivative of the form

(408.0) () = petr) = (), (2.25)
00(0) = ¢, (2.26)
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where 0 < 7 < T, ¢ Nm—1< < mwithm € N, u € R, CD€+
denotes the Caputo fractional fractional derivative of order 3, and ¢; € R for
i=0,1,--- ,m—1.

By reducing this problem to an equivalent Volterra integral equation and
using the method of successive approximations, we derive its explicit solution.
The results are obtained under the assumptions of the following theorem:

Theorem 2.2.1. [16] Let § > 0 such that m — 1 < < m where m € N.
Moreover let 0 < 6 < 1 with § < 8. Assume that u € R.

If &(1) € 650, T], then there exists a unique solution ¢(7) to the Cauchy
problem (2.25)-(2.26) in the space €™ '[0,T). It is given by

m—1

p(r) = ar'€sin (u7”) + /OT(T —0)7 &5 (u(r — 0)7) @(0)d6.  (2.27)

i=0

When 6 = 0 and ®(1) € €[0,T], the solution p(T) in (2.27) belongs to
€Pm=10,T] .

Remark 2.2.1. If ®(7) = 0 (the homogeneous case), there exists a unique
solution (7) to the Cauchy problem (2.25)-(2.26) in the space €)™ [0, T).
It is given by

m—1

(1) =) et (ur).

i=0

Example 2.2.1. Consider the the Cauchy problem
(°0810) (7) = pp(r) = 0(r) for1<p<2, (2.28)

p(0)=ceR, ¢'(0)=ceR, (2.29)
the solution to the Cauchy problem (2.28)-(2.29) is given by

o(1) =&z, (/M"B) +e1€3 (,quB)
+ /0 (1 —0)°"'&5 (u(r — 0)%) ©(6)do.

In particular, if ®(1) = 0, the solution to the Cauchy problem (2.28)-
(2.29) has the form

o(1) =&z, (,LLTB) +e7€3 (,lLTﬁ)
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Proof of Theorem 2.2.1. Let f >0suchthat m—1<f<mand 0<d <1
with 6 < f, assume that ®(7) € %5[0,7]. According to Theorem 2.1.1,
it follows that the solution to the Cauchy problem (2.25)-(2.26) satisfies in
©™~10,T] the Volterra integral equation (2.7), we have

G L [T(R(0) + pp(6))de
R D Y M

yields

m—
; T 0)de 1 T ®(0)dd
20T TTG) Sy G0 T Sy T-0)
now, we use the method of successive approximations to solve equation (2.30).

First we set
m—1

po(t) =) %T‘, (2.31)
i=0
and
B po 7 er-_1(0)d0 1 T ®(6)do
A =)+ 5 |, E2 ), ot (2
We can rewrite (2.32) as follows:
or(1) = wo(r) + 1 (St ) (0 + (S2) (7). (233)
Using (2.31) together with (1.11), we find, for k = 1
m—1 c m—1 c
. i i i i B
i(7) = Z:O: Tit+1) “Z me * (Toﬂ)) (7)
m—1

TBJ+1 1

‘Zr51+1+1 (ﬁ)/o (r — 0)°~10(0)do.

And for k = 2, we get

m—1

ZFH—l

i=0
m

Il
<

1 1

+

i=0 =0
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which, together with (1.16), leads to

m—1 2 ; i 2
7 ] RS

= i _— d(0)de.
Repeating this process, we obtain, for £ € N

m—1 k C i .

MJT/J’JJH /T M;fl B]
() ar JZOF(ﬁH-H—l ler(ﬁ; (6)
m—1 k

_ i (ur?) T 0)- k ;
25 e Z mﬁ B(0)a0.

Passing to the limit as k& — oo, having in mind (1.8), we derive

m—1

= Z a7 € (077) + /0 T(T — )" &5 (u(r — 0)7) D(0)db. (2.34)

This provides an explicit solution to the Cauchy problem (2.25)-(2.26).
Furthermore, the function ®[r, ] = pp+ ®(7) satisfies the Lipschitz con-
dition with respect to the second variable, As a result of Theorem 2.1.2, the
Cauchy problem (2.25)-(2.26) has a unique solution in the space €2 '[0, T.
This concludes the proof. O

2.2.2 Laplace Transform Method for Explicity Solving
Linear Fractional Differential Equation

In the present section, we construct the explicit solution to the linear prob-
lem (2.25)-(2.26) by using the Laplace transform method.

The general solution to the nonhomogeneous fractional differential equa-
tion (2.25) can be expressed as the sum of the general solution to the corre-
sponding homogeneous equation and a particular solution to the nonhomo-
geneous equation.

Let us start by deriving the explicit solution to the corresponding homo-
geneous equation:

(“08,) (7) = uelr) =0, (2.35)
where 7 >0, m—1< 8 <mwithm € N, and u € R.
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Theorem 2.2.2. [16] Let m—1 < § < m where m € N, and let p € R. The
fundamental system of solutions to equation (2.35) is given by the functions

901(7—) = Tig@i_;_l (IUTB) where 1 = 07 R 1.

Proof. By applying the Laplace transform to both side of (2.35), we obtain

(£°98.) (0) — n(2¢) (0) = 0.

Using (1.38), we get

m—1
=) P e(0) — (L) (0) =0, (2.36)
i=0
yields
(L0)(o Z Pl
then
O.B i—1
Z 0 (2.37)
where '
a,=pW0) fori=0,--- ,m—1. (2.38)

From (1.35) with v =1+ 1 and 6 = 3, it follows that

(Lo)(o) = z_:aiﬁ (7' €541 (u77)] (o)  (|uo™"| < 1). (2.39)

i=0

Applying the inverse Laplace transform to both side of (2.39), we derive the
following expression for the solution to the homogeneous equation (2.35)

Z aoi(7),  @i(T) = T'E8441 (,m'ﬁ) ) (2.40)

Note that {¢o(7), - ,¢om_1(7)} are solutions to the homogeneous equation
(2.35), indeed, for alli=0,--- m—1

(CD§+ [Tigﬂ,i_‘_l (,U,TB)]> (1) — p7'€si41 (MTB) = 0.
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On the other hand, the j-th derivative of ¢;(7) is given by

o (1) = 775141 (n7”) . (2.41)
Now, if the solutions {@o(7), -, Ym-1(7)} are linearly independent then
these solutions form the fundamental system of solutions of the homogeneous
equation (2.35). To verify the linear independence of these functions, we use
the Wronskian method.
From (2.41), we have

SDj(j)(()):l forj=0,---,m—1, (2.42)

e(0) =0forj,i=0,---,m—1andi>j. (2.43)
If i < j, using the definition (1.8), we can rewrite (2.41) as
(1) = Pt g (ur?),
since f+1—j>0forallji=0,---, m—1, we get
e(0) =0forj,i=0,---,m—1andi<;j. (2.44)

Now, we define the Wronskian as follows:

W (r) = det (¢ (7))

Combining (2.42)-(2.43) and (2.44), it follows that

#(0) = 1 # 0. Consequently, the solutions {¢o(7), -, pm_1(7)} are
linearly independent and form the fundamental system of solutions to the
homogeneous equation (2.35). O

m—1

j,i=0

Corollary 2.2.3. Consider the fractional diferential equation of the form:
(CD&@) (1) — pp(r) =0 for each 7 >0, and 0 < f < 1.

The solution to this equation is given by

() =&z (ur”) .

For the following fractional diferential equation:
(CDg+go) (1) — pp(r) =0 for each >0, and 1 < § < 2.

The fundamental system of solutions is formed by the following linearly in-
dependent functions:

o1(1) =E (um”),  @2(7) =752 (077) .
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Now by using the same approach, we will determine the particular solu-
tions to the corresponding nonhomogeneous equations:

(CDnggo) (1) — pp(1) =®(r) for7>0and [ >0. (2.45)

Theorem 2.2.4. [16] Let 5 > 0 and p € R, also let  : Ry — R be a given
function. Then the equation (2.45) is solvable, and the function

o) = / (r— 071855 (u(r — 0)) D(6)d6 (2.46)

is a particular solution for it, provided that the integral in (2.46) is conver-
gent.

Proof. Applying the Laplace transform to both sides of (2.45) and using
(1.38), we get

(Lp)(0) = : (2.47)

then, by applying the inverse Laplace transform to both sides of (2.47), we
derive a particular solution to the equation (2.46) of the form:

(1) = (21 {M} > (7). (2.48)

of —

Using the Laplace convolution formula (1.36), which states:

£ [(£8)(0)(2T)(0)] () = / U — 0)3(6)de,

by setting
1

o —

(£0)(0) =

From (1.35) with § = v = 3, it follows

U(r) = 75_155,5 (,U,T’B) ,
thus

o7) = [ (=0 s (ulr — 0)%) 2(0)as
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Example 2.2.2. Consider the differential equation of second order
(1) — pp(r) = ®(7)  for >0 and p € R,

then, its particular solution is given by

o(r) = [ (= 02 [utr 0] w(0)a0.

we derive that

o(7) = /0 e VT Gl FYPRT)

(07
if <0 [ }
rsinh |\/(—p)(7 — 0)
T) = d(0)do,
o= | — 0
if £ >0

7 sinh[\/u(r — 0)]
o(r) = /0 N ®(0)do

Theorem 2.2.5. [16] Let m — 1 < < m, wherem € N, and let p €
R. Moreover, let ® : Ry — R be a given function. Then, the fractional
differential equation (2.45) is solvable, and the function

m—1

A7) = St i (1) + [ (=08 (ulr = 0)°) a(6)0

is a general solution for it, where ¢; € R fori=0,--- m — 1 are arbitrary
constants.
When, 0 < 8 < 1, the general solutions to (2.45) is given by:

o(1) = eo€s1 (u7”) + /OT(T —0)° &5 (u(r —1)%) (6)d0.
While, when 1 < 8 < 2, the general solutions to (2.45) is given by:
p(1) = er&p (u77) + 0278 (n7”) + /OT(T —0)"" &5 (u(r — 0)7) ©(0)dd,
where ey, e5 € R are arbitrary constants.
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Cauchy Problem for Fractional Differential Equation

The explicit solutions for the fractional differential equations derived in the
previous section, can be directly applied to solve initial value problems for
such equations. For instance, we consider the Cauchy problem

(°081) (7) = me(r) = 0(7), (2.49)

P0(0) = ¢, (2.50)
where 7 > 0,m—-1 < 8 < mwithm € N, € Rand ¢ € Rforj =
0,---,m—1.

The following result follows from Theorem 2.2.5.

Proposition 2.2.6. [16] Let m — 1 < § < m where m € N, and let u € R.
Also let ® : Ry — R be a given function. Then, the Cauchy problem (2.49)-
(2.50) is solvable, and the function

m—1

o) = S i (1) + [ (r=0) 18 (ulr — 0)°) 2(6)0

is a solution for it.
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Chapter 3

LINEAR FRACTIONAL
DIFFUSION EQUATION

In this chapter, we study the linear fractional diffusive equation of the form:

oo — Ap = 0(r,(),
907'(07 C) = 901((:)7

where 7 > 0, € R™,0 < 8 < 1, and O?*! denotes the Caputo fractional
derivative of order 3 4+ 1 with respect to time 7, A is the Laplace operator
in space.

The linear fractional diffusion equation described in (3.1), acts as an
interpolation between two basic equations of mathematical physics, the linear
wave equation which is obtained when § = 1 and the linear heat equation,
which is obtained when § = 0.

3.1 Explicit Solution to the Linear Fractional
Diffusion Equation

In this section, we derive the explicit solution to the linear problem (3.1),
building on the results established in the previous chapter. Indeed,

consider the linear problem (3.1). By applying the Fourier transform
with respect to the spatial variable ¢, denoted as §¢ to both sides of (3.1)
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and using (1.31), we obtain

.

COPHIG + |¢2 = B(7,€),  for T >0,

$(0,8) = #0(8),

$-(0,8) = &1(6),

\

from Theorem 2.2.1, it follows

P(1,€) = @o(&)Esr11 (—1EPT7T) + @1(&)TEp12 (—[E*T7H)

+ /OT(T = 0)° a5 (1€ (T — 0)71) (6, €)de, 2

where &£ 3, is the two-parameter Mittag-Leffler function defined in (1.8).
Applying the invers Fourier transform to both sides of (3.2), we obtain

p(7,0) = F¢ [20(€)€s41a (—IEPTIC) + ¢ [61(E)TEs 12 (—IEPT)](C)

T / = 075 [Eserpn (—EP(r — 0)P) (8, )](C)d6.
(3.3)

Defining Ky44,(7,¢) = 35—1 (Ergpy (—7P1E[?)) where n = 1,14 3,2, and
Substituting in (3.3), we get

p(7.0) = Te ' [2o(§)FelKirpn (7, ONENC) + 78 [£1(O)Te[Krrs2(m, ONEI(C)

i /oT(T = 0)°F BelCrvpvs(r — 0. QNE)] (0, €))(C)d,

(3.4)
using (1.32), then the solution to the problem (3.1) can be expressed in the
following form

90(7'7 ) = ’C1+,8,1(7', ) *(¢) Po + T/C1+B,2(7'7 ) *(¢) Y1

+ [ =0 Kraseatr =09 2 2000, (3:5)

where

Kiipn(mC) =F " (Eripn (7€) .

49



3.2 LY— L7 Estimates for the Solution to the
Linear Fractional Diffusion Equation

In order to derive LY — L estimates for the solution to the linear problem
(3.1), where 1 < v < p < oco. we estimate Ki44,(,-) in £# norms. Taking
into account the scaling property (see [6]):

5 e (7107

it suffices to estimate KCy45,(1,-) in £* norms, where n =1,5+1,2 .

= 20D IF (P, (36)

LK

Proposition 3.2.1. [6/

1. Forall0 < B <1 and for all 1 < p < oo, if

1 2
1-- <=,
Loom
then
Kivsa(l,-) € L
2. Forall0 < B <1 and for all 1 < p < o0, if

1 4
1— =< —,
Lo om
then
Kivsies(1,-) € LX
3. Forall0 < B <1 and for all 1 < p < o0, if

1 2
1—— < —,
Loom
then
]Cl_‘_B’Q(l,') c L+

In what follows, we will make use of the following lemma.
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Lemma 3.2.2. [6]
Letp <1 and q € R. Then:

. (14+7)7", ifp <1<y,
/(T—@ﬂu+ﬂrme5 (1+7)Tog(1+7), ifp<l=gq, (37)
0 (1+7)l-p9, ifp,q<l.

The following theorem establishes £Y — L estimates for the solution to
the linear problem (3.1), where 1 < v < p < 0.

Theorem 3.2.3. [6] Let m > 1 and p € [1,00]. Assume that @y € L, 1 €
LY and that ®(7,-) € LY, with v; € [1, p|, satisfying

1 1 2
— = =< (38)
V; 1% m
fori=0,1,2. Assume that
[2(7, ) goe < RO +7)77, V7 >0, (3.9)

for some R > 0 and o € R. Then the solution to (3.1) verifies the following
estimate:

_mO+8) (11 1_mO+8) (1 1
lo(r, Mo < e G ool o + e F Gi3) loron
_omA+B) (1 1
cﬂ1+ﬂﬁ‘T4éi) ifo>1,

m(A+p) (1 1

+ cﬁ(1+7)ﬂ_ (50 log(14+7) ifo=1,
g mOE) (11 _
R(1+7) 72 (%-7) ifo <1,

for any T > 0, where ¢ does not depend on the data.

Proof. Consider the linear problem (3.1), assume that ¢q € LY, p; € L™
and ®(7,-) € L satisfy (3.8). The solution to the problem can be expressed
in the following form:

o(7,) = Kiypa(7, %) %) o + 714 2(T, %) %) 1
=+ / (7‘ — 9)’8/C1+571+/3(7' — 9, ) *(¢) @((9, ))d@
0
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For p € [1,00], the £” norm of the solution satisfies:

(T Mler < WNC1181(T, ) *(¢) woller + TIK1182(T, ) *(¢) @1l 2o

+ /OT(T — 6)5”IC1+571+B(7- —0,) %) ®((6,))]| o db. (3.10)

By applying Young’s convolution inequality, for p, u € [1,00] and vy € [1, p]

1 1 1
such that — +1 = — + —, we obtain
P ®o Yo
1K1481(7: ) () ®ollce < 1Kasp1 (T, )l 2w lloll 2vo- (3.11)

Using the scaling property (3.6), it follows that

m(A+6) (1 1

1Kassa(r ) x@ woller <72 o o) 1Ky (L, ) e lgollevo. (3.12)

From Proposition 3.2.1, under the condition (3.8), which is equivalent to

1 2
1- =< =,
fLooom
we derive
_m(1+p) (g7;>
1K145,1(T, ) *() Pollee <72 X202/ lgpo]| oo (3.13)
By the same process, we obtain
_m(1+5) (L_l)
1Katp,2(7, ) %) rllee <72 o2 lon ]l on (3.14)

Similarly, for the part related to the term ®, we have

mA+8) (1 1

IK1spaap(T —0,2) %) (0, )l co < (7 —0) 2 (E_E)I\q)(@,')llcw (3.15)

Under the assumption (3.9), the estimation (3.15) yields

m(148)

1Ko prs(r —0,) %0 ®(6, ) oo < & —6) "2 G 3) (1 1 0).

It follows that
/ (r—0)° Ky 5(T—0, )2 B(6, )| codd < 8 / (r—0)" "5 (573) (140) "0
0 0
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Applying Lemma (3.2.2) with p = =05 (i — l) — B and q = o, we obtain

2 v p

/ (r = 0K prsa(r — 0, ) % B0, )] cod6
0

_md+8) (1 _1
(1477226, ifo>1, (3.16)
S (T4 7)"tog(l +7), if o =1,
_ma8) (1 _1\_,
(1+7)"° (%) , ifo<1.

Combining (3.13), (3.14) with (3.16), we obtain the estimate of the solution.
[
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Chapter 4

NONLINEAR MEMORY
TERM FOR FRACTIONAL
DIFFUSION EQUATION

This chapter focuses on the study of the Cauchy problem, represented by the
following equation:

O oAy = / (=0 o0, )1 48, 9(0,0) = 90lC), #2(0.) = pr(C).

(4.1)
where 7 € [0,00),( € R™, 8,0 € (0,1) and g > 1. “O8*1p denotes the
Caputo fractional derivative of order 5 + 1 with respect to time 7 and the
integral [ (T —0)~7|¢(6,.)|" df represents the memory term. We prove the
global existence of solutions to the Cauchy problem (4.1) for small initial
data. Additionally, we illustrate the influence of the nonlinearity parameter
o and the fractional derivative order 3 on the range of the exponent p and
the estimation of the solutions. This is achieved by using Banach fixed point
theorem.

4.1 Existence and Uniqueness Theorems

We now present our global existence results for the Cauchy problem (4.1).
The first result is obtained under the condition that the second initial data
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@1 is zero, while the second result is derived for the case where both initial
data ¢y and ¢ are exist.

Theorem 4.1.1. [3] Letm > 1 and 3,0 € (0, 1) such that o > % ifm=1,
we assume that o1 = 0, and the exposent p satisfies

b—o+2 ,
1+ < fm=1,2,
"1+8) -B—1+0 N /
2 , (4.2)
1+ f-o+2 < <1+—jL— fm >3
? Y
51+8)—-B—-1+0 s m—2 -

thus, there exists a small € > 0 such that for all po € L' N L*,

H%DOHUQUL S e

Then, the Cauchy problem (4.1) admits a unique global (in time) solution in

¢ €% ([0,00), L N LH). (4.3)
Moreover, the solution satisfies the following decay estimate:
lo(r, Miee < (1 +7) =200 g 1 (4.4)

for all p € [1, u], and all T > 0.

Example 4.1.1. the following table provides examples of the acceptable range
for p, which depends onm, 3, and o as specified in the main assumption (4.2)
of Theorem 4.1.1.

m o B I
1
2| -<o0o<= 30 —1 3+ —<p<oo
3 3 o
s 215
3 1—— O<fB<=| = <u<3
5 B 5 3+ﬁ %
7 2 104< _y
8 3 61 ¥
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Theorem 4.1.2. [3] Letm > 2 and 5,0 € (0,1) with o > (3, we assume that
the exposent u satisfies:

2
It wr g <A ifm=1,2
1+i<u<1+i ifm>3 (45)
5(1+p8) -1 m— 2 =
thus, there exists a small € > 0 such that for all po, o1 € L1 N LF,
[0l 1w <€ (4.6)
o1l ginen <€ (4.7)

Then, the Cauchy problem (4.1) admits a unique global (in time) solution in
€€ ([0,00), L' NLY). (4.8)

Moreover, the solution satisfies the following decay estimate:

_m _1
o M < A+ 2P0 (ool s + el inge) s (49)

for all p € [1, u], and all T > 0.

2 7
Remark 4.1.1. If we take m = 4, § = 3’ and o = 3 as in Example

4.1.1, and assume @1 # 0, then the admissible range for p changes from

104< <21t < < 2
—_— 0 — .
61~V 7 SH

4.2 Approach and Proofs
In order to proceed with our proofs, we define the solution space as follows:
Q={pe?([0,00), L' NL") : |lplla <oc}.

From (3.5), a function ¢ € 2 is a solution to the Cauchy problem (4.1) if
and only if it satisfies the following equality:

o(1,¢) = o"(1,0) + "™ (7, ¢),

where '
90[“1(77 )= ’C1+5,1(T> ) *(¢) Po + TIC1+,3,2(7—a ) *(¢) ¥P1,
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represents a solution to the Cauchy problem

CDE—HQD - AQD =0, 90(()’ C) = QDO(C)’ 907(07 C) = Qpl(C)v

and

. 0
(70“[1“(7',.) — / (T—9)5K1+ﬁ71+5(7 _6’.) *(¢) / (9—7’)*0‘90(7".)’“ de@,
0 0

represents a solution to the Cauchy problem

Coptly _ Ap = / (7= 0)7lo(r, ) 8, (0,0) =0, .(0,¢) =0,

and
Kitsm (7,¢) = ! (51+ﬂ,n(_71+5 ’f|2>)a

where &3, is the two-parameter Mittag-Leffler function defined in (1.8).
We transform the Cauchy problem (4.1) into a fixed point problem. we
introduce the operator N : Q — Q, defined as:

NSO = NSO(Ta C) = Spﬁn(7—7 C) + Qpnﬁn(ﬂ C)

To proof our global existence results, We shall show that the operator N
satisfies the assumptions of the Banach’s fixed point theorem. The proof
follows the scheme. First we define a suitable norm || - ||o on the space €,
which is chosen to reflect the desired decay rates for the solution to the
Cauchy problem (4.1). then we prove the following inequalities

INelle S 11 (@0, 1) lrnze + llello, (4.10)
IV = Nolle S 11g =@l (I2lg + el ™) - (4.11)
Indeed. Let Qw = {p € Q: |lpllo < W}, where W = 2C || || 1. is chosen

such that the following condition holds:
1
Cwr 1t < 5 (4.12)

By using (4.10) and (4.12), we have for each ¢ € Qu

INella < Cll(go, 1)l z1nze + Cllgllg

_WW
- 2 2
<W.
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It follows that N maps Qy into itself.
Then we show that A is a contraction on Qu, let B, » € Qu, using (4.11)
and (4.12), it follows

ING — N@|lo < 2CWH B — @lla,

with 2CW#=1 < 1. This will allow us to conclude that A is a contraction
on Q. By Banach’s fixed point theorem, we deduce that A has a unique
fixed point ¢ in Qy, which corresponds to the global solution of the Cauchy
problem (4.1).

Proof of Theorem 4.1.1. Let
0= {gp €t ([0, ), £ N L’“) el < oo} ,
endowed with the norm

Il = sup(L47) 27 lp(r, ) o +(147) B (o (4.33)

Let o € £' N L. By Theorem 3.2.3, taking p = 1 and ¥y = 1, and
noting that condition (3.8) is satisfied, we get

1" ()| o S ol er (4.14)

For the case where p = p, we take ¥y = p for 7 € [0,1] and ¥y = 1 for 7 > 1,
We observe that condition (3.8) is satisfied for m = 1,2, while for m > 2, an
additional condition j < 1 + =2 is generated. Then we obtain

m—2
HCP[m )H < ||900||Lu TE [0’ 1}7
e B0 gl T2
entails
[ S @+ TP (ol s+ lpolle) . (415)

Now we are ready to estimate ||¢"™||q. From (4.13),
6l = sup(1 +7) 57 {7 s+ (147 F 0D o ) ).
Using estimates (4.14) and (4.15), we obtain
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i m -1 —_m -1
™ llo < sup(1+ )7 {llgoll o + (14 FEPOTR (142D (g o+ ol )

S llgollzr + lloll 2o

We conclude that .
™ la S leoll g - (4.16)

We still have to estimate ||¢"™"||q. At this point, we set

B(r. ) = / (= 0)7(0,0)|* 6.

We have

1807, s = \ [ =0 teto o as

r o (4.17)
< / (r— 0)|lo6, )| 6.

From 4.13, for any ¢ € 2
lella = (1 +0) P10, e + (1+0) 20D 10(0, ) e},
it follows that
(8, Mlen < (14 0)P 7= FEDO=3) g,

then
(B, )lge < (14 G)rorrt=a=5 WOk g0

Combing this last estimate with (4.17), and setting A = —puf — u(l — o) +
F(1+B)(n —1) , we obtain

1o )l < ol / (r—6)(1+6)db.
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Assume now that A > 1, which is equivalent to condition (4.2), indeed

A>1

SA+B) =) =ps—pl—-0)>1
g(uﬁ)u—g(uﬁ)—uﬁ—u(l—(ﬂ>1
p(FA+B)=8-(1-0) =T+ >1

(048 -8-(1-0)>1+51+5)

- 1+ 5(1+5)
NI B B0
1+31+8)-p-(1—-0)+p+(1—-0)

" 21+8)-F-(1-0)

(1+8)+(1-0)
Gy
1t B—o+2

31+8)-p-(1-0)
By using Lemma 3.2.2, we get

107, )l S Nleellg (X +7)77

According to Theorem 3.2.3, with R = ¢||¢||, and U5 = 1, we obtain
For p=1
l™™ (7, )Mler S X+ 7)ol (4.18)

while for p = p,
H()On[in@_7 .>||£H < (1 + T)ﬁ—a-&—l—%(l-&-ﬂ)(l—i)ng”g, (419)

From (4.13), it follows that
" lo = sup(14)## {g" (r.) r-+ (147) FEACT g, )

Using estimates (4.18) and (4.19), we obtain

m

i _1 —ot+l1-—m _1
"o < sup(L7) 7 {(14) 7 gl (L) B o B A g,
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We conclude that .
16" la < [lellb- (4.20)

Now, we prove the inequality (4.10). We have

IN¢lla = [|e"™ + ¢"™|q
< le"™la + [l€™" -

From (4.16) and (4.20), we derive

IVella S lleollince + llello-

Let us now prove the inequality (4.11). Let 3, ¢ € Q,

T 0
Np-N¢ :/o (7=60)"Kryp,145(m—0, ')*(C)/O (0—s5)"7 ([ (s, )[*—1&(s, -)[*) dsdo.
Setting &(7,¢) = [T (1 — 0) =7 (|0, O)|* — |3(6,¢)|") db, it follows that

J}(T,-)‘

/0 e — 0 (10, ) — 13(6. )|) do

s rl

< / = 0 (126, ) — 136 )| 6.

By using Holder’s inequality, we obtain

é(T,-)]

S [ T-07 7170, 900, o7+ 1606, 125 a0
’ (4.21)

[:1
From the definition of the norm || - [|q in (4.13), we get

1200, ) — 30, Y ew < (14 0)P17o- 2000 5 |,
and
1200, [ B0, )/t < (146) B DFHE D~ Dr= (48 D+ 348 (1=5) (5 1=
which implies

15060, ) — &0, w1800, )z + 1180, )]
< (1+9)u6+u1 o)—5 (1+8)(n—-1)

)

I~ gllalli@lle™ + 18l6 -

(4.22)
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Combining this last estimate with (4.21), and setting A = —uf — pu(1 — o) +
5(1+B)(u— 1) , we obtain

e |

LS le= Alallile™ + el ™) /0 (r—0)77(1+06)""do.
Applying Lemma 3.2.2, under the assumption A\ > 1, we obtain

|2 . S I - Elladliplis™ + I8l + 1)

According to Theorem 3.2.3, with & = ¢|@ — @llo([@]4 " + |@/I5~"), and
¥y = 1, we get,
forp=1

INT = N@) (T, )l S 1+ 1) g = Bllall@le + 12lle ), (4.23)

while for p = p,

~ _m _1 o o~ N — ~ =
ING=NG) (T, Ylew S (147) 20D 15 o (IBll5 B4,
(4.24)

we have

INE=Nella = sup(147) P+ NN B)(r, ) o +(14n) 2O [VG-NG) (7. e}

Using (4.23) and (4.23), we conclude

IVE — Nolle < e — @llalllle™ + I216).

We now want to prove estimate (4.4) of the solution to the Cauchy prob-
lem (4.1). By using the definition of the norm || - | in (4.13), we get

lo(m e < (1477 gllq, (4.25)

and N
lo(r, Yl < (14 7) 720030 |l (4.26)

Let us recall that the solution to the Cauchy problem (4.1) satisfies

lelle < 2C [@oll prgn » (4.27)
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which follows from the fact that A/ has a unique fixed point ¢ in Q.
Combining (4.25) and (4.26) with (4.27), we conclude that

(1+ 7_)170+f37g(1+5)(177)

le(m e S Ioll g s

for all p € [1, u], and all 7 > 0.

Proof of Theorem 4.1.2. Let
Q= {go €t ([0, o0), £ N E“) el < oo} ,
endowed with the norm

lello = sup(1+7) " {le(r, e + @+ )T ol e} (428)

Let g, ¢1 € L' N LF. By Theorem (3.2.3), taking p = 1 and 9y = 1, and
noting that condition (3.8) is satisfied, we get

[m

™ (7 M o S ol + 7 llnll

thus,
" (. ) ;1 S @ +7) (ol + lpall ) - (4.29)

For the case where p = u, we take 99 = 1 = p for 7 € [0,1] and ¥y = ¥ = 1
for 7 > 1, We observe that condition (3.8) is satisfied for m = 1,2, while for
m > 2, an additional condition p < 1+ é is generated. Then we get

H fin (- )” < ||900H[;u+7||901\|m T €[0,1],
P len 2 s (1) > 1
T (leoller +7llerlle) 721,

entails
™7, )| S (1+7)1 (HB)(I_)(H<P0||cl+||€01H,cl+H900HLH+H<P1H<M)7) for 7> 0.
4.30

Now we are ready to estimate ||¢"™||q. From (4.28)

lella = sup(L -+ 7) 7 lp(r s + (1 + DT D ol ).
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Using estimates (4.29) and (4.30), we obtain
le™lle < sup(1 + ) H{A+7) (leoll g + lenll )

m _1 _m _1
+ (147200 0 4 ) FED00) (ool + el o+ ol + ol ) -

We conclude that
||S0[m||Q SJ ||9007 ‘;01||le£# . (431)

We still have to estimate ||¢""||q. At this point, setting

B(r.¢) = / (= 0)7(8, )| db,
we have .
180, )l < / (r— )7 0(6. ) 1. db. (4.32)

From (4.28), for any ¢ € Q

lella > (14 6)" {8, e + (1 +0) 2P0 0, ) en ),
it follows that
10(0, ) lew < (14 6) 20D,

thus
(8, g < (L+ Q) 2FAE=p)18,

Combing this last estimate with (4.32), and setting A = —p+ 5 (1+5)(n—1),
we obtain

1o )l S ol / (r—6)(1+6)db.

64



Assume now that A > 1, which is equivalent to condition (4.5), indeed

A>1

SA+B) -1 —p>1

g(1+6)u—g(1+6)—u>1

p(FA+8)-1) - F0+6)>1
M(%(lnLB)—l) >1+%(1+6)

>1+§(1+5)

3(1+5) -1
>1+5( +6)—1+1
a 5(1+8) -1
2

By using Lemma 3.2.2, we get

107, )l S Nlepllg (X +7)77

According to Theorem 3.2.3, with & = ¢||¢|| and ¥ = 1, we obtain
For p=1

l"™™ (7, Mlzr S (1 + 1) lellg, (4.33)
while for p = p,

ng““"(T, ')HD‘ < (1 + 7_)6 o+1-3(1+08) 077)”90”“ (4.34)

From (4.28), it follows that

"l = sup(1 +7) {167, s + (14 7)) (7, )
Using estimates (4.33) and (4.34), taking in consideration § < o, we obtain
™™o < ili}g(l—l—T)_l{(l—i-T)||<,0||/;2+(1+7'>2(1+ﬁ)(1_)+1_(H_B)(l_)HSOHQ}

then
™™o < el (4.35)
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From (4.31) and (4.35) we derive

INella S 1 (o; ©1) llzines + llelle-

Let us now prove the inequality (4.11). Let @, ¢ € €,

NG-Ng = / (0K s (70, ro / (0—5)"2 (155, )" —|3(s,)|*) dsad.

We set &(7,¢) = Jo (m = 0)7 (|50, Q)" — |¢(0,¢)[*) b, using Holder’s in-
equality, we obtain

b 5 [ (=070 ) =6 e 6. +1006. ) 125"
(4.36)

Ll
From the definition of the norm || - || in (4.28), we get

126, ) — (8, | en < (14 6) 20 15— 5,

and
120, ) 41308, Y1t < (140)~ 1 2AFDE=D+FA(=5) ()8 Lp | g 1157,
which implies

1200, ) = G0, ) len (1200, Mz + 120, ) 1z:)

< (L+9) 2005 — Bllo (g + el )

Combing this last estimate with (4.36), and setting A = —p+ 5 (1+5)(n—1),
we get

i)

Applying Lemma 3.2.2, under the assumption A > 1, we obtain

(4.37)

o S5 =Blall + el [ =0y +0) a0,

|26, S 17 = Bzl + 2l +7) .

According to Theorem 3.2.3, with & = ¢|@ — @llo([@]4 " + |I5~"), and
9 = 1, we obtain
For p=1

INE = NG (T )l S (L +7)7 7 T = gllalllplle " + 2lle ), (4.38)
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while for p = p,

INB-NE)r len S (147) T gl + el ™).
(4.39)
Using estimates (4.38) and (4.39), taking in consideration § < o, we obtain

IV~ Nlla < sup(1 +7) {1+ )7~ elallzls ™ + 1205 ™)
+ (14 7) 2O H-30D(=0) 15— 3o (I7l15 ™ + 18157H)],

then
ING —N@lla S 1Ie — alla(l@lle " + 1@la ). (4.40)

Estimation (4.9) is obtained by following the same steps used to prove
estimation (4.4).

[]
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Conclusion

In this thesis, we investigated the global existence of solutions to fractional
diffusion equations with nonlinear memory and established estimates for
these global solutions. Our approach relies on the Banach fixed-point theo-
rem and previous results for linear fractional differential equations.

In Chapter 1, we presented the necessary analytical tools, including no-
tations, functional spaces, and fundamental concepts in fractional calculus,
Laplace and Fourier transforms, which form the foundation for our work.

In Chapter 2, we formulated the problem as a Volterra integral equation
to prove existence and uniqueness of solutions for the associated linear frac-
tional differential equations and obtain their explicit representation.

In Chapter 3, we reduced the fractional diffusion equations (without the
nonlinear memory terms) to the linear fractional differential equations inves-
tigated in Chapter 2. This reduction enables us to derive explicit solution
formulas and establish Linear estimates for the solutions.

Finally, in Chapter 4, we introduced an appropriate solution space and
reformulate our problem in terms of a nonlinear operator. Then, we demon-
strated that this operator admits a unique fixed point, which yields both the
global existence of solutions and the desired a priori estimates.
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