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Abstract

Our main goal in this thesis is to refine some well-known numerical radius inequalities of
operators on a Hilbert space. We provide some new bounds of the numerical radius for one
operator and for the off-diagonal parts of 2 x 2 operator matrices. Also, we establish several
upper and lower bounds for the Euclidean operator radius of two linear operators in complex
Hilbert space. We apply these results to reobtain some well known inequalities for the classi-
cal numerical radius. Finally, we give some bounds for the weighted numerical radius of one
operator as well as for 2 x 2 operator matrices. We reobtain some well known inequalities for
the classical numerical radius. New characterization for the weighted numerical radius is also

given.

Key words: Numerical radius, Euclidean operator radius, weighted numerical radius |,

inequality.
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Notations

N: The set of natural numbers.

R : The set of real numbers.

R, : The set of non negative real numbers.

C : The set of complex numbers.

K: RorC.

E": Vector space .

‘H : Complex Hilbert space .

(.,.): The inner product of H .

B(H): The set of all bounded linear operators on H .
T : A bounded linear operator defined on H (T € B(H)).
||T||: The norm of T .

|T|: The absolute value of T .

I: Identity operator of T .

T*: The adjoint of T .

R(T): The real part of T" .

X(T): The imaginary part of T.

R(T) : The range of T.

o(T) : The spectrum of T" .



r(T): The spectral radius of T .

W(T) : The numerical range of T

w(T): The numerical radius of 7.

¢(T'): The Crawford number of T

@:The sign of direct sum.

we(B, C'):The Euclidean operator radius of B, C'.

IC(H):The set of all compact linear operators on a complex Hilbert space H. .



Introduction

The study of operator theory is an interesting topic, which becomes popular. Operator Theory
is a crucial part of modern mathematics. It belongs to a larger domain which is functional
analysis and it plays a pivotal role in many areas of pure and applied mathematics, as well as
in the theoretical foundations of quantum mechanics, signal processing, and control theory.
At its core, operator theory deals with the study of linear operators, which act on vector
spaces.

One area of significant interest within operator theory is the study of the numerical range,
also known as the field of values, and the numerical radius of operators, which offer valuable
insights into the behavior, structure, and spectral properties of operators on Hilbert and

Banach spaces. The numerical range of an operator A is a set of complex numbers defined by
W(A) = {(Az,z), z € 1, [lz]| = 1},

where H is the Hilbert space. The numerical range plays a very significant role and have been
studied extensively due to their enormous applications in engineering, quantum computing,
quantum mechanics, numerical analysis, differential equations,.....

One of the central results in operator theory, the numerical range theorem, establishes that
the numerical range of any bounded operator is always a convex set. The most important
object related to the numerical range is the numerical radius w(A) of a bounded operator
A acting on a Hilbert space H which is the largest absolute value of the numbers in the
numerical range i.e., w(A) = sup,cp (4 [Al-

Although the numerical radius is always less than or equal to the operator norm, the
relationship between the two quantities is generally nontrivial. The study of inequalities
involving the numerical radius is thus a major focus in this thesis. Several inequalities involv-
ing the numerical radius of one operator and the numerical radii of operator matrices have
been established by many researchers such as Kittaneh, Abu-Omar, Hirzallah, Kallol, Paul,

Sal Moslehian, Dragomir, and others, see [18, 21, 24]. These inequalities serve not only as



generalizations of classical results but also as powerful tools in deriving bounds for operator

functions, sums, products, and commutators.

In this thesis, we give some recent results for the numerical radius, the Euclidean operator
norm and the weighted numerical radius.
This thesis is divided into four chapters.
- In the first chapter, we present some basic definitions, properties, theorems and fundamental
results for operators in Hilbert space that are useful throughout this thesis.
- In the second chapter, we provide some new bounds of the numerical radius for one oper-
ator and for the off-diagonal parts of 2 x 2 operator matrices. A refinement of the triangle
inequality for the operator norm is also given.
- In the third chapter, we establish several upper and lower bounds for the Euclidean operator
radius of two linear operators in complex Hilbert space. We apply these results to reobtain
some well known inequalities for the classical numerical radius. Also, we give some inequali-
ties for the Euclidean operator radius of the sums and the products of two operators.
- In the fourth chapter, we give some bounds for the weighted numerical radius of one op-
erator as well as for 2 x 2 operator matrices. We reobtain some well known inequalities for
the classical numerical radius. New characterization for the weighted numerical radius is also

given.

Contributions

This work led to the production of three papers:

1) Aicha Ammar, Abdelkader Frakis and Fuad Kittaneh, Numerical radius inequalities for
the off-diagonal parts of 2 X 2 operator matrices, Quaestiones Mathematicae, 46:11 (2023),
2277-2286.

2)Aicha Ammar, Abdelkader Frakis and Fuad Kittaneh , New bounds for the Euclidean oper-
ator radius of two Hilbert space operators with applications, Boletin de la sociedad matematica
mexicana. (2024) 30:45 https://doi.org/10.1007 /s40590-024-00621-8.

3) Aicha Ammar, Abdelkader Frakis and Fuad Kittaneh, Weighted numerical radius inequal-
ities for operators and 2 x 2 operator matrices, KYUNGPOOK Math. J. 65(2025), 63-75.
https://doi.org/10.5666/KMJ.2025.65.1.63.



Chapter 1
Basic concepts

In this chapter we collect some of basic properties of Hilbert space and operator theory, that
will be used throughout this thesis. Most informations in this chapter can be found in almost

every book on operator theory and matrix analysis, see for example [11, 17, 25, 31].

1.1  Inner product and Hilbert space

Definition 1.1.1. Let E be a vector space over a field K (C or R). A map ||-||: E — Ry is

called a norm on E if

1. ||z|| > 0 for allx € E and ||z|| = 0 if and only if x = 0.

2. lax|| = |af||z|| for all x € E and o € K.

3. x4yl < |lz|| + |ly|| for all z,y € E  (triangle inequality).
(E,|| - 1) is called a normed space.

Definition 1.1.2. Let H be a vector complex space. An inner product on H is a map (-,-) :
H x H — C such that for all x,y,z € E and a € C.

1. (x,z) > 0.
2. (x,x) =0 if and only if x = 0.

3. {ax +y,z) =alr,z) + (y, 2).

4. (z,y) = (y, ).

A complex vector space H together with an inner product (-, -) is called Inner product space.



Theorem 1.1.1. Any Inner product space (H, (-,-)) is a normed space where ||| = /(z, ),

which 1s called the associated norm of the inner product.

Definition 1.1.3. A Hilbert space is an Inner product space (H, (-,-)) such that the associated

norm is complete.

Theorem 1.1.2. Let x,y € H. Then

[{z, 9)| < llzlllyll

Theorem 1.1.3. Let x,y € H. Then

Iz +ylI* + llz = yl* = 2(ll=]* + [ly]1*).

1.2 Bounded linear operators

Definition 1.2.1. Let H be a Hilbert space. An operator T : H — H is a

1) Linear operator if

T(ax + By) = oT(x) + BT (y) for allx,y € H and o, § € C.

2) Bounded linear operator if there exists m > 0 such that

|Tz|| < ml|z| forall x¢&H.

Notation: Let B(#) be the set of all bounded linear operators on a complex Hilbert
space H.

Definition 1.2.2. Let T € B(H). Then

1. The range of T is the set
R(T)={Tx:x € H}.
2. The kernel of T s the set

N(T)={x e H:Tx =0}



Proposition 1.2.1. Let T € B(H). Then
1. R(T) is a linear subspace of H.
2. N(T) is a closed linear subspace of H .

Proposition 1.2.2 ( Generalized Polarization identity ). Let T € B(H) and let x,y € H.
Then

(Tx,y) = i{<T(x+y),af+y> —(T'(x—y),z—y) +i(T(x+iy), x +iy) —i(T(x —iy), r —iy)}.

1.2.1 Adjoint of operator

Definition 1.2.3. Let T € B(H). Then there exists a unique T* € B(H) such that

(Tw,y) = (z,T"y)
for all x,y € H. The operator T™ is called the adjoint of T'.
Proprieties 1.2.1. Let S,T € B(H). Then
1. (T+ 9 =T*+ 5"
2. (aT)* =aT* for all a € C.
3. (T =T.
4. (ST)* =T*S*.

Definition 1.2.4. Let T € B(H). Then T is said to be
e Self adjoint operator if T* ="1T.

e Normal operator if TT* =T*T.

e Unitary operator iof TT* =TT = 1.

1.3  Positive operator

Definition 1.3.1. An operator T' € B(H) is said to be positive semidefinite, written asT > 0,
if T is self adjoint operator and (T'xz,x) > 0, for allz € H.
T is further called positive definite, written as T > 0, if (Txz,x) > 0 for allx € H,z # 0.
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Theorem 1.3.1. [11] Let T' € M,,(C) be a Hermitian matriz with eigenvalues Ay, Aa, ..., \y.
Then

e T is positive definite if and only if A\p > 0, for allk=1,2,... n.
e T is positive semidefinite if and only if A\, >0, for allk =1,2,...,n.
o T is indefinite if and only if there are integers j,k,j # k, with A; > 0 and A\, < 0.

Theorem 1.3.2. Let T' € B(H) be a positive operator and let k € N*. Then there exists a
unique positive operator B € B(H) such that T = B*, written as

B =Tk,

Definition 1.3.2. The absolute value of the operator T € B(H) is defined as the square oot
of the positive operator T*T and noted by |T|. That is,

7| = (T"T)>.
Theorem 1.3.3. [29] Let T € B(H) be self-adjoint, and let x € H be any vector. Then

(T, z)| < ([T, z).

1.4 Operator norm

Definition 1.4.1. A map N : B(H) — R is called a norm if for all T,S € B(H) and

a € C, it satisfies the following axioms:
1. N(T) > 0.
2. N(T) =0 if and only if T = 0.
3. N(aT) = |a|N(T).
4. N(T'+8) < N(T)+ N(S5).

5. N(T'S) < N(T)N(S).

11



1.4.1 Usual operator norm

Definition 1.4.2. Let T € B(H). The usual operator norm is defined by

[T = sup [Tl

flzf|=1

An equivalent definition of the operator norm is

1T = sup [Tz, y)l|.

llz]|=llyll=1

Proposition 1.4.1. [17] Let T, S € B(H) and n € N. Then

|\ Tx|| < ||T||||z|| for all z € H.
ITS| < IT([ISI-
|7 < [|7°]|™

Proposition 1.4.2. [17] Let T € B(#H).Then
o [T =171
o [T°T| =TT = |T|*.
o [THI= 11T = IT1-

Theorem 1.4.1. Let T' € B(H) be a normal operator and n € N. Then

17| = 17"

1.4.2 Schatten p-norm

Let T € K(H) and 1 < p < oco. The Schatten p-norm is defined as
1
1Tl = (tr|T1)>

It should be mentioned here that for p = oo and p = 2, the Schatten p-norm are the usual op-

erator norm |T|| = sup ||Tx|| and the Hilbert-Schmidt norm | T||s = (tr|T|?)2, respectively.
llzll=1
Next, we present lemmas which are needed throughout this thesis.

Lemma 1.4.1. [15/(Buzano’s inequality) Let H be a Hilbert space and x,y,e € H with
lle|| = 1. Then

(N Iyl =+ ¢z, 9)])-

N | —

[{z, e){e,y)| <

12



Lemma 1.4.2. [29/(Mized Schwarz inequality) Let A € B(H) and 0 < o < 1. Then
(A, y)” < (JAPw, 2) (A PY 2y, y)

forall x,y € H.

Lemma 1.4.3. [j1](McCarthy’s inequality) Let T € B(H) be a positive semidefinite operator

and let x € H be any unit vector. Then
a. (Tx,x)" < (TTz,x) for r>1.

b. (I"x,z) < (Txz,z)" for 0<r <1

1.5 The Cartesian decomposition

Theorem 1.5.1. Let T' € B(H). Then there exist self-adjoint operators A and B such that

T = A+ iB where A = R(T) = BB and B = S(T) = L(T — T*). This decomposition

is called the Cartesian decomposition of T. The operators A and B are called the real and

imaginary parts of T, respectively.

1.6 The spectral radius

Definition 1.6.1. Let T' € B(H). The spectrum of T is defined as follows
o(T) ={X € C:T — M is not invertible}.

Definition 1.6.2. Let T' € B(H). The spectral radius of T is defined as
r(T) =sup{|A|: A € o(T)}.
Proprieties 1.6.1. Let T, S € B(H), o € C and let n be a positive integer.
o r(aT) = |a|r(T).
o r(T) <|T].
o r(T*)=r(T).

o r(TS)=r(ST).

13



Theorem 1.6.1. (Spectral radius formula):
LetT € B(H). Then
r(T) = lLm ||T7".

n—-+o0o

Corrollary 1.6.1. Let T' € B(H) be normal. Then
r(T) = |IT1.
Theorem 1.6.2. Let T, S € B(H) be such that T'S = ST. Then
r(T+S) <r(T)+r(S)

and

r(TS) < r(T)r(S).

Remark 1.6.1. The spectral radius is not a norm. To see this, consider T =

0 0

0 1
],and

noting that r(T) = 0.

1.7 Numerical range

Definition 1.7.1. Let T' € B(H). The numerical range of T is the subset of the complex
plane defined by
W(T)={(Tz,x): x € H;||z| = 1}.

Proprieties 1.7.1. [23] Let T, S € B(H) and o, € C . Then
1. W(al + 8T) = a+ pW(T).
2. W(T +S) CW(T)+W(S).
3. W(T*)={z:2e W(T)}.
4. W(U*TU) = W(T) for any unitary operator U.

Example 1.7.1. Let T be an 2 x 2 matriz. Then the numerical range of T' is either an ellipse
(circle), a straight line segment, or a single point. More specifically, by Schur’s theorem, if

one reduces Tunitarily to upper triangular form,

)\1m
0 Ao

T=U" U, Uunitary.

14



Then
(a) T is not normal if and only if m # 0.

o N\ # Xo. W(T) is the interior and boundary of an ellipse with foci at A\, A, length
of minor azis is |m|. Length of major azis (|m|2 + |A1 — Aa|?)2.
o A\ = X\y. W(T) is the disk with center at Ay and radius @

(b) T is normal (m = 0).

o A\ # N\y. W(T) is the line segment joining Ay and Ay.
o A\ = X\y. W(T) is the single point \;.

Theorem 1.7.1. [}3/[Toeplitz- Hausdorff]

The numerical range of any operator T is a convex set.

In the following theorem, we cite a very important property of the numerical range of an

operator.

Theorem 1.7.2. Let T € B(H). Then
o(T) CW(T).

Proof . See [23]. =
Theorem 1.7.3. Let T € B(H). Then T is self-adjoint if and only if W(T') is real.

Proof . See [23). "
Theorem 1.7.4. Let T € B(H) be self- adjoint and W (T) is [m, M]. Then ||T|| = sup{|m|, |M]|}.

Proof . See [23]. =

1.8 Crawford number

The Crawford number of the operator T € B(H) is defined by

o) =inf {|(Tx,z)| :x € H,||z|| =1} .

15



1.9 Numerical radius

Definition 1.9.1. Let T' € B(H). The numerical radius of T is defined by
w(T) = sup{[A[, A € W(T)} orw(T) = sup{|[(Tz, )| : x €M, |zl =1}.
Lemma 1.9.1. Let T € B(H) and x € H, we have
(T, )| < w(T)||2*.
Proof . Let x,y € H with ||y|| = 1. Then

(Ty,y)| < H&”lfl Ty, y)| = w(T).

We put y = it follows that

T
[
T Z
T )| < u)
‘< ENE

(T2, 2)] < w(T)|l]*.

Hence,

The following theorem is a characterization of the numerical radius.

Theorem 1.9.1. [44] Let T € B(H). Then

w(T) = sup |R(e“T)|.

0eR

Also, the numerical radius is defined as w(T) = sup ||3(e®T)|.
0eR

Proof . Let x € H be any unit vector. Then

sup Hﬂ?(ewT)H = supw(R(T))
0eR OeR
— sup sup |(R(e"T)z, )|
6€R ||z]|=1



By replacing T by iT, we get w(T) = w(iT) = sup ||R(e”(iT))|| = sup ||S(e”T)|| . =
SIS 0eR

The following inequality is known as the power inequality of the numerical radius.

Theorem 1.9.2. Let T € B(H) and n € N. Then
w(T") < w™(T).

Proof . See [23]. "

1.10 Somes elementary inequalities

Theorem 1.10.1 (Young inequality). Let a,b € C and p,q > 1 with % + % =1. Then
1 1
|ab] < —[af” + —[b]*.
p q

Theorem 1.10.2 (Arithmetic-geometric mean inequality ). Let a,b > 0. Then

mga;—b

or 2 2
a.b < @+ )
2

Theorem 1.10.3 (Jensen’s inequality ). [7] For p > 2 and for every finite positive sequence

of real numbers ay, as, ..., a,, we have

17



Chapter 2
Numerical radius inequalities

In this chapter, we present several upper and lower bounds for the numerical radius of one
operator and for the off-diagonal parts of 2 X 2 operator matrices. A refinement of the triangle

inequality for the operator morm is also given.

2.1 Numerical radius inequalities of one operator
Theorem 2.1.1. /23] Let T € B(H). Then

IT]

S w(T) < |7 (2.1)

Proof . Let x € H be any unit vector. By the Cauchy-Schwarz inequality, we have
(T, z)| < || Tz| < [T

By taking the supremum in the above inequality over x € H with ||z|| = 1, we obtain the
second inequality in (2.1).
To prove the first inequality, let x,y € H be any unit vectors. Using the generalized

polarization identity gives
ATx,y) = (T(x+y), (x+y)—(T(x—y), (x —y)+i(T(x+iy), (x+iy) =i (T(z — ), (z —iy)).
Thus,

ATz ) < w(@) (o +yll* + o —yl* + llz +iyl* + |z — iyl*)
= 4w(T) ([l=]* + llyl*) -



By taking the supremum on both sides in the above inequality over x,y € H with ||z| = ||y|| =
1, we obtain

71 < w(D),
as required. [
Remark 2.1.1. The numerical radius of T defines a norm on B(H).
Theorem 2.1.2. Let T € B(H). Then r(T) <w(T) < ||T|.

Kittaneh improved the inequalities in (2.1) as follows.

Theorem 2.1.3. (/28] ) Let T € B(H) . Then
1 * * 2 1 * *
ZHT T+TT| <w (T)§§||T T+TT7. (2.2)

Proof . Letx € H be any unit vector.It follows from the convezity of the function f(t) = t*
that

(T2, )] = (R(T)z,2)* +(I(T)x,z)*

1 2
> 5 (1021 + 3020
1
> §|((%(T)i3(T))ﬂf,iE>|2
By taking the supremum on both sides in the above inequality over x € H with ||z| = 1, we
obtain ) .
w*(T) = SIIR(T) £ (T = S[I(R(T) £ S(T))°]|
Hence,
1
20%(T) = 5 ([[(R(T) + S(D))[| + [[(R(T) = S(T))*]))
1
> S [RT) + (1) + (R(T) = (T))°||
= H?)‘E(T)2 + %(T)2H
= %||T*T+TT*||.
Therefore,

1
wA(T) > T + 7T,
which proves the first inequality in (2.2).

19



Next, let x € H be any unit vector. It follows from the Cauchy-Schwarz inequality that

By taking the supremum on both sides in the above inequality over x € H with ||z|| = 1, we

obtain

wi(T) < R(T) +S(T)
1
= §||T*T+TT*||,

which proves the second inequality in (2.2). ]

Remark 2.1.2. The inequalities (2.2) improves (2.1). Indeed
2 1 * * 1 * * 1 2 2 2
wi(T) < SIT"T+ TT7|| < ST+ ITT7]) = ST + N1 = 170
On the other hand, we have

|Tz||? = (T*"Tx,x) < (T*Tx,x) + (TT 2, x) = (T*T + TT")x,z).

So

1
TP < 7T+ TT| < w(T).

1
4
In [12], Bhunia and Kallol gave the following theorem.

Theorem 2.1.4. Let T € B(#H). Then

< i 2 = |12
w(T) < inf /I Hol? + [ Hovg

where Hy = R(e"T).

20



Proof . We have, Hy = R(e“T) = cos OR(T) — sin 03(T'). Then for [0,27], we get

Hpry = cos(0 + @)R(T) — sin(6 + ¢)3(T)
= cos0]cos pR(T) — sin ¢S(T)] — sin [ sin ¢R(T') + cos ¢S (T)]
= cosfcos pR(T') — sin ¢(T') — sin [— cos(¢ + g)@?(T) + sin(¢ + g)%(T)]
= cos OR(e”T) + sin OR(e'"T2)T)
= Hycosf+ Hyizsinb.

Thus,
[ Ho+o|l < ||Ho cos O] + || Hp 7 sind].

Taking the supremum in the above inequality over 8 € R, we get

T) < \JIHoll? + [ Hos 51

Hence,

w(T) < inf \JIHol[? + || o5 |2

Remark 2.1.3. Noting that for ¢ = 0, |[Hy|| = [|[R(T)| and [[Herz| = [[S(T)||, it follows
from Theorem (2.1.4) that

T) < VIR + (D). (2.3)

The following lemma plays an essential role in the proof of the next results.

1 1
Lemma 2.1.1. Leta,b> 0,0 < a <1 and p,q > 1 such that — + — = 1. Then
P q

(1) a®b' > <aa+ (1 —a)b < [aa’"—i—(l—a)b’”]% forr >1.

=

aP ba aP” par \ T
(2) abS?—i-;S (7—#7) forr > 1.

Theorem 2.1.5. [21] Let T € B(H), 0 < a <1, andr > 1. Then

wr(T) < % H|T|2ar + |T*’2(1—a)r” '

21



Proof . Let x € H be any unit vector. Then

1

(Tx,x)| < |T|2ax,x)%<]T*|2(1’a)x,aﬁ)2 (by Lemma 1.4.2)
1 1
27 ((|T)**x, )" + (|T* "z, 2)")" (by Lemma 1.4.3 (a))

IA

1 1
27 (<|T‘2m$7$> + <’T*|2(17Q)TI,JC))’“ (by Lemma 2.1.1(1))

<
Thus,
T 1 ar * —Q)r
(T, 2)|" < 5 (TP, 2) + (T 0=, 7)) .
By taking the supremum on both sides in the above inequality over x € H with ||z|| = 1, we
get the desired result. [

In the following theorem, we give another upper bound for the numerical radius. It can be

found in [21].

Theorem 2.1.6. Let T € B(H), 0 <a <1, andr > 1. Then
w”(T) < ||e|T1?" + (1 — a)|T**]|.
Corrollary 2.1.1. [21] Let T € B(H) and r > 1. Then
2r 1 2r * |21
w?(T) < 5 |17 + |77 (2.4)

Recently, Safshekan and Farokhinia [36] gave the following theorem

Theorem 2.1.7. Let T' € B(H) and r > 1. Then
1 .1 o 1
W) < M TR R T - ) (7). (25)

Also, Najafabadi and Moradi [34] gave a lower bound for the numerical radius.

Theorem 2.1.8. Let T € B(H). Then

%V%ﬂﬂ+éWT+Pf@—T¥H§MU) (2.6)

To prove the next result, we need the following lemma.

Lemma 2.1.2. [29] Let T € B(H). If f and g are two non-negative continuous functions on
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[0,00) satisfying f(t)g(t) =t for allt € [0,00), then

(T, )| < [FATD2llg(T Dyl

forall x,y € H.

Theorem 2.1.9. [37] Let T € B(H) and f and g be two non-negative continuous functions
on [0,00) satisfying f(t)g(t) =t, t > 0. Then

1

W (1) < 3 (ITI + |57 (4% + 2o (A%

) (2.7)

1 1
forallr>1,p>qg>1 with —+—=1 and qr > 2.
P q

Proof . Let x € H be any unit vector. Then

(T, 2)["

IN

LFAT* Dl g (1(T*) D™ (by Lemma (2.1.2))
(AT, )2 g ((T%) ), 2)*

%(fQ(ITQD%x)p? + (P ((T) ), )% (by Lemma 2.1.1 (2))

IN

L2
g
(g

VAN

1

5(f”(|T2|)90,$> + (g ((T*)* )z, 2) (by Lemma 1.4.3 (a))
_ 1 T 2 1 T 2\ *
-<@ﬂww0+qfu@>nﬁw>

By using Lemma 1.4.1 and Lemma 2.1.1 (1), we deduce that

(2,0} < (Tl 1Tl + (G (T + o™ (T o))

By taking the supremum on both sides in the above inequality over x € H with ||z|| = 1, we

get the inequality (2.7).

Corrollary 2.1.2. Let T € B(H), r>1 and 0 < a < 1. Then
2r 1 2r 1 dra *|4r(1—a)
w(T) < §||T|| + ZH|T| + |77 || (2.8)

Proof . By taking f(t) =t*, g(t) = t17® and p = q¢ = 2 in inequality 2.7, we deduce the

desired result. m
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Moradi and Sababheh [32] gave the following theorem.

Theorem 2.1.10. Let T, S € B(H). Then

W(T +5) < ——w(|T| + 15| +i(|T°| +]5°])). (2.9)

V2

Proof . Let x € H, using Lemma 1.4.2 gives

(T + S)a,z)| < (T, )| + |(Sz, z)]
< (|T)w,2)2 (| T, 2)7 + (| S|z, 2)3 (| S|, 2)?

1
(by Arithmetic-geometric mean inequality)

< %I((ITI + 1SNz, z) + (77 + |57]), z)]

1
< —={(|T|+ |S|+i(|T*|+ |S*|))x, x
\/5<(|| |S[ + (|77 + [57])2, )
(by the scalar inequality |a + b| < v/2|a + ib| where a,b € R).
By taking the supremum on both sides in the above inequality over x € H with ||z|| = 1, we
get the desired result. [

Taking S = 0 in Theorem 2.1.10, we get the following corollary.

Corrollary 2.1.3. Let T € B(H). Then

w(T) < =w?(|T| +4[T7]). (2.10)

N —

2.1.1 Numerical radius inequalities for the off-diagonal parts of 2 x 2

operator matrices

In this section, we give some upper and lower bounds of the numerical radius for the off-

diagonal parts 2 X 2 operator matrices .

A B
Let A, B,C, D € B(H). Then the operator matriz oD can be considered as an oper-

A B AZL’l + BZL’Q

0271 + DZL’Q

X

ator on H & H, and is defined for x =

] eHP®HDby

€2

Lemma 2.1.3. [22] Let A,B,C,D € B(H). Then
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[0 B] 0 C
2. w =w
C B 0

)

[0 B 0 B

3. w ) =w > = w(B).
—B 0] B 0

4. w ;1 i = max{w(A+ B),w(A — B)}.

In particular,
0 B

B 0

w< ):wwy

Bhunia, Bag and Paul [13] have obtained the following results.

Theorem 2.1.11. Let B,C € B(H). Then

w2<2v?J)Zimm%mCP+MTF,|BF+KﬂW}. (2.11)
w2<-g ?) < S max {[|[C1 + 1B |IBI +10°P])}.

Proof . LetT =

B , ,
O] and Hy = R(e?T), Ko = 3(e?T). A simple computation gives

X 0

H} + K = -

Y

1
2
where X = |B]*> +|C*|> and Y = |C|? + |B*|>. Therefore, using Theorem 1.9.1, we get

X 0
0 Y

1

2

‘ZHH3+53HSHHM2+HKM2§2w%T)

Hence,

1
5 max{ [ X[, [Y]I} < 2w*(T).
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This completes the proof of the first inequality in Theorem 2.1.11. Again, we have

11X 0
Hp — = =-K; <0.
200 v "=
Therefore,
X
Hgg1 0
210 Y
and so,
11X 0 1
1< 5[ || = 5 mexx v

Taking the supremum over 6 € R and using Theorem 1.9.1, we get
9 1
w(T) < 3 max{[|X]], V]
This completes the proof of the second inequality in Theorem 2.1.11.

Bani-Domi and Kittaneh [8] have proved the following result.

Theorem 2.1.12. Let A, D, B,C € B(H). Then

Corrollary 2.1.4. Let A, B € B(H). Then

A B

2
o oll = max{lMl!Q,HDHQ}+maX{HBHQ7IICH2}+w(

0 C*D
B*A 0

+max{|[Al, [| D[} max{|[ B, [|C][}-

2

A B .
= max{[|[A+ B|I*, |[A — BI} < |AI* + |B|* + [|Alll| Bl + w(B*A).  (2.12)

B A

In [10], Bhatia and Kittaneh gave the following arithmetic-geometric mean inequality for

positive operators.

Lemma 2.1.4. If X, Y € B(H) are positive operators, then

(2.13)

X2 4+Y?
v < |25
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Theorem 2.1.13. Let B,C € B(H). Then

“(

for any 0 < a < 1.

0 B
¢ 0

1 1
) < L max {IBIE, ICIP} + & max { 1B RO [CP ] o™= B}

Proof . LetT =

B
0] and x € H ® H with ||z|| =1 . Then, from Lemma 1.4.2, we

get

(T, )f < (TP, o) (T, 2)
= TP 2 e, T PO

Using Buzano’s inequality in Lemma 1.4.1, we obtain

1
(Tz,a) < 5 (|ITP ]| Il + [T, [T PO2))
<5 (TP PE el + [P Ee| fl)?) -
2
Taking the supremum over all x € H, ||z|| = 1, we deduce that
1
A1) < G (NPT PO + e PO pe())
1 « * —Q * —a @
< 5 (Il = + o= ree|)
1
= 5 (TPl [Ptz
2 *|2
On the other hand, we have |T|* = o0 and |T*|* = = 0 . Hence,
0 B 0 [Cf

0 B
c 0

1 1
) < L ([[BIE. |17} + 5 mace ]} [B* 0 | e 0= B}

“
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Corrollary 2.1.5. Let B,C € B(H). Then

er (

foranyr>1and 0 <a<1.

0 B
c 0

1 1
>§§mwawmﬂWH5mwwme“MWﬂL

Hc*’2r(lfa)|B’2raH} ,

Proof . The result follows from Theorem 2.1.13, in view of the convexity of the function
f(t) =t" on]0,00), and the fact that || XY ||" < [|X"Y"|| for all positive operators X, Y € B(H)

(see, e.g. [11, p. 256]).

In particular, if we take B = C' in Corollary 2.1.5, then we get the following corollary.

Corrollary 2.1.6. Let B€ B(H), r>1and 0 < a < 1. Then

w?r(B) S (HBHQT + H|B*|2r(1—a)|B|2raH) .

N | —

Remark 2.1.4. Using the inequality (2.13), we get

|B|4ra + |B*’4r(1fa)
2

” |B*|2r(1fa)’B|2ra|| < H

Hence, the inequality (2.14) is a refinement of the inequality (2.8).
In order to prove the next theorem, we need the following lemma.

Lemma 2.1.5. [19] Let x,y,z € H. Then
[y, 2)* + [, ) < [ll® (max {[lyll*, 121} + [y, 2)1) -

Theorem 2.1.14. Let B,C € B(H) and r > 1. Then

{lot]) = gmellicr ey o e
1 T * T
+ gmax{[[ICF = 1B [IBF = 1CF["}

+ g max {w (BO),w (CB)}.

28
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Proof . LetT =

Using the inequality (2.15), we have

(Tz,2)|"

IN

(
(

1
2

B
O] and x € H & H with ||x|| = 1. Then

Tz, z)| [(Tz, z)|
x, Tz)| |{z, T"z)|
(1, Ta) P+ |{o, T"2) ).

(T, ) < 2llal? (max (Tl 170} + (T, T°2) )
= 3 (T2l + |72 + [Tl ~ | T2l?]) + 5 [T, 7))
= S ARIT R +1TP) 2, 2)] + (TP = 1) ,2)]} + 5 (T, 7))
o L [ler+ipp 0 ‘ 1|[[le? - 1B+ 0
Lo meree]|THL 0 Ejer
n 1 0 B ’
2 C 0
= max {[CP + B 1B + o}
+ qmax {[ICP ~ 1B IBP - 0P|} + § max{u(BC), w(CB)}
Taking the supremum over x € H, ||z|| = 1, we get
#([o o)) = Smmetticr izl o + )
+ Tmax (][O - 1B I8P - 10}
+ %max{w(BC),w(C’B)}.

Now, using the convexity of the function f(t) =t

T

on [0,00), we get the desired result.

Remark 2.1.5. If we take B = C' in Theorem 2.1.14, then we reobtain the inequality (2.5).

An inequality related to Buzano’s inequality is given in the following lemma.
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Lemma 2.1.6. Ifz,y,e € H with |e]| =1 and 0 < a < 1, then

)l

3+« 1
[z, e)em)” < ——lzlPllyll” +
Proof . From Lemma 1.4.1, we have

(. e)e.y)* < i(HIHIIyH+!<:v,y>|)2
= i(Hl‘HZHyH2 +2)lzlllly iz, )] + Kz, »)[*)
= i(HxHZHyH2 +2[zllllylll{z. v)| + al(z, »)* + 1 = a)|(z, y)[*)
< i(HﬂcHQHyH2 + 202yl + allzlllyl® + (1 = o)z, »)])
3+« -« 9
(=, y) I

1
— 2 2
= )yl +

Now, we state our next result, which is based on Lemma 2.1.6.

Theorem 2.1.15. Let B,C € B(H) and 0 < o < 1, we have

|

0 B
c 0

3+« . . -«
) < —g— max{[[|C] + B I1BI* + O} + == max{w?(BC), w*(CB)}.
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Proof . LetT = and x € H & H with ||x|| = 1. Then

(Ta,2)|" = |(Tz,x)(e, T"x)|
3 1-—
< Za||Tx||2||T*J:H2 F N TR (by Lemma 2.1.6)
3+« . 1l -«
< g UTel* + 177" + ——= TPz, 2)°
(by the arithmetic-geometric mean inequality)
3+ 1-
< ST 1T e ) + — ()
2
3+a /||C]*+ B! 0 l—« BC 0
= — T, T )+ T, T
8 0 |BI* + |C*|* 4 0 OB
3+« IC)* + | B*|* 0 l—a ,(|BC 0
< —w + w
8 0 |B|* +|C*|* 4 0 CB
3+« . . -«
= —g— max{[[[C1 + B NIBI* + O} + ——= max{w?(BC), w*(CB)}.
Taking the supremum over x € H, ||z|| = 1, we get

0 B
c 0

|

In particular, taking B = C in Theorem 2.1.15, we obtain the following corollary.

3+« . . 1 -«
) < —g— max{[[C] + B I1BI* + O} + ——= max{w?(BC), w*(CB)}.

Corrollary 2.1.7. If B € B(H), then for 0 < a <1, we have

w4(B)§3—ga 1 -«

1 w?(B?).

|IBI*+ |B*|*|| +
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Remark 2.1.6. For every 0 < a <1, we have

w(B) < TLEB B+ e (B
< 3*“\\|B|4 1B I’
- 3*“\\|B|4+|B*|4||
< 3+aH|B|4+|B*| ||+ 4a |B]2J;|B*,2 2
(by the inequality (2.13))
2 %12\ 2
_ 3+a\\|B|4+|B*! I+ 4o< <|B| Z|B | )
< XL B4 B+ L 1B + 1B

(by the operator convewity of the function f(t) =t* on [0,0))
1 *
RIS

This means that Corollary 2.1.7 refines the inequality (2.4) for r = 2.

The following theorem yields an improvement of the triangle inequality for the operator

norm.

Theorem 2.1.16. Let A, B € B(H). Then
IA+ BJI* < %(|||A|2 + B + [[|A*]2 + |B*[*[]) + 1 ANIB] + w(B"A). (2.16)
Proof . Let x,y € H with ||z|| = |ly|]| = 1. Then we have
[{(A+ B)z,y)|* < [(Az, y)|* + [(Bz, y)* + 2/(Az, y)||(y, Bx)|.
Using Buzano’s inequality, we get

(A + B)z,y)|* < [{(Az,y)|* + [(Bx,y)* + || Az]||| Bz + |(Az, Bz)|.
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1
Now, using Lemma 1.4.2, for a = 3 we have

[{(A+ B)z,y)/*

IN

([ Alz, 2)(|A"y, y) + (| Bla, 2)(|B"|y, y) + || Az[[[| Bz|| + [(B" Az, )|
(AP +|BP)z,2) 2 (|A]* + | B**)y, )7 + || Az || B + |(B* Az, z)|

IN

(by the Cauchy-Schwarz inequality)

% [((JAP +1BP) 2, 2) + (A + 1B 1) y.y)] + | Az||| Bz

|(B*Az, )] (by the arithmetic-geometric mean inequality).

IN

Taking the supremum over x,y € H, ||z|| = |ly|| = 1, we deduce the desired inequality. "

Remark 2.1.7. It is easy to see that

1 * * *
5 AP+ 1BP[ + 14717 + 1B*P[)) + 1ANIBI + w(B"A4) < (Al + I1B)*.
Thus, the inequality (2.16) is a refinement of the triangle inequality for the operator norm.

Corrollary 2.1.8. Let A, B € B(H). Then

Remark 2.1.8. The above inequality is a refinement of the inequality (2.12).

2

<

A B

54 (AP + [BP|| + [1A*[* + [B**]|) + I Al Bl + w(B*A).

N | —

Our last main result for the numerical radii of the off-diagonal parts of 2 x 2 operator

matrices can be stated as follows.

Theorem 2.1.17. Let B,C € B(H). Then

1
5 2’(1}4 <

0

0 B

0 B 1
+ 2B+ IB - C*° < w?
8 c 0

c 0

) . (2.17)

B . Then w(T) > [|R(T)|| and w(T) > ||(T)]|. So,

Proof . LetT =

B-C*
2

B+ C*

2|

and w(T) > H
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Hence,

WA(T) = %\/2@04@) 20N (T)

> VT + 2R IS
= 1J2w4<
2

Remark 2.1.9. It is well known that

0 B 1
+ 2 IB+CH* B - C|”.
C 0 8

C1* + 1B 0

- TQ—‘[- T*

2l = 5 IRy + 92| =

Now, taking A = R*(T) and B = S*(T) in the inequality (2.16), we get

[R(T) + ST < VIRUT) + SUD)| + [IRDSHT) | + w(SHT)R(T))
< V2w(T) + [RID)PISD)]2 + [(SHT)RA(T))|
< V2w (T) + 2| R(D)PIS(T)]2

1
= \/2w4(T) + 3 | B+ C*|]*| B — C*||.

This implies that

O] + B 0
0 C** + | BJ?

0 B
c 0

1

1 2 2
- ~|IB+CH|*||B - C*|.
1 >+8H + || I

Hence,

0 B

qmac{lICr+ 18" F|L JIBE+ 107} < %JW( o

1
> +g 1B+ CH|* 1B — ¢+

(2.18)
This proves that the inequality (2.17) is an improvement of the inequality (2.11).

34



Remark 2.1.10. If we take B = C in Theorem 2.1.17, then we get

1 1
5\/2w4(B)+§HB+B*|]2HB—B*H2 < w?(B). (2.19)

The inequality (2.19) is sharper than the inequality (2.6).
Also, if we take B = C' in the inequality (2.18), then from the inequality (2.19), we deduce

that .
LIBE+ 1B < w(B).

This means that the inequality (2.19) is a refinement of the first inequality in (2.2).
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Chapter 3

Some inequalities for the Euclidean

operator radius

In this chapter, we present some new upper and lower bounds for the Euclidean operator radius
of a pair of Hilbert space operators. Some of these bounds refine certain existing ones. As

applications of these results, we provide some new bounds for the classical numerical radius.

3.1 Some inequalities for the Euclidean operator radius

In this section, we present some results related to Fuclidean operator radius.

Definition 3.1.1. Let B,C € B(H) . The Euclidean operator radius is defined by

NI

we(B,C) = sup (|(Bz,z)” + [(Cz, z)]*)>.

llzll=1

Lemma 3.1.1. Let B,C € B(H) be self-adjoint operators. Then
we(B,C) = w(B +iC).
Proof . Let A € B(H). Then

wf(B,C) = Sup (]<Bx,x>|2+ ](Cx,x)]Q)

llz]|=1
= sup |<(B+iC)m,x>|2
llz]]=1

= w*(B +iC).



u
It 1s mentioned in [27] and [40] that w.(-,-) : B*(H) — [0,00) is a norm that satisfies the

inequality
V2
4

A sharp lower bound for the Euclidean operator radius can be stated as follows

|IB*B + C*C||z < w.(B,C) < |B*B + C*C||2. (3.1)

Theorem 3.1.1. [19] Let B,C € B(H). Then

2 1 1
%kwﬁ+cm23m@uwsw¢3+wcw. (3.2)

Proof . Let x € H be any unit vector. Then

1 2
(Bz,2)* +[{Cz, 2)* > 5 (|(Bx, z)| + [(Cx, 7))
1 (3.3)
> (B + Cpr )P
Taking the supremum over x € H with ||x|| =1 in (3.8), we deduce that
1
w?(B,C) > §w2(B +O). (3.4)

Hence,

2u?(B,C)

v

S NIFRN =N =

qfw+cmwﬂ3—ow

v

w((B+C)?) +w((B-C)))

v

N

w((B+C)+ (B - C)))

=
+
2

which prove the first inequality in (3.2).
To prove the second inequality in (3.2), let x € H be any unit vector. Then
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[(Bz,2)]* + (Cx, 2)|* < || Ba||*||=[|* + [|C[|*||||*
< ||Bz|* + ||Cx||?
< (Bx, Bx) + (Cz,Cz)
< (B*Bz,z) + (C*Cz, x)
< ((B*B+ C*C)x,x).

Taking the supremum in the above inequality over x € H with ||x|| = 1, we obtain

w?(B,C) < ||B*B + C*C||

]
Corrollary 3.1.1. [19] Let B,C € B(H) be self-adjoint. Then
2
\/7_||B2+02H5 <w.(B,C) < ||B? + C?2. (3.5)
The following particular case reads as follows
Corrollary 3.1.2. Let A € B(H) and o, 3 € C. Then
1 * * *
Sw(0?A? 4 B(A) < (o + |BP)w?(4) < laPAA+[BPAAY. (36)
Proof . If we choose in Theorem (3.1.1), B = oA and C = BA*, we obtain
we (A, A") = sup ([(adz,2)]* + [(BA™z, 2)[*)
llzll=1
= ||81H1£)1(|oz|2 [(Az, 2)|* + |8 (A", z)[?)
= sup (jaf* + 51l Ar. 2}
= (laf* +[8]*)w?(A)
Hence,
w(B* 4+ C?) = w(a®A* + +4(4%)?).
]
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Remark 3.1.1. If we choose (3.6) o = 3 # 0, then we get the inequality
1 2 *\2 2 1 * *
LA 4 (A7) < wP(4) < LA A+ AX (3.7

for any operator A € B(H).
If we choose in (3.6), « = 1,8 =1, then

%w(A2 — (A%)?) < w?(4) (3.8)

for any A € B(H).

Theorem 3.1.2. [19] Let B,C € B(H). Then

-

V2

*- max {w(B +O),w(B - 0)} < w.(B,C) < \/75 (w2(B +O)+ (B - 0))? (3.9)

Proof . Let x € H be unit vector. Then

wX(B,C) > %wZ(B +C) and w(B,C)> %M(B —0).

Thus,
we(B,C) > \/75 max{w(B + C),w(B — C)}.

To prove the second inequality, let x € H be any unit vector. Using the parallelogram

identity gives

2(](395,95}\2 + ](Cx,x}\Q) = [(Bxz,z) — (Cz,2)]* + |(Bz, z) + (Cx, x)|*
<w*B-C)+w*(B+C)

Proposition 3.1.1. Let B,C € B(H). Then

(SIS

we(B,C) < (w*(C — B) + 2w(B)w(C))>. (3.10)

Proof . Let x € H be any unit vector. Then

(Cz,z)|* — 2Re((Cz, x)(Bx,x)) + |(Bz, z)|* = |[(Cz,z) — (Bz,z)|* < w?(C — B).
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Thus,
(Cz,2)]* + |(Bz,z)|* < w*(C — B) 4+ 2Re((Cxz, z)(Bz,z))

(3.11)
< w?(C — B) + 2{Cx, z)||{(Bx, z)|.
Taking the supremum in (3.11) over ||z|| = 1, we deduce the desired inequality (3.10).
In particular, if B and C are self- adjoint operators, then
1
we(B,C) < (B = CI* + 2| BllIC]))>. (3.12)
A+ A A— A* -
Now, if we apply the inequality (3.12) for B = + and C = =" then
i
L+ DA+ (1—)A 2 A+ A | A= A"\ 2
< .
Mm—(” 2 +4‘2 H 2
Proposition 3.1.2. Let B,C € B(H). Then
we(B,C) < (2 min{w?(B), w*(C)} + w(B — C)w(B + C)3. (3.13)
Proof . From the parallelogram identity,
2(|<BZL’,I‘>|2 + |<C!L’,I>|2) - |<B$,[L’> - <C[L‘,CL’>|2 + |<B[E,l’> + <OI7ZL’>|2,
we get
2w2(B,C) =w?(B—C,B+0). (3.14)

Now, if we apply Proposition (3.1.1) for B — C, B + C instead of B and C, we obtain
w?(B —C, B+ C) < 4w*(C) + 2w(B — C) —w(B + C). (3.15)

Hence,
w?(B,0) < 2w*(C) +w(B — C)w(B + C). (3.16)

Now, if we exchange C' by B in the inequality (3.16), then we get
w?(B,C) < 2uw*(B) +w(B — C)w(B + O).

Hence, the required result is obtained. [
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Theorem 3.1.3. [19] Let B,C € B(H). Then
wi(B,C) < max {|[BI, |C|*} + w(C"B). (3.17)
Corrollary 3.1.3. Let B,C € B(H). Then
wA(B,C) < 3 (max {|B~ CI B+ CIP} +w((B* ~ C*)(B + ). (3.18)

1
The constant 3 in the inequality (3.18) is the best possible.

Proof . By replacing B+ C, B — C instead of B, C, respectively, in the inequality (3.17)
and using the identity w*(B + C, B — C') = 2w.(B, C)?, yields

1 1
w,(B,C)? = §wg(B +C,B-0) < 5max{||15> +C|% 1B - C|*} +w((B—C)*(B+C)),

as required. [

Corrollary 3.1.4. Let A € B(H). Then
w?(A) < i(max{HA FAP A= AP u((A - A)A+4Y). (319)
Proof . If A= B+ iC is the Cartesian decomposition of A, then w?(B,C) = w?(A).
w(C*B) = iw((A* _A) A+ AY).

From the inequality (3.17), we obtain the desired inequality.

Theorem 3.1.4. [19] Let B,C € B(H). Then

w?(B,C) < = (||B*B + C*C|| + | B*B — C*C|) + w(C*B). (3.20)

N | —

Corrollary 3.1.5. Let B,C € B(H). Then
1
wi(B,C) < 5 (HB*B +C"C|| + | B*C + C*B|| + w((B* — C*)(B + 0))). (3.21)
Corrollary 3.1.6. Let B,C € B(H) be self-adjoint. Then

w?(B,C) < %(\132 + C?|| +||B* - C?|)) + w(CB). (3.22)
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Remark 3.1.2. We observe that, if B and C are chosen to be the Cartesian decomposition

of A, then we obtain from the inequality (3.22) the following inequality

w2(A) < %1<||A*A +AAT|| 4 A2+ (A7) + w((A* — A)(A + A*))). (3.23)

1
The constant 1 18 the best possible.
Now, if we choose in the inequality (3.20) B = A and C = A*, we deduce that

1

1
w(A4) < 7 (JA"A+ AL A" A = AA|]) + Sw(4?). (3.24)

e~

Theorem 3.1.5. [27] Let B,C € B(H). Then

Su(B+ )+ max {uw(B), w(C)}[u(B + C) (B ~C)|
< w(B,C) < min {w(|B| + i|C)w(|B*| +1C*]), w(|B| +i|C*)w(|B*| +i|C]).-

Proof . Let x € H be any unit vector. Then

(B, 2)]” + [(C,2)* = 5 ((Ba, )| + |(Ca, )])”

(I{Bz,z) £ (Cz,z)])*

(V]
N =N~ —

(B %+ C)z, 2)[.
Taking the supremum in the above inequality over x € H with||z|| = 1, we have

w?(B,C) > %wQ(B +C). (3.25)
Hence, it follows from the inequality (3.25) that

w?(B,C) > %max {w(B+C),w*(B-C)}
W (B4+C)+w*(B-C) N |w*(B+ C) — w*(B —C)|

4 4
> B P B | (5 +.0) + (s - o)) LLEXD B0
> w((B+C)QZw(B “P) | (w(B+C)+ (B -y B B C)

(3.26)
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Therefore,

B
) lw(B+C)—w(B-C)|
Interchanging B and C' in the inequality (3.26), we obtain

w(B? + C?) N w(C

)\w(BJrC) —w(B-C)|. (3.27)

Hence, the required first inequality follows from the inequalities (3.26) and (3.27).

To prove the second inequality, let x € H be any unit vector.

[(Ba,2)[* + [(Cz,2)* < (|Bla, 2)(| Bz, 2) + (|Cl2, 2){|C" |2, x)
(by Lemma (1.4.2))

< (Bl + (ICle.2)?) (B2 + (C"la,2)?))
(KIBlz, ) + (| Cle, ) P B2, 2) + i{|C" |, 2) )
(

(B[ + | Cz, z)[|((|B] +4|C7[)z, z)]
< w(| B[ +4|C)w(|B*| + i|C™]).

Taking the supremum in the above inequality over x € H with ||z|| = 1, we obtain
we(B,C) < w(|B| +i|Cw(|B*| +i|C7)). (3.28)
Replacing C by C* in the inequality (3.28), we get
we(B,C) < w(|B| +14|C*w(|B*| +1[C]). (3.29)

Hence, the required second inequality follows from the inequalities in (3.28) and (3.29). =

Remark 3.1.3. The lower bound of w.(B,C) in Theorem 3.1.5 is stronger than the lower
bound in (3.2). Also, it not difficult to verify that

w?(|B| +i|C|) < |B*B + C*C||.
Therefore,
w(|B| +i|C)w(|B*| +i|C*|) < ||B*B + C’*C’H%HBB* + C’C’*H%.
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Similarly,
w(|B| +i|C*)w(|B*| +i|C|) < || B*B + CC*||2||BB* + C*C|=.

Hence, it follows from the second inequality in Theorem 3.1.5 that

w}(B,C) < min {||B*B+ C*C|[3| BB + CC*|[}, | B*B + CC*|[3| BB + C*C|} }.
If |BB* 4+ CC*|| < ||B*B + C*C||, then the above bound of w.(B,C) is better than the upper
bound in the inequality (3.1).

The following corollary is an immediate consequence of Theorem 3.1.5

Corrollary 3.1.7. Let B,C € B(H) be self- adjoint. Then

1 2 2 1 - -
|| B2+ 2| + 3 max {|BILIICI}|1B + ¢l - B = Cll| (3.30)
< w?(B,C) < w*(|B| +1|C)).

Note that the second inequality in (3.30) is better than the one in (3.5). In particular, by
considering B = R(A) and C = I(A) in (3.30), we obtain the following new upper and lower

bounds for the numerical radius of the operator A .

Corrollary 3.1.8. Let A € B(H). Then

1A A+ AA%| 4 2 max{IRCA), ISCADIRCA) + S(A)] — [R(4) — S]]
Sw%@SwWWMH%SMW-

1
Remark 3.1.4. We have w?(|R(A)| +i|I(A4)|) < §||A*A + AA*||. Therefore, the inequality

1
in Corollary (5.1.8) is stronger than the second inequality in (2.2). Also, §||A*A + AA*|| <
IR(A) >+ |S(A)||. So, the upper bound for w(A) in Corollary 3.1.8 is stronger than upper
bound in (2.3).

If we consider B = A and C = A* in Theorem (3.1.5), we obtain the following corollary.

Corrollary 3.1.9. Let A € B(H). Then

SIR(A)| 4+ Zw(A)IRA)] — IS < wi(4) < Ju(lA] + il A (A7 + 34

1
2
Remark 3.1.5. Clearly, the first inequality in Corollary (3.1.9) is sharper than the inequality
1

5”8‘%(142)” < w*(A), which is given in (3.7). Observe that
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—w(|A] + i|Aw(|A*| + i|A]) < 3]|A*A + AA*|, and so the second inequality in Corollary
(3.1.9) is stronger than the second inequality in (2.1).

For the rest of our result, we need the following lemma which can be found in [3].

Lemma 3.1.2. Let z,y € H. Then for anyt > 0,

2
Tyl ¢, >|+—1+tll z[*lyl*.

[z y)l* <

_t—i—l

Theorem 3.1.6. Let B,C € B(H) and let t > 0. Then
t 1 1
(B < —|B*B * —w.(B B*B Cl|z. 31
W2(B.C) < T\ BB+ OO 4 (B OB B O (331)
Proof . Let x € H be any unit vector. Setting es = |(Bz,x)|* + |(Cx, x)|?, it follows that

1 t
ez < 7o~ (I1Bzll[(Bz, x)| + | Cz[[[(Cz, @)]) + 7= (IB=[* + |C=]*)

(by Lemma 3.1.2)
1 1 1
< 157 UBz ) + (O, 2)[*)2 (I Bz||* + [|C2])> +

(by the Cauchy-Schwarz inequality)

B 2 2
B+ Ca )

N|=

t 1
< —|<<B*B+ C*C>‘Tal‘>| + 1—_Hwe(B70)|<(B*B+C*C)x7I>| .

1+t
Taking the supremum of both sides in the above inequality over x € H with ||z| = 1, we get
the required inequality. n

Remark 3.1.6. The inequality (3.51) is a refinement of the second inequality in (3.2). Indeed,

w?(B,C) < —HB B+C*C| + Jlr «(B,C)|B*B + C*C||2

< —|B*B+C*C||+ —||B*B+ C*C
BB+ OOl + BB+ 0

(by the second inequality in (3.2))
<||B*B+ C*C]||.

Next lower bound for we(B,C) reads as follows.

Theorem 3.1.7. [27] Let B,C € B(H). Then
%max [ (B +C)+ A(B — C),w*(B—C) + (B +0)} < wl(B,C),
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where ¢(Y) = infj =1 |(Ya, z)|.

Remark 3.1.7. Clearly, the bound in Theorem (3.1.7) is stronger than the first bound in
(3.8).

In the following theorem, we give a lower bound for w.(-,-).

Theorem 3.1.8. [27] Let B,C € B(H). Then
max{w?(B) + ¢*(C),w*(C) + (B)} < w?(B,C).
Proof . Let x € H be any unit vector. Then
(Bz,z) + (C, )" + [(Bx, z) — (Cz,2)]* = 2(|(B, 2)|* + [(Cx, z) |*).

Thus,
(B + C)z,2)[* + (B — C)z,2)]* = 2((Bz, z)|* + [(Cz, 2) ).

Hence,

w?(B+ C, B - C) = 2w(B,C). (3.32)

Now replacing B by B+ C and C by B — C in Theorem (3.1.7), we obtain that
2max {w’(B) + ¢*(C),w*(C) + *(B)} <w’(B+C,B - C). (3.33)

Using the identity (3.32) in (3.33) gives the required inequality. n

Theorem 3.1.9. [27] Let B,C € B(H). Then
1
w?(B,C) < min{w?(B + C),w*(B - C)} + §||O*C + BB*|| + w(BC). (3.34)
Proof . Let x € H be any unit vector. Then

|(Cz,z)|* — 2Re[(Cx, z)(Bx, x)] + |(Bx,z)|* = |(Cx,z) — (Bx, x)|?
= [((C = Bz, z)|*
<w*(C - B).

46



Thus,

(Cx,z)* + |(Bz, 7)|* < w*(C — B) + 2Re[(Cx, x)(Bx, x)]
< w*(C — B) +2|{Cx,z)(Bx,z)]|
<w*(C — B) + ||Cx||||B*z|| + |{Cx, B*z)|(by Lemma (1.4.1))
<w*(C - B)+ %(HCJ"H2 +[1B[*) +w(BC)

<uP(C~ B)+ 5]I0°C + BB'| + w(BO).
Taking the supremum of both sides in the above inequality over x € H with ||z|| = 1, we obtain
w?(B,C) < w?*(B—C)+ %HC*C + BB*|| + w(BC). (3.35)
Replacing C' by —C' in the above inequality, we get
w(B,C) < w*(B+C)+ %HC*C’—l—BB*H + w(BCO). (3.36)

Hence, the desired inequality follows directly from (3.35) and (3.36). n

Remark 3.1.8. If we take B = C = A in (3.85), then we get the following upper bound (see

[2]) X X
w*(A) < JJAA+ AN + Jw(A?),

Theorem 3.1.10. [27] Let B,C € B(H). Then

max w(aB? + (1 —a)C?) < w?(B,C). (3.37)

0<a<l

Here we give an example in which we illustrate that the inequality (3.37) can be better than

1 0 0 0
the inequality of Theorem (3.1.1). To see this, consider B = 0 0 ] and C' = 0 9 ] )
1 0 0 0
where B* = and C? = :
0 0 0 4
Thus,
B?  (C? 2 2
w(7 + 7) =2<4= Ofélg%(lw(aB + (1 - a)c )
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Remark 3.1.9. If we replace B by R(A) and C by I(A) in Theorem (3.1.10), we obtain

[ a(R(A))? + (1 — a)(S(A))?]| < w?(A). (3.38)

In particular, for a = 3 we get

1
AT A+ A4 < ().

Next, we give the following theorem.

Theorem 3.1.11. [27] Let B,C € B(H). Then

w?(B,C) < w*(vVaB ++vV1 —aC) +w*(vV1 - aB + va0),

for all a € [0, 1].
Proof . Let x € H be any unit vector. Then
|(VaBz,z) + (V1 —aCx,z)|* + (V1 — aBx,z) — (VaCx, z)|?
— (VaB +vVI=aC)z,2)* + |{(VI=aB — VaC)z,z)P
<w?(vaB+ V1 —-a0) +w*(V1—aB —al).

(B, z)|* + |(Cz, z)*

Taking the supremum in the above inequality over v € H with ||x|| = 1, we obtain the desired
n

mequality.

1
Remark 3.1.10. In particular, if we take o = 3 in Theorem (8.1.11), then we obtain the
following upper bound, see (Theorem ( 3.1.2)), for the Euclidean operator radius

(w*(B+C)+w*(B-C)).

N | —

we(B,C) <

Theorem 3.1.12. Let B,C € B(H) and let o, B € R*. Then

wX(B,C) < #52 (w (@B + BC) + w*(BB — aC)) .
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Proof . Let x € H be any unit vector. Then

(B, z)|* + [(Cz,2)|* = ({(aB + BC)z, z)|* + (BB — aC)z, z)[)

a? + 32

Taking the supremum in the above inequality over x € H with ||x|| = 1, we obtain the desired

result. m

Corrollary 3.1.10. Let B,C € B(H) be self-adjoint and let o, 8 € R*. Then

1
2(B < -
w?( ,C)_a2 52(

Remark 3.1.11. If we take o = [ in the inequality (3.39), then we obtain the following

|aB + BO)||> + ||BB — aC|?) . (3.39)

inequality

we(B,C) <5 (IB+CI*+ B -CI*),

N | —

which was already given in [19].
Taking B = R(A) and C = J(A) in the inequality (3.39), gives the following corollary.
Corrollary 3.1.11. Let A € B(H) and let o, f € R*. Then

1

w(A) < P (laR(A) + BS(A)|* + [[BR(A) — aS(A)]) - (3.40)

Remark 3.1.12. 1. If we take « = 1 and B = 0 in the inequality (3.40), then we reobtain
the inequality (2.3).

The following result can be found in [19].

Proposition 3.1.1. Let B,C € B(H). Then
w?(B,C) < w?(C — B) + 2w(B)w(C).

In the following theorem we give an extension of Proposition 3.1.1. First, we provide an

extension of the parallelogram identity. For a, 3 € R* (the nonzero real numbers), we have
(o + 8%) ({Bz, 2)|* + |{Cz, 2)|*) = [{(aB — BC)z, z)* + [{(BB + aC)z, z)[.

Hence, we get
(@ + B*w?(B,C) = wi(aB — BC, BB + aC). (3.41)
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Theorem 3.1.13. Let B,C € B(H) and let a, f € R*. Then

— i 7 (wQ((ﬁ —a)B—(f+ a)C) + 2w(aB + CYw(BB — aC’)).

wz(B,C) <

Proof . Apply Proposition 3.1.1 for aB + BC and B — aC' instead of B and C, respec-
tively, we have

wZ(aB+ BC, BB — aC) < w?((8 — a)B — (a+ B)C) + 2w(aB + SC)w(BB — aC).
The desired result follows by using the identity (3.41).

Lemma 3.1.3. Let A, B € B(H) be self-adjoint. Then
w?(A+iB) < ||A%* 4+ B?||.
Theorem 3.1.14. Let B,C € B(H) and let 0 < p,q < 1. Then
wE(B,C) < (0 + @) Tw(|BI> +1IC]7) + (1= p) + (1 — ) Pw(|B| 77 +3lC7[ 7).

Proof . Let x € H be any unit vector. Let ey be as described in the proof of Theorem
3.1.6, it follows that

1
ey < (|Blz,z){|B*|z, z) + (|C|x,x){|C*|x,x)(by Lemma 1.4.2 with o = =)

1 . - 1 . a
< p(IBla, x)r + (1 = p){|B*|z, 2) =0 + ¢{|C|z,z)s + (1 — q)(|C"|x, z) T
(by the Young’s inequality)

N

< (1= + (1= 02) (Bl 2) ™5 + (17, )755)

1

+ (0 + ) ((Ble, )7 + (Ol )7 )
(by the Cauchy-Schwarz inequality)
<V =-pP+(1-qP

(1B|75 +iC"[75)a, 2)|
+ VP +q? ‘((|B|% +Z|C|é)$,x>‘ (by Lemma 1.4.3 (a)).

Taking the supremum of both sides in the above inequality over x € H with ||z| = 1, we get
the desired inequality.
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Theorem 3.1.15. Let B,C € B(H). Then

1 1
afgg){* m(w(QQBQ + B°C?) + §|w2(o¢B + BC) — w*(aB — BC’)D <wi(B,C).

Proof . Let x € H be any unit vector. By the Cauchy-Schwarz inequality, we have

(lall{Bz, 2)| + [BI{Cx, 2)])* < (B, a)* + [{Cx,)|*) (o® + 5%).

Hence,
1
(Br.o) + [(Caalf = s (lall(Ba,a)| + |Bl|(Ca,))?
1
= gy laBeal+ 80z )’
1
> m|<anax> + <BC{E,1’>|2
1
= mK(QB + B0z, z)[%.
Taking the supremum of both sides in the above inequality over x € H with ||z|| = 1, we get
w?(B,C) > " +52102(043 + BC). Thus,
1
wi(B,C) > P max {w’(aB + AC),w*(aB — 5C)}
_ 1 2 2 B
- ST (w (@B + BC) + w*(aB — BC)
+|w2(aB + BC) — w*(aB — 50)‘)
1
> 2 _ 2
+|w?(aB + BC) — w*(aB — ﬂC)D
1
> 202 B? 4+ 25%C?
> 2(a2+52)<w( a2B? + 282C?)
+|w?(aB + BC) — w*(aB — 50)}).
Therefore, the desired inequality is obtained. [

Remark 3.1.13. If we take o = 8 in Theorem 3.1.15, then we get
1 1
iw(B2 +C?%) + Z‘wQ(B +C) —w*(B-C)| <wi(B,C). (3.42)
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Clearly, the inequality (3.42) is a refinement of the first inequality in (3.2).
Putting B = R(A) and C = I(A) in Theorem 3.1.15, we obtain the following corollary.

Corrollary 3.1.12. Let A € B(H) and let o, B € R*. Then

(A) + 5°3%(4))
[ (@R(4) + B3(4)) — w? (aR(4) - 53(4)]).

1
2
w(A) > 062"‘52( (
1
2
Remark 3.1.14. If we take o = 3 in Corollary 3.1.12, we get
1 1
TIATA+ AAT + 2 [IR(A) + S(A)° = [R(A) = S(A)IP| < w?(A). (3.43)
The inequality (3.43) is an improvement of the first inequality in (2.2).
Theorem 3.1.16. Let B,C € B(H). Then
1
5 max {IR(B+C)*+ A(S(B+0)),[|S(B+O)>+R(B+C))} <wi(B,C),

where ¢(Y) = infj, =1 |(Ya, z)|.

Proof . Let x € H be any unit vector. Let ey be as described in the proof of Theorem
3.1.6, it follows that

€2

(R(B)z, z)* + (I(B)x, 2)* + (R(O) 2, 2)* + (I(C)x, 7)*
[(R(B + C)z, 2)|* + [(I(B + C), 2)?)

v

%(
- (1

Vv

(R(B+C)z,z)]” + A (I(B+C))) .
Taking the supremum of both sides in the above inequality over x € H with |z|| = 1, we obtain
2 1 2, 1o
%wmnzﬂm3+mu+?mw3+my
Stmilarly, we can prove that

@wmnznw3+mw+;ﬂw3+my

N —

Therefore, the desired inequality is obtained. [
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Remark 3.1.15. If we choose B = C = A in Theorem 3.1.16, then we get

max {|R(A)[* + (S(A)), [S(A)]* + (R(A)) } < w?(4),
which was given in [12].

Finally, we present the following inequality involving non-negative continous functions.

Theorem 3.1.17. [27] Let B,C € B(H) and let f, g be two non-negative continous functions
on [0,00) satisfying f(t)g(t) =t for allt € [0,00). Then

%HB +Cl* < we (F2(IB]), SAIC))we (g (1B"]), 9(1C7])).-

In particular,

1 * *
§|IB+CII2 < we(|Bl, [C)we(| B, [C7]).

Proof . Let x,y € H be two unit vectors. Then

[(B+ C)z,y)|” = |[(Bz,y) + (Cz,y)|*
<2(|(Bx,y) | + [(Cz, y)[?)

< 2([l£A BN g (1B*Dyll* + I ACD g (ICylI*)
(using Lemma (2.1.2))

= 2((f2(|B))z, 2)(g*(|B* )y, y) + (F2(C)a, 2) (6> (1% )y, )
< 2((f*(|B)x, 2)* + (f2(|C))a, 2)2) 2 ((¢*(|B* )z, 2)* + (g*(|C* )z, 2)?) 2
< 2w (fA(IBI), £2(1CN)we (8(1 B*])., g (IC*])).

Taking the supremum in the above inequality over z,y € H with ||z|| = |ly|]| = 1, we obtain
1 * *
1B+ CII* < we(£2(1BI), £2(ICD)we(g*(1B7]), °(IC7]).
In particular, if we take f(t) = g(t) = t2, then

1 * *
§HB + CH2 < we(‘Byv |C’)we(’B |> ’C ’)7

as required.
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3.2 Power inequalities of the Euclidean operator radius

Theorem 3.2.1. [27] Let B,C € B(H). Then
w¥(B,C) < %wQT(B +O)+ %wQT(B -C)-2 ||i]\[\1£1 |Re({(Bx,x)(Cx,x))| forr > 2.

Proof . Let x € ‘H be any unit vector and let e5 be as described in the proof of Theorem

3.1.6. Then

& = (5(Ba. ) +(C x)|2+%|<3x,x> (Cr.a)?)
= (B + O m)P + (B - O, )P)
< 5B+ Ol + S5 - Ol = 1| J(B+ o) = 5B - o]
—% %|<(B O ) — B+ O )| (using Jensen's inequality )
=S| ((B+ Cpr, 2} + S (B — O, )" = L |[(B + Cha, ) — (B ~ ) )P
LB+ O + 5B - O — | Re((Br, ) [T 2))
; "(B+O)+ ;wQT(B €)= 2" inf |Re((Ba,)(Cr, )|
Taking the supremum of both sides in the above inequality over x € H with ||z| = 1, we get

the desired result. m

3.3 Characterization of the Euclidean operator radius

The following lemma can be found in [24].
Lemma 3.3.1. Let B,C € B(H). Then

f

0 B
c 0

1
) = 5sup [ B + e C7.

2 ger

o4



Proof . We have

0 A 10 A
w =sup || R | e
B 0 9eR B 0
1 0 e A 4 e~ B*
= —sup , ,
2 0er || |e7PA* 4 B 0

= 1sup HeieA + e B
2 ger

]
Our first main result can be stated as follows. In the sequel, i, v are assumed to be positive

real numbers with p? + v* = 1.

Theorem 3.3.1. Let B,C € B(H). Then

w?(B,C) = sup supw?(ue”B+ve "0).
u2+r2=1 0€eR

Proof . Let x € H be any unit vector. Using the two identities sup|,_, %(za) = |a| and
supgep |€?a + e b| = |a| + |b], where z = x + iy, x,y € R and a,b € C, it follows that

(Ba.a)P+|(Cr.o)f = sup (ul(Br.o)] + o(C )]
HEFvE=
= sup sup|e®(uBx, x) + e (vCx, z)|?
u24+v2=1 R
= sup sup|[((e’uB + e PvC)a, x)|%.
n2+r2=1 0eR
Taking the supremum of both sides in the above equality over x € H with ||z|| = 1, we obtain
the desired equality. [

If we apply Theorem 3.3.1 for B —C' and B+ C' instead of B and C, respectively, and we
use the identity (3.14), then we obtain the following equality.

w?(B,C) = sup sup %wQ (e (B - C) +ve (B +C)). (3.44)

u2+v2=1 R

Corrollary 3.3.1. Let B,C € B(H). Then

0 uB
vC 0

0 uB
vC 0

) <we(B,C) < sup 2w <

u2+r2=1

sup w
wr+r2=1

95



Proof . We have

we(B, C) = we(B,C7)

= sup sup w(ueiGB + ue_wC*)
w2+r2=1 0€eR

1 . )
> sup sup-||e“uB + e vC*| (by the first inequality in (2.1))
pl+r2=1 0€R 2

0 uB
vC 0

= sup w( ) (by Lemma 3.3.1).
M2+l/2:1

By a similar argument we prove the second inequality. [

. . " 0 B
It is known that (see e.g., [1]) if B and C' are positive operators, then w 0 =
1B+
5

Theorem 3.3.2. Let B,C € B(H) be positive operators. Then
1
iw(B +1C) < w.(B,C) <w(B+iC).

Proof .Using the identity sup,z, 2 [|[uX + vY| = w(X + 1Y), where X and Y are

positive operators, we have

0 uwB

we.(B,C) > sup w
(B,C) D (uco

u2+v2=1

1
= sup |uB+vC|
u2+y2:1 2

1

By a similar argument we prove the second inequality.

Theorem 3.3.3. Let B,C € B(H). Then

w2(B,0) < 3 (IBI? + 11 + /(1B — I + 2By ). (3.45)
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Proof . We have

w?(B,C) = sup sup w?(e’uB+ e ()
0eR p24v2=1

< sup sup |e?uB + e 0|
0€R p2+12=1

= sup sup ||(e_i9uB* +ePvC*) (e uB + e_wVC’)”
0eR p24v2=1

= sup sup ||2,LLV§}E(€2iQC*B) + u?B*B 4+ v*C*C||
n2+v2=1 R

< sup (sup |2uvR(e**C*B)|| + ||*B*B + VQC*CH>
p2+v2=1 " 6eR

=  sup (2uvw(C*B)+ ||p*B*B+v*C*C|))
p2+v2=1

< sup (@|BIP +v*C|° + 2urw(C*B))
n2+v2=1

IBl*>  w(C*B)
w(C*B)  ||C]?
1 2 2 2 2)\2 20 (1%
= S IBIF+cl +\/(HBH —C]*)" + 4w*(C*B) | ,

as required. [

Remark 3.3.1. The inequality (3.45) is stronger than the inequality (3.17). Indeed, setting
1
0 = L(IBIP + IC1? + /(1BI? = |CIP + 4u?(C"B)). yietds

1 *
o < S(IBIE+ICI2+|IBIF - ICI? +2w(C*B))
— max {||BI*, |CIP'} + w(C"B).

If we take B = R(A) and C = I(A) in Theorem (3.3.3), then we obtain

w?(4) < 2 (IR + IS + /(IR — IS + 42(RASA)). (3.46)

It is clear that the inequality (3.46) is a refinement of the inequality (2.3).
If we choose B = A and C = A* in Theorem (3.5.3), then we get

w?(A) < = (|| A]? + w(4?)). (3.47)

N —

It should be mentioned here that the inequality (3.47) was given in [18]. Now, if we apply
Theorem 3.3.3 for B—C and B+ C instead of B and C, respectively, and we use the identity
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(3.14), then we obtain the following corollary.

Corrollary 3.3.2. Let B,C € B(H). Then

1
wi(B,C) < 7(IB-CIP+[B+C* (3.48)

+ /(1B = CI2 = | B+ CJ[2)* + 4u2((B* — C*)(B+C)) ).

Using an argument similar to that used for Remark 3.3.1, we can easily prove that the
inequality (3.48) is better than the inequality (3.18). Also, if we take B = A and C = A* in
the inequality (3.48), then we obtain the following corollary.

Corrollary 3.3.3. Let A € B(H). Then

1
w(4) < S(IA- AP+ A+ A (3.49)

F (1A A2 — A - A7) + dur(A" — A)(A+ A7),

Using an argument similar to that used for Remark 3.3.1, we can prove that the inequality
(3.49) is sharper than the inequality (3.19).

3.4 Inequalities for Euclidean radius of the sums and the

products of two operators

In this section, we give some bounds for the Fuclidean operator radii of sums and products of

two operators.

Theorem 3.4.1. [20] Let A, B,C, D € B(H) and p,q > 1 with % - % =1. Then
w?(B*A, D*C) < ||(A*A) + (C*C)?||».|(B*B)! + (D* D). (3.50)
Proof . Let x € H be any unit vector. Then

(B*Ax,z)|> + (D*Cwx, x)|* < (A* Az, x).(B* Bz, x) + (C*Cx, x).(D*Dx, x)
< ((A*Az,2)" + (C*Cz, )?)».((B* Bz, 2)? + (D* Dz, z)9)s
(by the Young’s inequality)
< (((A* Az, z) + (C*C)Pa, )7 (((B* B)tw, x) + ((D* D)%, z))s
< ([(A*AY? + (C*C)Plz,x)7 ([(B*B)" + (D* D)z, x)1.
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Taking the supremum of both sides in the above inequality over v € H with ||z|| = 1 and
observing that the operators
(A*AP + (C*C) and (B*B)? + (D*D)4 are self-adjoint, we deduce the desired inequality. w

Next, we obtain the following particular case.

Corollary 3.4.1. Let A,C € B(H) and p,q > 1 with % + % = 1. Then
wl(A,C) < 21| (A AP + (C°COY|5.
Proof . The result follows from (3.50) by taking B =D = 1. ]
Corollary 3.4.2. Let A, D € B(H) and p,q > 1 with L+ =1. Then
wl(A,D) < [[(A"AP + I|[» | (D*D)* + I
Theorem 3.4.2. Let Ay, Ay, By, By € B(H) and r > % Then

1
2

W (A5 A, BiBy) < 2771 ||| Ay Y + |B2|4T||% |[A2|* + | By "

Proof . Let x € H be any unit vector and let r > % Setting
ea = (|[(Aj Az, 2)|* + [(B] Bow, 2)*)",

it follows that

IN

or—1 (|(A’{A2x, z)|?" + |<Bfng,x>|2T)
2T71 (|<A2$, A1$>|2T + |<BQI, BIZL’>|2T)
271 (| Aoz ||| Ay |*" + || Bo||* || By 7)

€4

IN

(by the Cauchy-Schwarz inequality)

2 (4l + | Bual| ) (I Asz ]| + | Boz]| 7))

(by the Cauchy-Schwarz inequality)

(AP, 2) + (B, 2)) (| A P @) + (| Bafe, 1)) )
27’—1 <<(|A2|4r + |B1|4r)$, ZE>> 2 <<<|A1|4r + |BQ|4T)£B, $>) 2

(by Lemma 1.4.3 (a))

2r71 H|A2|4r + ’Bl|4rH% H|A1’4r + |B2’4T‘H% )

Jun

IN

-

IN

IN

IA
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Taking the supremum in the above inequality over v € H with ||x|| = 1, we obtain the desired

inequality. [

Remark 3.4.1. If we take A1 = By and As = By in Theorem 3.4.2 and we use the fact that
w2 (A3 Ay, AL Ay) = 2w (A} Ay), then we obtain the inequality

1
w” (AT Az) < Sl + A7 forr >

N | —

which was already given in [20].

Theorem 3.4.3. Let By, By, C1,Cy € B(H) and let 0 < o < 1. Then

1
w2 (By + By, C1 + Cy) < 5w3<|B1 + Bo|** +i|Cy 4 Co|*,

[(By + Bo) 07 4 4](Cy + C) 0.
Proof . Let x € H be any unit vector. Setting
es = [((Bi+ Ba)a, x)[* + [((C1 + Co)a, ) 2,

it follows that

es < (|Bi+ Bz, 2){|(Bi + By)" """V, z)
+(|Cy + Cy**z, 2)(|(Cy + Cy)* YDz, 2)  (by Lemma 1.4.2)
< {{IB1 + Bof*m, 2)* + {|C1 + Co* ", 2)?)
<((I(By + Ba) P10, ) + {|(Cy + Co) PO, 2)))
(by the Cauchy-Schwarz inequality)
< [{|Bi + Bof*w, x) +i(|Ch + Cof*w, )]
<[(|(By + Ba) Y, ) +i(|(Cr + Co) UV, )|
< SIBs + BoP* +ilCs + o), )P
H{(|(Br 4 Ba) [P 44| (O + Co) ), ) P
(by the arithmetic-geometric mean inequality).
Taking the supremum of both sides in the above inequality over x € H with ||z|| = 1, we obtain
the desired inequality. [
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1
If we take By = Cy =0 and a = 3 in Theorem 3.4.3, then we obtain the following result.

we(B,C) < Swe(|Bl +4|Cl, [B*| +1|C7). (3.51)

N | —

Now, if we choose B,C to be normal in the inequality (3.51), then we obtain the following

corollary.

Corrollary 3.4.1. Let B,C € B(H) be normal. Then
we(B,C) < w(|B|+1|C|). (3.52)

Note that a closely related result to the inequality (3.52) has recently appeared in [27].

Remark 3.4.2. Using Lemma 3.1.3, we can prove that the inequality (3.52) is a refinement
of the second inequality in (3.3).

If we take B = R(A) and C = I(A) in the inequality (3.52), then we deduce that
w(A) < w(|R(A)|+ i|S(A)]). (3.53)

Clearly the inequality (3.53) is sharper than the inequality (2.3). It should be mentioned here
that the inequality (3.53) has been given in [27].
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Chapter 4

Weighted numerical radius inequalities

for operator and 2 x 2 operator matrices

The main aim of this chapter is to present the notion of weighted numerical radius. Corre-
spondingly, we give some bounds for the weighted numerical radius of one operator as well as
for 2x2 operator matrices. For the particular cases, we reobtain some well known inequalities

for the classical numerical radius.

4.1 Weighted numerical radius inequalities for operator

Definition 4.1.1. [16] Let A € B(H) and let 0 < ¢t < 1. The weighted real and imaginary
parts of A are defined by

1—t)A —tA*
Re(A) =tA+ (1 —t)A" and $(A) = ( ) , :

1

respectively.

Definition 4.1.2. [16] Let A € B(H) and let 0 < t < 1. The weighted numerical radius of
A is defined by

w(A) = 21615 {(Re(A) + iSi(A))z, z)| = w((1 — 2t) A" + A).

Similarly, the weighted operator norm of A is defined by

[Alle = sup [((Re(A) +iSe(A))z,y)| = [|(1 — 2t) A" + Al|.
x,ye
llzl|=[lyll=1



Proposition 4.1.1. [16] Let A € B(H) and let 0 <t < 1. Then

1

4t(1—1t) ((Re(A)" = Ri(4%) = (3(4))". (4.1)

In particular,

(R(A))* — R(A?%) = (3(A))".
Proprieties 4.1.1. [16]/ Let A € B(H) and let 0 <t < 1. Then
(A) = w(A) and [[A]ly = [|A].

2. wo(A) = 2||R(A)[|  and wi(A) = 2[|S(A)].

4. wi(A) <2w(A).
Another definition of w(-) was introduced in [38].

Definition 4.1.3. Let A € B(H) and let 0 <t < 1. The weighted numerical radius of A is
defined by
wi(A) = sup [[Re(c”A)|

OeR

Fort = %, we get w%(A) =w(A).
Theorem 4.1.1. [38] The function w(-) : B(H) — [0, 00) is a norm on B(H).

Proposition 4.1.2. [16] Let A € B(H). Then
wi(A) = wy(AY). (4.2)

Proof . For 0 <t <1,

(4.3)



where the last identity follows because w(A) = w(A*). Moreover,

wy(A)

w((l — 2t)A* + A)
w((1 — 26)(R(A) — iS(A)) + R(A) — iS(A)) (4.4)
2uw((1 — t)R(A) + tiS(A)).

From (4.3) and (4.4), it follows that wi(A) = w(A*).

Theorem 4.1.2. [38] For every A € B(H), the function f(t) = wi(A) is a convex function
on [0, 1].

Proof .Let A € B(H), and 0 < ty,t3, A < 1. Then we have

f(tl)‘ + (1 - /\)t2> = Wy r+(1-Nt2 (A)
= Sup ||<t1)\ + (1 - )\)t2>€i€A + (1 - >\t1 - t2 + )\tg)eiwA*H

0eR

= sup [[(LLA)e® A+ A1 —t)e A" + (1 — Ntae™ 4+ (1 — N)(1 — ty)e P A*|
9eR

< sup At A+ (1 —t)e P A*|| + (1 — N)sup [[tae + (1 — tg)e A%
0eR 0eR

= )\wtl (A) -+ )\th (A)
= M(t) + (1 =N f(ta)

In the sequel, we set S = ((1—2t)A*+ A, r = min{(1 —t),t} and R = max{(1 —t),t}, where

t €[0,1]. In the following theorem, we give a characterization of wy(-).
Theorem 4.1.3. Let A € B(H). Then for any 0 <t <1,

w,(A)
2R

< <
- w(A) - 2r

Proof . For 0 <t <1 we have

— 927

wi(A) = w((1 — 2t) A" + A)
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For% <t <1, we have

w((l1—-2t)A"+ A) = w(A (2t —1)A")

w(A) — (2t = Hw(AY)
w(A) (2t — 1w(A")
2(1 — t)w(A).

By combining the above inequalities, we obtain the desired inequality.

Theorem 4.1.4. Let A € B(H) and let A = R(A) +iS34(A) be the generalization Cartesian
decomposition of A. Then for o, € R

wi(A) = sup |aR(A) + BS(AY)].

012+52=1

In particular,

1R (A < wi(A), [[Si(A)]| < wi(A) and TH%((l + 1) A)]] < wi(A).

Proof . We have

R(ePA) = (1—t)e A"+t A
= (1 —1t)(cos@ —isinf)A* + t(cosf + isinh) A
(1 —1t)(sinf)A* —t(sind)A
0
1 —t)A* — tA)

—1

= cosO((1 —t)A" +tA) +

= cosO((1—-t)A" +tA) — Sin9<(
= cos R (A) — sin O, (AY).

Therefore, by putting o = cosf and B = —sinf in the above inequality and using the

definition of the weighted numerical radius, we obtain the desired equality.
1 1
Especially, by letting (o, 8) = (1,0), (a,B) = (0,1) and (o, ) = | —=, —= |, we get the
pecially, by leting (a,5) = (1,0), (@,5) = (0,1) and (@.5) = (=), we g

required inequalities. [

Corollary 4.1.1. Let A € B(H) and let A = R:(A) +iS:(A) be the generalization Cartesian
decomposition of A. Then

) < VIR(AP + (A2
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Proof . From Theorem /.1.4, we have

wi(A) = sup |aR(A)+ BS(AY)]|
a?+p2=1
< s (el Re(A) [ + BlISe(AT)]])
Cl{2+ 21

< (@ + AR (IRUA) + (A7)
(by Cauchy-Schwarz inequality).

Hence, we get the desired inequality.

Theorem 4.1.5. Let A € B(H). Then
2r|R(A)| < wRi(A)) < 2R[R(A)]].

Proof .Fort =0 ort =1, the inequalities (4.5) are satisfied. Lett €]0,1[, then

1 *
IR = 3 s (4 -+ Az,

1 1—1t t

= —sup |— A"z, x) + -(Ax. x
2 jlr = J )
1 1—1t t

< = su Az, x) + —(Azx,x

= 30 { )+ —{Az, z)
1

= 5o sup [(((1—8)A" +tA)z, z)|
27 Jlol)=1

_ 2 R(A

)

Therefore, we obtain the first inequality.
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To prove the second inequality, we have

IR = 5 s (4" + A)r.a)

u<A*:E, x) + ;<AJI, )

(A*z, z) + %(A:c, x)

Therefore, we get the second inequality. [

Theorem 4.1.6. Let A € B(H). Then
DPI(A*A £ AA] < wl(A) < 2R ATA + AA°|.

Proof .Let x € H be any unit vector. Setting S = (1 — 2t)A* + A. Then R(S) =
2(1 —t)R(A) and I(S) = 2tS(A). Thus,

(Se.a)P = 21— OR(A)e, o) + | (2S(A)z, 2)
<AL= OP{(R(A)) 2, )] + 42)(S(A))*x, 2)| (by Lemma ?2(a))
< ARJ{((R(A) + (S(A)))z, )]

QR2|((AA* + A*A)z, )|

{
)

By taking the supremum on both sides in the above inequality over x € H with ||z|| = 1, we
obtain the second inequality.

By the convezity of the function f(t) = t* on [0,00), we have

(S, z)|? 2(1 = t)R(A)z, )| + |(2tS(A)z, z) |?
5 (201 = DIR(AYz, 2)] + 24/(S(A)z, 7))

22|((R(A) + S(A)), )|

2

v

v

By taking the supremum on both sides in the above inequality over x € H with ||z|| = 1, we
obtain
2
w?(A) > 2r?||R(A) £ S(A)|]? = 27’2” (Re(A) +S(4)) ||
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Hence,

ww(4) = 2 (|| (RA) + S+ (R0) - S
> 27| (R(4) + $(4)" + (R(4) - S()°|
= 22||(R(A))° + (3(4)7
= 72| A*A+ AA%.
Therefore, we get the first inequality. "

Theorem 4.1.7. Let A € B(H). Then
(1 —1)2A* A+ 2 AA*|| +2t(1 —t)c(A%) < w?(A) < [|(1—1)2A* A+ 2 AA*|| 4 2t(1 — t)w(A?).
Proof . Let x € H be any unit vector and let # be a real number such that

(A%, 1) = [(A%x, 7).

We have
wi(A) > [ Re(?A)|?
= (1 =t)e A" + 1 A|?
= (A =t)e A"+t A) (1 - t)e" A+ te™" A7)
= [(1- t)QA*A +12AA* 4 2t(1 — )R(eP A?)||
= |<(<1 VA*A+2PAA* +2t(1 — )R(e i29A2))x,x>‘
= [((1—t)?A"A+ P AA" )z, 2) + 2t(1 — t)(R(e™ A?)z, z) |
= [{(((1 = t)?A*"A+ PAA )z, x) + 2t(1 — YR(e™ (A%, 2))|
= [((QA=1)?A"A+ 2AA) 2, 2) + 2t(1 - 1)[(A%z, 7))
> (1= 1)2A"A + 2AA )z, z) + 21(1 — £)e(A2)].
Thus,

wi(A) > sup [((1—t)?A"A+ P AA )z, ) + 2t(1 — t)c(A?)]

llzll=1

= [[(1 = £)2ATA + £2AAT|| + 2t(1 — t)e(A2),

as required.
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To prove the second inequality, we have

w (A)

sup || R (e A)||*
OeR

sup [|(1 — t)e A" + te A||?

0eR

sup [|((1 — t)e ™ A* 4+ te A)((1 — t)e? A 4 te= A%)||
0eR

sup [|(1 — ¢)2A*A + 2AA* + 2t(1 — £)R(20 A%)||

OeR

(1= #)2A* A + 2 AA*|| + 2¢(1 — t) sup ||R(? A2) ||
0eR
(1 —1)?A*A + 2 AA*|| + 2t(1 — t)w(A?).

Hence, we get the second inequality.

1
Remark 4.1.1. If we take t = 3 i Theorem 4.1.7, then we obtain

1 1 1 1
AT A+ AAT + §C(A2) <w?(4) < AT A+ AAT + 5U)(A?).

which was already given in [2].

Theorem 4.1.8. Let A € B(H). Then

wi(4) < 5 (W} (R(A)) + wi(3(4))).

Proof . Let x € H be any unit vector. Then

[(Sz, z)|”

(\(((1 —2)A* + A, ) ]* + (1 - 26) A+ A*)x,x)ﬁ)

(1= 204" + A) + (1 = 20)A + A))z, )|

(

(1—20)A" + A) — (1 —20)A + A*))x,x>\2>

+ & l= 4 =N
—_— S/ N — /N

T~
—~ o~~~

(1= 26)(A" + A) + (A + A%))a, z)|”
(1 — 26)(A* A)+(A—A*))x,x>]2>.

By taking the supremum on both sides in the above inequality over € H with ||z|| = 1, we

obtain the desired inequality.
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4.2 Weighted numerical radius inequalities for 2 x 2 oper-

ator matrices

We start this section by the following lemmas for weighted numerical radius inequalities of

2 x 2 operator matrices.

Lemme 4.2.1. [35] Let A, D € B(H). Then

|

Lemme 4.2.2. [3] Let z,y € H. Then for any o > 0

A D
D A

) = max {w(A+ D), w;(A— D)}.

1
a—+1

o
(2, y)|? < Iz l[yll (=, y)| + ——l=]*]ly]I*.
1+«

) |

Proof . The result follows by using Theorem 4.1.8 and Lemma 4.2.1. ]
In the sequel, we set S = (1 —2t)T* +T.

Corollary 4.2.1. Let A € B(H). Then

A A

wt<A) < wy ( A A

Theorem 4.2.1. Let A, D, B,C € B(H). Then

w§< A B ) < SR max { ||| AP + |CP?
C D

A B
D

NIDE+ B2}

Proof . Let T =

and 15 =

) 1

0 B .
. Let z € H ® H with
C 0
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||z|| = 1. Then

(S, z)*

IN

4R*|(Tx x)|)*

AR (|(Tya 2)| + [(Toar z)])”

SR*(|(Tiz ) |* + [(Tox 2)[?)

(by the convexity of the function f(t) = t? on [0, +00))
8R*(||Tyz||* + || T2z ||*) (by the Cauchy-Schwarz inequality)
8R*(((|T1[* + |Th[*)x, )

SR (171" + 172/1*1))

8R* max{[[[A]* +|CI*|l ||DI* + | B*|I}-

IA

IN

INIA

IN

By taking the supremum on both sides in the above inequality over x € H & H with [|z|| = 1,

we obtain the desired inequality. [

Corollary 4.2.2. Let A, B € B(H). Then
¥ (

1
Remark 4.2.1. If we take t = 3 and A = B in Corollary 4.2.2, then we reobtain the second
inequality in (2.1).

A B
B A

) = max {w?(A+B),wt2(A— B)}

IN

8R?|||A]* + |BJ?|.

Theorem 4.2.2. Let A, D, B,C € B(H). Then

2
wt<

Proof . Let T, T}, T; be as described in the proof of Theorem 4.2.1 and let x € H & H

A B
C

) < 8R? max {w(\AHi\B*\), w(|D[—{—i\C*\)} max {w(]A*Hi\C\), w(\D*H—i\BD}.
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with ||z|| = 1. Then

|(Sz,2)]* < 4R*(|(Tz 2)|)*
<ARM(|(Ta )| + [(Tow ) )’
< 8R*(|[(Ta 2)* + [(Toa o))
(by the convexity of the function f(t) = ¢? on [0, +00) )
< SR*{|Th|z, x){|T |2, x) + {|To|z, 2) (| T |z, )] (by Lemmal.4.2)
< 8RH((|Thlw, )2 + (| T3], 2)2) ([T} |2, 2)* + (| Tal, 2)%) )2
(by the inequality (ab+ cd)? < (a* + 2)(b* + d?) for a,b,c,d € R)
= 8R2(|(|Thla, ) + (| T3 |2, 2) (| Ty |, ) + (| Toler, ) [2) 2
< 8R*w(|T1| + 4| T3 w(| Ty | + i[ T2))
)

:8sz( )

By taking the supremum in the above inequality over x € ‘H & H with ||z|| = 1, we obtain

|A| + 4| B*| 0
0 |D| +14|C*|

|A*| +4|C| 0
0 |D*| + i| B

the desired inequality. ]
If we put A= D and B = C' in Theorem 4.2.2, then we obtain the following Corollary.

Corollary 4.2.3. Let A, B € B(H). Then
¥ (

1
Remark 4.2.2. If we take t = 5 and A = B in Corollary 4.2.3, then we reobtain the
inequality(2.10).

A B
B A

) = max{wf(A‘i‘B)aw?(A_ B)}

< 8R*w(|A| +i|B*))w(|A*| +i|B|).

Next, we present another upper bound for w;(-).

Theorem 4.2.3. Let A,D,B,C € B(H), t € [0,1] and 8 > 0. Then

2
wt<

A B
C D

1
) < s (_¢max{|||A|2 CICPITDP + 1B <

T

A0
0 D

0 B
c 0

) g maxlILAP + CPILIIDP + |BPID )
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Proof . Let T,13,T; be as described in the proof of Theorem 4.2.1 and let x € H & H

with ||z|| = 1. Then

IN

(S, )| ARY(|(Tx x)])?
AR*((Tx )| + [(Tea x))?
(

8R*([(Thx z)|* + [(Thx z)|?)

IAIA

IA

1+

+

B4+1

1
< 88 (o (ITiel? + [ TaalP)H(Ti, )

+ [(Thz,2)?)% +

1
8R% | —— || Tvz||(Tho, z)| + ——
(51Tl +

——|| Tz |[{Tox, x)| + iHTng2> (by Lemma 3.1.2)

(Tl + ||T2x||2>)

1+
< 8 (g I+ EPTVathr Tl
+ iﬁmmww)
< 88 7 Vimax{ITAT + [P, TTDF + [BFT}

A0

0 D c 0

X w2<

)~

B
+ ——max{[[[A" +|CP|, |ID]* + |B|2H}> :

1+

0 B

By taking the supremum in the above inequality over z € H & H with ||z|| = 1, we obtain

the required inequality.

If we take A= D and B = C' in Theorem 4.2.3, then we obtain the following Corollary.

Corollary 4.2.4. Let A, B € B(H) and > 0. Then

2

A B
B A

) = max {wf(A—i—B),th(A— B)}

IN

:
812 (5 VTAP TR x /o) + w2(B) + 2 [IAP + 1B ).

1
Remark 4.2.3. If we take t = 5 and A = B in Corollary 4.2.4, then we get the following
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inequality

1 5
wH(4) € A () + Al

It clear that this inequality refines the second inequality in (2.1).
Theorem 4.2.4. Let A,D,B,C € B(H) and 0 < a < 1. Then

4
wt<

A B
C D

) < 128R4<max{w4(A),w4(D)}
+ %(3+a)max{H|C’]4+\B*|4H>|HB‘4+’C*’4|’}
+ }1(1 — a)max{w?(BC), w2(C'B)})-

Proof . Let T,T7,T5 be as described in the proof of Theorem 4.2.1 and let x € H & H
with ||z|| = 1. Then

1(Sz, 2)|* < 16R* |(Tx, )|
< 16R4(|<T1xx>| + |[(Tox x>|)4
<128R* ((Thz z)|* + [(Tox, ) (z, T z)°)

1 1
<128R([(Two)[* + 73 + )| Taa | T2 + (1 — @) To, Tya) )
(by Lemma 2.1.6)

1 1
< 18R ([T ) + £ 3+ @) (| Taall* + | T5l) + (1 = o) (TFz, ) ?)

(by the arithmetic-geometric mean inequality).
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Thus,

(5w < 1287 (| ) + 3+ )Tl + T3, ) + 11— )T, 2)P)

x,m>

C1t+ 1B 0
0 B+ |C7[!

:1%R%Kﬂx@ﬁ+é@+«@<

2

1 BC 0
+ (1 - :
4( a)< 0 OB xx> )
1 IC|* + | B*[* 0
< 128R*( max{w*(A),w (D)} + =(3 + a)w
< 128 (max{w}(4), (D)} + £ (3 +0) AR

BC 0
0 CB

—l—;l(l—oz)wQ( ))

1 . .
=1%R%ﬁMﬂ@ﬂAwaN}+§@+QNMMNKW+WBFWMBV+KHﬂH

+ ;1(1 —a) maX{wz(BC%wZ(CB)})'

By taking the supremum in the above inequality over z € H & H with ||z|| = 1, we obtain

the desired inequality . [
If we take A= D and B = C' in Theorem 4.2.4, then we have

Corollary 4.2.5. Let A, B € B(H) and 0 < a < 1. Then

A

wf(B

1
Remark 4.2.4. If we taket = 3 and A = B in Corollary 4.2.5 and using Lemma 4.2.1, then

fi)g1%R%wun+é@+amwﬁ+umw+ia—amm35)

we obtain
3 —I— «Q

w'(A) < AL+ A7+ L4,

4
which has been already given in /4]
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