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Preface

This course is intended primarily for students in higher education who may need mathe-
matical analysis, such as first-year students of the natural sciences (biology, agronomy) and
first-year mathematics and informatics (MI) and matter sciences (SM) students. They will
find most of the tools and notions of calculus in analysis that they need here. The course
is described in detail, including theorems and propositions. All exercises, complete with
corrections, will help students to consolidate their learning. This document contains four
chapters in an easy-to-read style, covering the following topics:

1) The first chapter discusses sequences of real numbers and their properties.

2) The second chapter is devoted to the properties of series with positive terms, in which we
introduce the various convergence criteria.

3) The third chapter looks at real functions with one real variable, focusing on the notion of
limits, continuity at a point and differentiability.

4) The last chapter covers the calculation of integrals and primitives, deepening the defi-
nitions and methods used in high school, and introducing new tools: integration by parts,

change of variable and the notion of indefinite integral for the calculation of primitives.

A. Benkhaled



Sequences

1.1 Definitions

Definition 1.1.1. A sequence is simply an ordered list of numbers. For example, here is
a sequence: 0, 1, 2, 3, 4, 5, . . . . This is different from the set N because, while the
sequence is a complete list of every element in the set of natural numbers, in the sequence
we very much care what order the numbers come in. For this reason, when we use variables

to represent terms in a sequence they will look like this:
Qg, a1, A2, Az, ....

To refer to the entire sequence at once, we will write (ap)nen Or (An)n>0, O sometimes if
we are being sloppy, just (a,) (in which case we assume we start the sequence with ag)(The

term a, is said to be the general term). We might replace the a with another letter, and

1



2 Course and corrected exercises

sometimes we omit ay, starting with ay, in which case we would use (an)n>1 to refer to the

sequence as a whole. The numbers in the subscripts are called indices (the plural of index).

Remark 1.1.1. While we often just think of a sequence as an ordered list of numbers, it
is really a type of function. Specifically, the sequence (an)n>o s a function with domain N
where (ay,) is the image of the natural number n. Later we will manipulate sequences in
much the same way you have manipulated functions in algebra or calculus. We can shift a
sequence up or down, add two sequences, or ask for the rate of change of a sequence. These

are done exactly as you would for functions.

That said, while keeping the rigorous mathematical definition in mind is helpful, we often

describe sequences by writing out the first few terms

Example 1.1.1. Can you find the next term in the following sequences ?
1-83,2, 1,0, -1, . . .

2- 1,2, 4,8, 16, 32, . . .

3-1, 8,0, 10, 15, 21, . . .

No you cannot. You might guess that the next terms are:

1- -2

2- 64

3- 34

In fact, those are the next terms of the sequences I had in mind when I made up the example,
but there is no way to be sure they are correct.

Given that no number of initial terms in a sequence is enough to say for certain which
sequence we are dealing with, we need to find another way to specify a sequence. We

consider two ways to do this:

Definition 1.1.2. A closed formula for a sequence (a,)nen is a formula for (a,) using a
fixed finite number of operations on n. This is what you normally think of as a formula in

n, just as if you were defining a function in terms of n.

Example 1.1.2. Here are a few closed formulas for sequences:

>an:n2

n(n+1)'

» a, = 5
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Note in each formula, if you are given n, you can calculate (a,) directly: just plug in n.

For example, to find as in the first sequence, just compute ag = 3* = 9.

Definition 1.1.3. A recursive definition (sometimes called an inductive definition) for
a sequence (an)nen consists of a recurrence relation : an equation relating a term of the
sequence to previous terms (terms with smaller index) and an initial condition: a list of a

few terms of the sequence (one less than the number of terms in the recurrence relation).

Example 1.1.3. Here are a few recursive definitions for sequences:
» a, = 2a,_1 with ag=1

» a, = ay_1+ ap_o with ag=0 and a; = 1.

In these formulas, if you are given n, you cannot calculate (a,) directly, you first need to
find (a,,—1) (or (a,—1) and (a,_2)). In the second sequence, to find a3 you would find a; = 54,

as = 108 and finally a3 = 216.

Definition 1.1.4. Let (an)nen, (bn)nen be two sequences and A € R.

o The sum of (an)nen and (by)nen is the sequence of general term a, + by,.

e The product of (an)nen and (by)nen is the sequence of general term a,b,.

e If for all n € N: b, # 0, the quotient of (ap)nen and (by)nen is that of the sequence of

Qn,
general term: —.

® \(ap)nen is the sequence of general term Aa,.

1.2 Arithmetic and geometric sequences

Definition 1.2.1. If the terms of a sequence differ by a constant, we say the sequence is
arithmetic. If the initial term (ag) of the sequence is a and the common difference is d,
then we have,

- Recursive definition: a, = a,_1 + d with ag = a.

- Closed formula: a, = a + dn.

Example 1.2.1. Find recursive definitions and closed formulas for the arithmetic sequences

below. Assume the first term listed is ag.
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1.2, 5 8 11, 14, . . ..
2. 50, 43, 36, 29, . . ..

First we should check that these sequences really are arithmetic by taking differences of
successive terms. Doing so will reveal the common difference d.
1. 5—2=3,8—-5 =3, etc. To get from each term to the next, we add three, so d = 3. The
recursive definition is therefore a,, = a,,—1 +3 with ag = 2. The closed formula is a,, = 2+ 3n.
2. Here the common difference is —7, since we add —7 to 50 to get 43, and so on. Thus we

have a recursive definition of a,, = a,,_1 — 7 with ay = 50. The closed formula is a,, = 50— Tn.

Definition 1.2.2. A sequence is called geometric if the ratio between successive terms is
constant. Suppose the initial term ag is a and the common ratio is r. Then we have,
- Recursive definition: a, = ra,_1 with ag = a.

- Closed formula: a, = ar™.

Example 1.2.2. Find the recursive and closed formula for the geometric sequences below.
Again, the first term listed is ag.

1. 8,6, 12, 24, 48, . . .

2. 27, 9,8 1,1/3, . ..

Start by checking that these sequences really are geometric by dividing each term by its
previous term. If this ratio really is constant, we will have found 7.
1. 6/3=2,12/6 =2, 24/12 = 2, etc. Yes, to get from any term to the next, we multiply
by r = 2. So the recursive definition is a, = 2a,_1 with ag = 3. The closed formula is
a, = 3.2n.

1
2. The common ratio is » = 1/3. So the sequence has recursive definition a,, = §a'n—1 with

ag = 27 and closed formula a, = 27. (%) .

Proposition 1.2.1. 1- Let (a,)nen an arithmetic sequence of ratio v and first term ag, then

n

Zan:ag—i—al—I—...—l—an:
k=0

(n+1)(ap + an)
5 )

2- Let (an)nen an geometric sequence of ratio r and first term ag, then
n 1— Tn+1
Zan:ao—l—al—i—...—i—an:ao

1—1r
k=0



Analysis 1 )

1.3 Monotone sequences

In this section we consider a particular class of sequences which often occur in applications.

Definition 1.3.1. We say that the sequence (an)nen 1S
(i) increasing if

VneN a, <ap
(ii) decreasing if

VneN a, > a,1
(111) monotone if it is either increasing or decreasing.
Example 1.3.1. (i) a,, = n* is increasing.
g 1. ‘
(i1) a, = — is decreasing.
n

(11i) a, = (—1)"— is not monotone.
n

1.4 Bounded sequences

Definition 1.4.1. We say that a sequence (a,)nen S

1. bounded above if there is a constant M € R such that Vn € N a,, < M

2. bounded below if there is a constant m € R such that Vn € N a, > m

3. bounded if there is a constant C > 0 such that |a,| < C holds for all n. If a sequence is

not bounded it is said to be unbounded.

1
Example 1.4.1. The sequence a, = (—1)" + (—=1)" ] is bounded by C' = 2.
n

On the other hand, the sequence a, = n s unbounded.

1.5 Limit of a sequence

Definition 1.5.1. A sequence (ay,)nen is said to have limit L € R if for any neighborhood
U of L the sequence lies in this neighborhood eventually.

We denote this symbolically as

a, — L as n — o0
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Definition 1.5.2. A sequence (an)nen lies in a set S eventually if there is an ng € N such

that a,, € S for alln € N with n > ny.

Example 1.5.1. Let us look at some examples of sequences and try to see what their limits
are.
1- The sequence

—1,4,5,7,8,8,8,8,8, ...

which eventually stabilizes at the constant value 8 has limit 8. For, again, given any neigh-
borhood of 8 the sequence falls inside this neighborhood eventually and stays there.

2- In contrast, the sequence
1,3,4,1,3,4,1,3,4,1,3,4, ...

does not have a limit. For example, the point 3 cannot be the limit of the sequence because,
for instance,

(2.5,3.5)

is a neighborhood of 3, but the sequence keeps falling outside this neighborhood (when it hits
1ord4).
3- The sequence

1,3,5,7, ...
has limit co. If you take any neighborhood of oo, an interval of the form
(t, o0]

then eventually the sequence falls inside the neighborhood and stays in there.

1.6 Convergent sequences

Definition 1.6.1. A sequence (a,)nen is said to converge to a number L, in symbols
lim a, =1L
n——+00

if for every € > 0 there is natural number N such that, for all natural numbers n, if

n> N, then l|a, —L|<e¢
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A sequence that converges is said to be convergent. Otherwise, we say the sequence

diverges or that it is divergent. That’s to say

E>0YNeN,In>N:l|a,— L| >¢

1

Example 1.6.1. The sequence a,, = T 1s convergent and the limit 1s 0.
n
Let € > 0, we have
1 1
n— 0| = = <
jan = 0] n+1‘ ntl o °©

1
it means that n+1 > —, we can say that
€
1
VneN, n>-—1.
€

1
So we can choose for example N = E (—) — 1 where E denotes the function of the integer
€

part. Then we have

VneN, n>N—|a,| <e

Proposition 1.6.1. 1- A convergent sequence has a unique limit.

2- A convergent sequence is bounded.
Definition 1.6.2. 1- The sequence (ap)nen diverges to 0o if

(VM € R)(IN € N)(Vn € N)[(n > N) = (a, > M)].
2- The sequence (ay)nen diverges to —oo if

(VM € R)(AN € N)(Vn € N)[(n > N) = (a, < M)].

Example 1.6.2. I- The sequence a, = n* diverges to co.
2- The sequence a, = —n* diverges to —oo.

3- The sequence a,, = (—1)" diverges.

Proposition 1.6.2. 1- Fvery convergent sequence is bounded.
2- Any real sequence that tends to +o0o is lower bounded.

3- Any real sequence that tends to —oo is upper bounded.
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Theorem 1.6.1. (Monotone Convergence Theorem) 1- If a sequence of real numbers
is bounded above and increasing then it is convergent to L = sup{a, : n € N}.

2- If a sequence of real numbers is bounded below and decreasing then it is convergent to

L =1inf{a, :n € N}

Example 1.6.3. Let (a,)nen be a sequence defined by a,, = \/m, a; = V2.

1- (an)nen is bounded. Indeed, we prove that (VYn € N)(0 < a, < 2).

Positivity is obvious. For the upper bound we use induction. Forn =1, a, = V2 < 2, and
the statement is true. Suppose now that it is true for n = k(k > 1); that is ar, < 2. For

n=k+1 we have

a1 = Vag +2<V2+2=2,

and by the principle of induction the statement is proved.

2- (an)nen 18 increasing. We have to prove that
(Vn € N)(any1 > ap).
This 1s equivalent to proving that

[(Vn € N)(\/an_1 +2 > a,)] = [(Vn € N)(a,_; +2 > a2)].

But,

an +2—a2 = (2—ay)(a, +1) > 0.

We conclude that a, is convergent.

Let liin a, = a; then, liTan Gn—1 = @ also. Write
ai =Qp_1+2
and take limits in both sides to obtain
a®>=a+2o0r (2—a)la+1)=0.

As a > 0, we conclude that a = 2.
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1.7 Limits and inequalities

A basic lemma about limits and inequalities is the so-called squeeze lemma. It allows us
to show convergence of sequences in difficult cases if we find two other simpler convergent

sequences that "squeeze” the original sequence.

Lemma 1.7.1. (Sandwich rule).

Let (an)nen, (bp)nen, and (cp)nen be sequences such that
a, <c, <b, Vn € N.
Suppose (an)nen and (by)nen converge and

lim a, = lim b, = a.
n—-~oo n—-:oo

Then (¢p)nen converges and

lim ¢, = a.
n—ao0

1
Example 1.7.1. Consider the sequence (—) . Since \/n > 1 for all n € N, we have
neN

ny/n

0< —F=<—
nyn - on
1 . 1
We already know lim — = 0. Hence, lim ——= = 0.
n n—-oo M n

Example 1.7.2. For any a > 1 and n > a, we have 1 < {Ya < /n. Then by the limit
lim /n = 1 and the sandwich rule, we have lim {/a = 1. On the other hand, for

n—ao0 n——~oo

1
0<a<l1, we haveb= - >1 and
a

1 1
lim {Ya= lim —= ————
n—>00 Va n—oo /b lim,_ . Vb

Combining all the cases, we get lim {/a =1 for any a > 0.
n——aoo

=1

Limits, when they exist, preserve non-strict inequalities.
Lemma 1.7.2. Let (ay,)nen and (by)nen be convergent sequences and
an < by

for alln € N. Then

lim a, < lim b,
n—-ao0 n—aoo
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1.8 Continuity of algebraic operations

Limits interact nicely with algebraic operations.

Proposition 1.8.1. Let (ap)nen and (by)nen be sequences. If
lim a, and lim b,
n——oo n—oo

both exist, then

1-
lim (a, +b,) = lim a,+ lim b,
n—» 00 n—soo n—soo
9.
lim (a,.b,) = lim a,. lim b,
n—» 00 n—» 00 n—>00

3- Moreover, if lim b, # 0, then b, # 0 for alln > N for some N, and
n—aoo

n—oo b,  lim, .. b
Example 1.8.1. Let
3n® +2n% + 13n
ay =
2n3 + 16n2 + 5
Then
37 2+
S
Thus we get

, lim, ,(3+2+13) 2
lim a, = = T E = 3

Remark 1.8.1. By plugging in constant sequences. If k € R and (a,)nen is a convergent

sequence, then

lim ka, =k( lim a,) and lim (k+a,) =k+ lm a,.

n—aoo n——~oo n——~oo n—aoo

Stmilarly, we find such equalities for constant subtraction and division.

Proposition 1.8.2. Let (a,)nen be a convergent sequence such that a, > 0. Then

lim /a, = lim a,
n

n—~oQ —00

Proposition 1.8.3. If (a,)nen is a convergent sequence, then (|a,|)nen s convergent and

lim |a,| =] lm a,]
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1.9 Some convergence tests

Proposition 1.9.1. Let (a,)nen be a sequence. Suppose there is an a € R and a convergent

sequence (by,)nen such that

lim b, =0

n—~oo
and

la, —al <b, ¥neN.

Then (ay)nen converges and lim a, = a.
n—oo

Proposition 1.9.2. Let ¢ >0
1- Ife < 1, then lim " =0
n——ao0

2- If ¢ > 1, then (c")pen is unbounded.

Lemma 1.9.1. (Ratio test for sequences)

Let (ay)nen be a sequence such that a, # 0 for all n and such that the limit

L:= lim @41 exists.
n—s00 ‘an‘

1- If L < 1, then (an)nen converges and lim a, =0

n—aoo

2- If L > 1, then (an)nen s unbounded (hence diverges).

n

2
Example 1.9.1. Prove that lim — =0

» n—soo 1! "
. 2" (n+1)! AL n! .
Then lim a, =0

n—ao0

Example 1.9.2. Prove that lim nw =1

n—aoo

Let € > 0 be given. Consider the sequence ( . Compute

(n+1)/(1+e)"™ n+1 1
n/(1+¢e)"  on 14e

So

i D/ e 1

= < 1.
n—so0 n/(l—I—s)” 1+e¢
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Therefore, (ﬁ

n > M, we have

) converges to 0. In particular, there exists an M such that for
neN

n

1
—F <1, or nn <l+ec.
(1+¢)

Asn > 1, then nw > 1, and so 0 < e —1<e. Consequently lim nw =1

n—aoo

1.10 Adjacent sequences

Definition 1.10.1. Two sequences (an)nen and (by)nen are adjacent if one is increasing and

the other is decreasing and if the sequence (a, — by )nen converges to 0.

Theorem 1.10.1. If (ay)nen and (by)nen are two adjacent sequences, then they converge to
the same limit | . Moreover, in the case where (a,)nen 1S the increasing sequence and (by)nen

15 the decreasing sequence, we have
VneN, a, <I<b,.

Example 1.10.1. Let us show that the two general term sequences below are adjacent

"1 1
a":Zﬁ andbn:an—l—ﬁ
k=1

We have
n+1 n
1 1 1
(Zn—i—l_(ln:E ﬁ— ﬁ:m>0
k=1 k=1

hence (ap)nen 1S @ increasing sequence.

Likewise, We have

n+1

1 1 "1 1 —1
bopr —bn =Y — - - =——— <0
H ;lﬁ—i_n—l—l (Zk2+n> n(n 4+ 1)2

hence (by)nen+ is a decreasing sequence.

Moreover lim (b, — a,) = lim — = 0. Therefore ; (ay)nen and (by)nen+ are adjacent
n—>o00 n—soo M

sequences.
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1.11  Subsequences

It is useful to sometimes consider only some terms of a sequence. A subsequence of (a,)nen

is a sequence that contains only some of the numbers from (a,),en in the same order.

Definition 1.11.1. Let (a,)nen be a sequence. Let (n;);en be a strictly increasing sequence

of natural numbers, that is, n; < n;.1 for all i. The sequence
(ani)ieN

is called a subsequence of (an)nen-

1

1
Example 1.11.1. Consider the sequence (—) . The sequence (—) 18 a subsequence.
neN

neN
To see how these two sequences fit in the definition, take n; := 3i. The numbers in the

subsequence must come from the original sequence.

Proposition 1.11.1. If (a,)nen is a convergent sequence, then every subsequence (an,)ien

1s also convergent, and

lim a, = lim a,,
n—m:o0 1—> 00

Remark 1.11.1. FExistence of a convergent subsequence does not imply convergence of the

sequence itself.

Example 1.11.2. Take the sequence 0, 1, 0, 1, 0, 1, . . .. That is, a, = 0 if n is odd, and
a, = 1 if n is even. The sequence (a,)nen is divergent; however, the subsequence (azn)nen

converges to 1 and the subsequence (aoni1)nen converges to 0.

Proposition 1.11.2. A bounded sequence (a,)nen is convergent and converges to a if and

only if every convergent subsequence (a,,)ien converges to a.

Theorem 1.11.1. (Bolzano- Weierstrass).
Suppose a sequence (an)nen of real numbers is bounded. Then there exists a convergent

subsequence (an,)ienN-
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1.12 Cauchy sequences

Definition 1.12.1. A sequence (a,)nen s a Cauchy sequence if for every € > 0 there exists

an M € N such that for alln > M and all k > M, we have

la, —ag| <€

1
Example 1.12.1. The sequence (—) is a Cauchy sequence.
neN

2 1 1
Given € > 0, find M such that M > —. Then for n, k > M, we have — < % and T < %
€ n
Therefore, for n, k > M, we have
1 1 < 1 n 1 SEy £
n k|~ |n k 2 -
n+1 _
Example 1.12.2. The sequence | —— 1s a Cauchy sequence.
n neN
. 2 y 1 ¢ 1 ¢
Given € > 0, find M such that M > —. Then for n, k > M, we have — < 3 and z < 3"
€ n

Therefore, for n, k > M, we have

n k kn
k—n
kn
k
Tn +
1

n

n+l k+1 k(n—i—l)—n(k—i—l)’

kn

i

TR
k 2

= E&.

€
2
Proposition 1.12.1. Every Cauchy sequence is bounded.
Lemma 1.12.1. A Cauchy sequence that has a convergent subsequence is convergent.
Theorem 1.12.1. A convergent sequence is a Cauchy sequence.

Theorem 1.12.2. A sequence of real numbers is Cauchy if and only if it converges.

Definition 1.12.2. A sequence (an)nen 5 called contractive if there ezists k € [0,1) such

that

‘an+2 - anJrl‘ < k’an+1 - an’ f07’ all n € N.
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Remark 1.12.1. The condition k < 1 in definition is crucial. Consider the following
n+ 2 - n+1

example. Let a, = Inn for alln € N. Since 1 < 1
n

for all n € N and the

natural logarithm is an increasing function, we have

2 1
|aps2 — Gpyr| = 1n nt <In nt = |ans1 — an
+ + 1 - +

Therefore, the inequality in Definition is satisfied with k = 1, yet the sequence (Inn),en does

not converge.

Theorem 1.12.3. FEvery contractive sequence is convergent.



16 Course and corrected exercises

1.13 Exercises

Exercice 1.13.1. Study the convergence of the following sequence, for all n € N, a, =

1
n+(—1)"n+ -

1
Proof 1.13.1. Ifn is even = a, =2n+ — — 400
n

If n is odd :>an:l—>0.
n

Then the sequence (a,)nen is divergent since it is not bounded.

" t
Exercice 1.13.2. Prove that the sequence of the general term, for alln € N, a,, = / %dt.
1

is a Cauchy sequence.

Proof 1.13.2. Given n, k if n = k then a,, = ay, so |a, —ax] =0 < e.

" cost k cost
N
p t 1t

If n # k, assume k < n.

|an — ak:| =

" t
S/ coS it
& t
"1
< [ L
v
B 1—|—1<1<1<
A

1
Given € > 0, choose M € N such that — < M. Then for all n,k € N with M < k < n we
€

have |a, — ay| < €.

Exercice 1.13.3. Let A > 0 be fixed. Start with any a, > 0 and define

! +
p = = | Qp_
7 1

A > n=2 3,4,..

Ap—1

Calculate lim a,,.
n—-r~o0

Proof 1.13.3. We will show ay > az > a4 > ... Forn > 2
2

1 A
azl—A = —(ai + +2A)—A
4 Va2

(VAN
A~ =
N

o

3

L

|
S S
T
N—

[}

v

=
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SO@ZZAfaralanQ. Since all a, > 0, anZ\/ZforalanQ. Forn>2

> (= 50)
Qp — OQpy1 = Ap — 3 an + —

2 n
(=)
pr —_— an—_
2 fo
la? — A
= _n >0
2 a,

S0 an > apyq for allm > 2. So (ay)n>2 is decreasing and bounded. So lim a, = a ezists.
- n——oo

Then we solve for a. We have that

a, =

3 \
1 A
a = 5(&—1—5).

A
Then 2a =a+ — < a =V A.
a

DN | —
VR
S
3
N
+

S
Tl
—

~~

Since all a, > 0, limit a cannot be negative. So a = VA.

Exercice 1.13.4. Prove that
1
- lim — =0 for k>0

n—> o0 nk
2- lim n=1.
n——~oo a
3- If p >0 and o € R are constants then lim S 0

Proof 1.13.4. 1- Another way of expressing the same limit is

lim n* =0 for k<0

n—oo
To establish the limit, we note that the inequality ‘—k —O‘ = || < € is the same as
n n
n>er. Therefore choosing N = ¢ ».
2- Let a, = /n =1 Then a, > 0 and
-1 -1
n=14a,)" = 1+nan+%ai—l—... > %ai.

2
This implies a. < —7 In order to get | {/n—1| = a, < ¢, it is sufficient to have

2 2
which is the same as n > — + 1. Therefore we may choose N = — + 1.
£ £
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«

3- If a <0 we have lim (Z—) = 0. So assume o« > 0. Fix a natural number k such that
n—-»00 p n
a < k. Then forn > 2k
nn n n\k
-k > (—)
Zz(n )Ln k+)>222 5
k terms i tevrms
and
" /n
(1+p)" = (l)pl
1=0
n\ , nn—-1)..(n—k+1) ,
” k:)p - Kl P
(%)k A T A
T TR P TP T o P
Then
0< ne - 2kEl 1
(I+p)» Pk nbme
By sandwich property, we have lim ———— =0

Exercice 1.13.5. Prove that
1- lim a" =0 for |a|] < 1.
n——oo

2- lim nfa” =0 for |a| <1 and any p.
n——oo n

3- lim & =0 for any a.
n—soo 1!

1
Proof 1.13.5. 1- Another way of expressing the same limit is lim — =0 for |a| > 1.
n—soo q"
1 1 —1
Let op = 1+b. Then b >0 and 0 = (140)" = 1+nb+%b2+... > nb.
a a”
1 1
This implies |a™| < e In order to get |a"| < e, it is sufficient to have 7 < e. This
n n

suggests us to choose N = e
€

2- Fiz a natural number P > p+ 1. Forn > 2P , we have

L — 1+nb+MbQ+m+n(n—1)...(n—P+1)bp+
lam| 9 i
nin—1)..(n—P+1)
g Pl 4
n\P
6,

P!
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This implies

nPla"| _ 2Fpi1

pLT <
|nPa™| I
2P p!
and suggests us to choose N = max < 2P, ——
2b%e
3- Fiz a natural number P > |a|. Forn > P , we have
a*| _la[” fal ]af lal _lal _ |al” |al
n! Pl P+1P+2" n—1n — P! n’
a” lalf |al ) .
In order to get —| <& we only need to make sure P < e. This leads to the choice
n! I'n

N p lal”*
— Imax .
" Ple

1 n
Exercice 1.13.6. Prove that the sequence (ap)nen, where a, = <1 + —) converges.
n

Proof 1.13.6. The binomial expansion tells us
1\" 1 —1) [1)? —1)(n-2) (1)°
T RV () IV () I e
n n 2! n 3! n
L n(n—'l)...l <l)n
n! n
1 1 1 1 1 2
= 14+—=+=(1—--— —(1—-—=1——
+1!+2!< n>+3!< n>< n>
=) 0=3) - 05
+ 4+ —=(1-= 1—— .. (1— .
n! n n n

By comparing the similar formula for a,.1, we find the sequence is strictly increasing. The

formula also tells us

11 1 1
< Ttgtgtgtet—

12t 3!
S PYRLAIL I S
112 23 7 (n—1)n
o (oY Loy, (L 1
N 1 2 2 3 o n—1 n
1 1
= 24 -—-—<3.
1 n

Therefore the sequence converges.

Exercice 1.13.7. 1- Show, by induction on n, that a, = 2n—1 solves the recurrence a; = 1,

Apt1 = 2an + 1.

1 1 1 n
2- P by inducti that — + — + ... = > 1.
rove, by induction on n, tha 14 + 17 + ...+ Bn—2)Bnt+1)  Gntl) forn >
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Proof 1.13.7. 1- The base case isn = 1: 2' —1 =1 = a;. Suppose the result for n = k.
Then the right hand side of the recurrence 2a, + 1, substituting the inductive hypothesis,

equals 2(2’“ — 1) + 1, which equals M1 1 as required. That completes the induction.

For

1
2- The base case is n = 1: the left hand side is 1 and the right hand side is s 11

the inductive step, suppose that

1 1 k
T4 ar T BE—@kE D) BE+L)

Now compute

1 1 1 1 k 1
4 T BBk D) BRI D@k d) Gl Ghkr D)@k 4)

Stmplifying, this equals
k(3k+4)+1 E+1

Bk+1)3k+4) 3(k+1)+1
This is the required result for k + 1. That completes the proof by induction.

Exercice 1.13.8. Find the following limits: lim a, := Vb, where b > 0.
n—m-—:o0

Proof 1.13.8. Consider the case where b > 1 . In this case, a, > 1 for every n. By the
binomial theorem,

b=a, =(a,—1+1)">1+n(a, —1).

n

This implies
b—1
0<a,—1< ——.
n

b—1
For each € > 0, choose N > ——. [t follows that for n > N,
€

ay — 1] p ozt mt
a, — 1| =a, — —<—<e
n N

Thus, lim a, = 1.
n—oo

In the case where b =1, it 1s obvious that a,, = 1 for all n and, hence, lim a, = 1.
n—r~oo

1 n 1
IfO<b<1, letk = and define s, = Vi =—.
an
Since k > 1, it has been shown that lim s, = 1. This implies
n—oo
1
lim a,= lim — =1

n—>o0 n—»o0 S,
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Exercice 1.13.9. Find the following limits if they exist:

(@) lim Vn+1—+/n (b) lim vntl=yn (¢) lim vVn?2+4+n-—n

(@) Jim VISR (@) i ST () i
Proof 1.13.9. (a)
| e WAT T (AT VA
e

1
lim ————
n—o\/n+1+4++/n
= 0.
(b) in the same way as (a). lim vntl=yn = 0.
n—aoo n

()

vn?+n—n)(vn?+n+n)
lim (Vn?24+n—-—n) = lim (
n—)oo( ) n—»o00 w/’n,2 +n+n

= lim
n—00 / n2 —|— n+mn
) 1
= lim —.
n—so00 2

1+%+1
(¢)

3/ 3 3In2 — 3 3 3n2)2 3/ 3 3n2 2
lim (VA5 487 —n) =t (030 2 (V04 S0 & nvn? & 3n? 4 )
n—>oo n—>o00 3/(n3 + 3n2>2 + N /n3 + 3n2 + n2
’ 3n?
im
n—o0 3/(n3 + 3n2)? + nv/nd + 3n? + n?
) 3n?
lim
n—00 3/nb(1 4 3/n)? +ny/n3(1+ 3/n) + n?
) 3n?
lim
nee n2(3/(1+3/n)? + /(1 +3/n) +1)

lim =
e AT 3+ AT+ 1

lim (Vn3+3n2 —vn2+n) = lim (Vn3+3n2—n+n—vn2+n)

n—-—ao0 n—-—ao0
= lim (Vn3+3n2—n)+ lim (n—vn2+n)
n—-ao0 n—aoo
1 1

2 2

21
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V3n +1 V3n V3.

lim ———— = lim — =
. an + 5
Exercice 1.13.10. Let a; = 2. Define a,41 = forn >1.

(a) Prove that a, is an increasing sequence.
(b) Prove that a, < 3 for all n € N.
(¢) Find the limit of a,.

Proof 1.13.10. (a) We prove by induction that for all n € N, a, < any1. Since ay =

5 7
&1;_ =3 > 2 = ay, the statement is true for n = 1. Next, suppose ap < api1 for some
ar+5 a D
k € N. Then a, +5 < axy1 + 5 and k;_ < H;—i_ . Therefore,
ar+95  apy1+95
Ap+1 = 3 < 3 = Qk42-

It follows by induction that the sequence is increasing.
(b) Again, we proceed by induction. The statement is clearly true for n = 1. Suppose that
ar < 3 for some k € N. Then

ak+5<3+5
3 - 3

8
A1 = =§§3-

It follows that a, < 3 for all n € N.
(¢c) From the Monotone Convergence Theorem, we deduce that there is | € R such that

lim a, = (. Since the subsequence (ax41)k>1 also converges to 1, taking limits on both sides

n—oo
a, + 5

[
, we obtain | = %5 Therefore, 3l = 1+ 5 and, hence, | = ?

of the equation a, 1 = 2

Exercice 1.13.11. Prove that each of the following sequences is convergent and find its

limit.
n+3
(a) apy1 = n + and a; =1 forn>1 (b) apns1 = Va, +6 and a; = V6 for n>1
1 1 1 b
() an+1:§ (2an+—2> and a; >0 for n>1 (d) an+1:§ (an+—>, b > 0.
an n

Proof 1.13.11. The limit of (a) and (b) is 3.

(¢) We use the well known inequality

b
% > vabe for a,b,c>0.
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By induction, we see that a,, > 0 for all n € N. Moreover,

ST D U R S L
1=z (20, + =) =z|an+an+— | > {an.a,.— =1
173 a? 3 a? a?

We also have, forn > 2,

1 1 —a3+1  —(a,—1)(a2 +a,+1
(2an—|— )— n = ol _ —(a Ja, +ant ><0.

Apy1 — AQp = = >
3 a? 3a?2 3a2

Thus, (an)nen is monotone deceasing (for n > 2 ) and bounded below. We can show that

lim a, =1.
n—oo

b
(d) Use the inequality % > Vab for a,b > 0 to show that an.1 > Vb for alln € N. And

using again induction to show that (a,)nen s monotone decreasing. Thus lim a, = Vb.
n—>-s:o0

Exercice 1.13.12. Let a and b be two positive real numbers with a < b. Define a; = a,

by = b, and
a, + by,

Qi1 = \/ apby, and by = forn>1

Show that (an)nen and (by)nen are convergent to the same limit.

Proof 1.13.12. Observe that

bpi1 = >+ an.b, =ansy for all n € N.

Thus,

Unt1 = \ an.by > \/ay.a, = a, for all n € N,

bn+1:a —2|— < —; =b, for all n € N.

It follows that (a,)nen is monotone increasing and bounded above by by, and (b,)pen is

decreasing and bounded below by a,. Let ly = lim a, andly = lim b,. Then
n—oo n—oo

<z1 — Ty and 1, = ‘; lQ) =1,

Exercice 1.13.13. Let (a,)nen be defined by a; = 2 and

2
a; — 2

2a,

Up4+1 = Qp —

- Prove that the sequences (ay)nen is convergent and find its limit.
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Proof 1.13.13. We must first find out if this sequence is well defined. So let us prove a,
exists and a, > 0 for all n (so the sequence is well defined and bounded below). Let us show

this by induction. We know that ay = 2 > 0. For the induction step, suppose a, > 0. Then

n
Ap+1 = Qp — =
" " 2a, 2a, 2a,

az—2  2a2—al+2 al+2

2
n

It is always true that a> +2 > 0, and as a, > 0, then

> 0 and hence a,.1 > 0. Next
an

let us show that the sequence is monotone decreasing. If we show that a®> —2 >0 for all n,

then any1 < a, for all n. Obviously a® —2 =4 —2 =2 > 0. For an arbitrary n, we have

2 _
Apy1 — 2=

2 o 2 2
4az 4az 4a?

a +2\° 2_ai+4ai+4—8a% ayp —4a2 +4 (a2 —2)?

2a, n n
Since squares are nmonnegative, aiﬂ — 2 > 0 for all n. Therefore, (ap)nen s monotone
decreasing and bounded (a, >0 for all n), and so the limit exists.

2
a; — 2
Let us define | = lim a,. Take the limit of both sides in equation a,.1 = a, — —
n—>o00 2an

we

obtain

P-2=0c1=+V2

As a, > 0 for all n we get 1 >0, and therefore | = /2.

Exercice 1.13.14. Using the Cauchy criterion show that the sequence (a,)nen+ 1S convergent
and the sequence (by)n>2 is divergent

n . ]{:
1) a, = Z PUE - and 2) by

Qk
k=1 k=2

Proof 1.13.14. 1) Given p, q, assume q < p.

P

sin k 1. sink
|ap_aq| = Z?_Z?
k=1 k=1

P sink

P
>
k=q+1
"1
< Do

k=q+1

sin k
ka

IN
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p

1 1
Observe that Z —; 1s the sum of the p — q terms of a geometric sequence of ratio 5 thus

k=q+1
p 1
D (“W):l(l_ ! )Sl,
9k 2q+1 1-1 2q op—q 24q

k=q+1 2

Then

1

Given € > 0, choose M € N such that — < M. Then for all p,q € N with M < 2% and ¢ < p
€

we have |a, — a,| < €.

2) by, is not a Cauchy sequence if and only if
Je>0,YneN;3p,qeN:n<pn<qand|b,— b, > e.

Let p=2n and q = n then

2n 1 2n 1 2n 1 1
b . b _ - >lnk<k - >k§2n i
b=t = 3 =" 2 2 X =3
k=n-+1 k=n-+1 k=n+1

1
Therefore, we take € = 5

Exercice 1.13.15. Using the bounding principle of a sequence, show that the sequence

(an)nen= converges to a limit [ to be determined in each case:

n “ 1
1) a, = 2) ap =Y

k=1
- 1
3) a, = Z —  4)a,= ﬂ, where |.] denotes the whole part.
k:13+|smk\\/E n
Proof 1.13.15. 1) We have for any k=1:n

n n n

3 3 3
1< k< <— < < — )
mAlsnitksniAn nd+n " nd3+k " n3+1

Thus
zn: i < - " < - i <“— n’ < a, < n’
— n3+n_k:1n3+k_k:1n3+1 nd4+n - T nd+1
AS
2 2
lim — lim —— =0
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Then lim a, = 0.

n—»ao0

2) We have for any k =1:n

NP+1<n’+k<n’+n < Vn2+1<vVn2+k<vVn2+n.
1 1

1
= \/méx/n2+k§\/n2+1
Thus
QIR PE < SIS SL « VI SN PSR (R
—\n?tn T =+ kT =+l VnZan T T Vnirl
AS

Then lim a, = 1.
n—-~oo

3) we say that for any k=1 :n, |sink| <1, thus

1 1
34 |sink|lVE<3+VE<3+n <— <
|sin k| vn 3+vn T 3+ |sink|VE
- 1 - - 1
k:13+\/ﬁ_k:13+|smk|\/%
n

As nli_r)noo # = +o00. Then nliﬂmoo a, = ~+00.

4) we say that for any x € R
lz] <z < |x]+1.
Thus for © = \/n we have
[Vn] <Vn < [Vn]+1.
Let m = |V/n), so

m<yvn<m+1l <= m?*<n<(m+1)?
1 1 1
< <

AS

Then lim a, = 0.
n—aoo



Analysis 1

1
Exercice 1.13.16. Let a,, = Z ﬁ, for alln € N*

1) Prove that lim a, = 400

TL-}OO
2) Prove that ———= <+vVn+1—yn < ——
\/— \/_
3) Deduce that 2(v/n -1 <a,<2vn—1
4) Let b, = a\/—n_; show that (b, )nen+ is convergent towards a limit to be specified.
n

Proof 1.13.16. 1) We have for any k =1:n

k<n

IN

(VAN
??I»—*§

3

1t 11

S5 5
5~

IN
@
3

Then lim a, = +00.
n—oo

2) We have for any n € N*

Vn<vn+l <— 2\/_<\/_+\/n—|— <2\/n+

<\/ +1-vVn< ——
2\/n " Vs \/_
3) We have from 2), for any k=1:n
; <Vk+1-Vk< L
2vVE+1~ ~2Vk
So
—— < VE+1-VE) < —=
; 2vVEk+1 ;( ) —~20/k
I I I
1 1
§(an+1—1) < vn+1-—1 < §an.
Thus

anp >2(vn+1-1).
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Likewise for k=1 :n — 1, we have

n—1 n—1 n—1
1 1
< D> WEHI-VE) < > —
=0k + 1 o —~ 2k
I I [
Yan—1) < N < !
5 Qp ~ n ~ 2an,1
So
a, < 2¢/m — 1.

4) We have for any n € N*

2(\/n+1—1)§an§2\/ﬁ—1<:>2(”\%1_1)gbnngn_l.

As

i 2VPELZD o 2Vl

Then lim b, = 2.

n—»ao0

ap =10
Exercice 1.13.17. Consider the sequence (an)nen defined by: ’

Gpi1 = Vap +2
1) Prove that 0 < a,, < 2, for any n € N.

2) Deduce the monotony of (ap)nen-
3) Consider the sequence (by)nen defined by: b, =2 — a,,.
(a) What is the sign of (bn)nen ?

b, 1
(b) Prove that for any n € N, bH < 3"

n—1

1
(¢) Prove that for any n € N*, b, < 3
(d) Deduce the limit of the sequence (b,)nen, then that of (an)nen-

Proof 1.13.17. 1) We prove by induction that for alln € N, 0 < a,, < 2. Since 0 < ag < 2,

the statement is true for n = 0. Next, suppose 0 < a, < 2. So
2<n+2<4e=V2< a1 <2=0<ap1 <2

Then 0 < a, < 2 for alln € N.
2) We have
an+2—al  (an+1)(2—ay)

a, =
Van, + 2+ a, va, +2+a,

pi1 — Qp = Va, +2 —
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and 0 < a,, < 2, then (a, + 1)(2 — a,) > 0. Therefore (a,)nen s increasing.
3)

(a) We remarque from question 1) that a,, < 2, then b, >0 for all n € N.
(b) We have

bn+1_2—an+1_2—\/an+2 (2—a/n) 1

b,, 2—a,  2—a, (2—a,)2+Va, +2) 2+ +a,+2

And as 0 < a,,, we can show that

[\
+
S
3
+
[\
(AN
DN —

b 1

n+1 < =
b, — 2
(c) Again, we proceed by induction. The statement is clearly true for n = 1. Suppose that

Then

1 n—1
b, < (5) for some n € N. So from question(b) we have

1 1/1\"" /1\"
b'rL < _bn <z-l|z S .
nsn () -0)
1 n—1
It follows that b, < (5) for any n € N*.

n—aoo n—-aoo

1 n—1 1 n—1
(d) As 0 < b, < <§> for any n € N* and lim (5) =0, as a result lim b, =0

and lim a, = 2.
n—-aoo

ag=1
Exercice 1.13.18. Let consider the sequence (a,)nen defined by: ’
(pi1 = ape” "
1) Prove that a, >0, for any n € N.
2) Deduce the monotony of (ap)nen-

3) Deduce that (a,)nen is convergent then calculate its limit.
4) Let b, = Zak, prove that a,.1 = e ", for any n € N.

k=1
5) Deduce that lim b, = 400.

n—-—ao0
Proof 1.13.18. 1) By induction, the statement is clearly true for n = 0. Suppose that
a, > 0. So a1 = aze " > 0. Then a, > 0, for any n € N.
2) We have

Api1 — A = ap(e” " —1).
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As

a, >0 —a, <0< e " —-1<0

and consequently

Apt1 — G < 0.

Then (ap)nen 1S decreasing.
3) (an)nen s a lower bound and decreasing sequence then it is convergent. Let us define

—an

[l = lim a,, take the limit of both sides in equation a,.1 = aye we obtain

n—aoo

l=lel<=le!'-1)=0<=1=0

Then lim a, = 0.
n——oo

4) Again by induction, for n = 0 we have a; = e~ ™. Suppose that a,.; = e . So

Unts = Qpii€ Ot = e lre™0n+l = g7bn+1

Then ani1 = e ", for any n € N.

5) We have b, = —Ina,y, and lim a,y1 =0. Then lim b, = +oo.
n—oo n—oQ

Exercice 1.13.19. We define the two real sequences (an)nen+ and (by)pen= by:

a1:1 b1:12

a, + 2b, and a,, + 3b,

1) We pose ¥n € N*, ¢, = b, — a,,. Fzxpress the sequence (¢,)nen+ as a function of n then
calculate its limit.

2) Show that the sequences (ay)nen+ and (by)nen+ are adjacent.

Proof 1.13.19. 1) We have

an +3b,  an+20, 1

Cnp1 = bpy1 — A1 = 4 - 3 = Ecn-

1
We deduce that the sequence (¢, )nen+ 1S a geometric sequence with ratio q = T2’ hence
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and consequently lim ¢, = 0.

n—m—o0
2) We have
an + 2b, 2

2
3 an:§(bn—an):§cn>0

hence (ap)nen 1S a increasing sequence.

Qpy1 — Ap =

Likeunse, We have

a, + 3b,
bpt1 — b, = —— — b, =
i 4 4
hence (by)nen+ is a decreasing sequence.
Moreover lim (b, — a,) = lim ¢, = 0. Therefore ; (an)nen+ and (bp)nen+ are adjacent
o0 n——oo

n—-

sequences.



Numerical series with positive terms

2.1 Basic information on numerical series

Definition 2.1.1. Given a numerical sequence (U,),, we define the sequence (S,), of partial

sums by
k=n
Sp =Y U
k=0

The series of general term U, and of partial sum S, denoted by the symbol

”ZOO U,, Z U, orjust Z U,
n=0

n>0

is by definition the value (if this one exists) of the limit s = lim S,,.
n—oo
If s exists we say the series is convergent. We write Z U, =s.
n=0
If s = 400 or s does not exist we say that the series is divergent.

32
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Example 2.1.1. The series

33

3
converges and the limit is 1 i fact,
1 B 1 A N B
n+12—1 nn+2 n n+2

S

(]

=

B
Il

el
+

N = DN =
/\/\H

DN W
3
+ | =
[a—y
3
+ | =
[\
N———

n—o0

Then lim S, = Z

Example 2.1.2. The series of the general term U, =

is written as follows

k=n
> Uk
k=0

2 4

It is clear that lim S,, = 2

n—oo

11
T+ 4=+

1 . .
on comverges because its partial sum

Ll
2n

Example 2.1.3. The series of the general term U, = n diverges because its partial sum s

written as follows

k=n

> Us

k=1

n(n+1)
2

1+243+--
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It is clear that lim S,, = oo
n—oo

2.2 Operations on series

Properties 2.2.1. [fZan and Z b, are both convergent series then,

1. E ca,, where c is any number, is also convergent and

E can:cg Ay,

2. Z a, an 1$ also convergent and

Zan + an = Z(an +b,).
Corollary 2.2.1. let Zan and Z b, be two series.
1. If Z a, converges and Z b, diverges, then Z(an + b,) diverges.

2. If Z a, and Z b, diwverge, we can say nothing about Z(an + by).

Theorem 2.2.1. Ifz U, converges then lim U, = 0.

n—oo
: 1 ) 1
Example 2.2.1. 1) The series of the general term U,, = converges then lim =
n?—1 n—oo n? — 1
0.
1

2) The series of the general term U, = 31 converges then lim g1 = 0.

n— n—oo N~

Corollary 2.2.2. If lim U, # 0 then Z U, will diverge.
n—oo

Example 2.2.2. 1) The following series is divergent.

i4n2 —n3
« 11 + 2n3

4n? — n3 1
b lim ——— = —=#0.
ecause n1_>n(r>10 1+ o3 5 #+
2) The series of the general term U,, = (—1)" is divergent because lim (—1)" doesn’t exist.
n—o0
3) The series of the general term U, = nw is divergent because
. l_. 1n(n%)_. M_o_
lim n» = lim e =limen =¢e =1#0.

n—o0 n—o0 n—o0
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Remark 2.2.1. In the theorem the fact that the sequence (U,), tends towards 0 is a

necessary condition for the series to converge but it is not sufficient.

1
Example 2.2.3. We consider the series of general term U, = In (1 + —).
n
We observe that lim U, = 0. On the other hand, we can easily verify that the sequence of

n—oo

partial sums (S,), diverges.

Indeed,

2x3x---x(n+1)
I1x2x---xXn
= In(n+1) — oo.

= In

1
Therefore, the series Z In (1 + —) diverges.
n

Theorem 2.2.2. (Cauchy series). The series Z U, converges if and only if
n=0
k=p
Ve>0,AN €N, Vp>q>N,|> U] <e (2.2.1)
k=q
Theorem 2.2.3. (The boundedness test). Let Z U, be a series with nonnegative terms.

n=0
Then the series is convergent if and only if the partial sums sequence (S,), is bounded.

2.3 Convergence of positive-term series

2.3.1 Geometric series

Theorem 2.3.1. (Geometric series). A Geometric series is any series that can be written

in the form,

n=

g ar™ L,

n=1
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We can show that the partial sums of these series are,

a ar
Sy = —
1—r 1-—17
So let’s take the limit of the partial sums.
lim S, =  __% im r’.
n—o0 1—1r 1 —7r n—oo

Therefore, a Geometric series will converge if |r| < 1 and we have

n=oo

_ a
E ar" ! =
1—r

n=1

Example 2.3.1. The series Z 97" 24"+ converges.

n=1
Let’s first start by rewriting the series

Z 9—n+24n+1 _ Z 9—(n—2)4n+1
n=1 n=1
”:“34n+1
n—2
n=1 9
n=00 4n7142

n—109—1
vt 9n—19
n=oo 4 n—1
= Z 144 (—)
n=1 9

4
and r = 9 < 1. Therefore, it will converges and

So, this is a Geometric series with a = 144

its value will be,

n=oo

Z g-n2 g+l _ 1296‘
n=1 5
2.3.2 Comparison test
Theorem 2.3.2. (Comparison test). Let Z U, and Z V,, be series such that 0 < U,, <V,
n=0 n=0
for all n € N.
1. If Z V., converges, then so does Z U,.
n=0 n=0

n=oo

2. If Z U, diverges, then so does Z V.
n=0 n=0
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Properties 2.3.1. (p-series or the p-test). For p € R, the series
n=oo 1
n=1 ne

converges if and only if p > 1.

Example 2.3.2. The series converges. First we have
p go e g :
! < Vn €N
— n .
nz+1 n?’
n=oo n=od 1
The series — converges by the p-series test. Therefore, by the Comparison test,
; > ges by the p f y p nz_o SO
CONVETYES.
n=oo
Example 2.3.3. The series Z (\/1 +nt —Vnt — 1) converges. First we have,
n=1
Vi+nt—Vnt—1= 1
V1+nt+vnt -1
and
! < Vn € N
—, n )
Vitnt+ynt—1 n?
The series Z —; converges by the p-series test. Therefore, by the Comparison test
n
n=1

<\/1 +nt —Vnt — 1) converges.

n=1

[\

.3.3 Cauchy condensation test

Theorem 2.3.3. (Cauchy condensation test). Suppose Uy > Uy > --- > 0. Then the series
Z U, is convergent if and only if Z 28Uy = Uy + 2Uy 44Uy + 8Ug + - - - is convergent.
n=1 k=0

1
Example 2.3.4. Let p > 1 be constant and consider the p-series g — We have U,, = —
n
n=1

npkP
and Uy > Uy > --- > 0. Then
k=00 n
WU = ok
k=0 k
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is Geometric series. It is convergent because p > 1, i.e. 277 < 1.

n=oo
Therefore E - s convergent.
n

n=1

2.3.4 Equivalence test

Theorem 2.3.4. (Equivalence test). Suppose that we have two series Z U, and Z Vi
n=0 n=0
with U, >0, V,, >0 for all n. Define,
i U
o=

If c is positive and is finite then either both series converge or both series diverge.

n=oo 1
Example 2.3.5. the following series converges Z .
—~ 3" —n
Let use Z 3n as the second series. We know that this series converges since it’s Geometric
n=0
series.
let’s calculate the limat
= i Un
R A
B 13"—n
o n—oo 3N 1
n
= lim (1 — —)
n—00 3n
= 1— lim —
n—oo 3"
=1

3

I

8
—_

So, c is positive and finite so by the Equivalence test the series 3 converges.
"—n
n=0
2.3.5 Ratio test or d’Alembert test
Theorem 2.3.5. (Ratio test or d’Alembert test). Suppose we have the series Z U,. Define,
n=0
Uy,
= lim
n—oo

n

Then,

1. If 1 < 1 the series is convergent.
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2. If1 > 1 the series is divergent.

3. If L =1 the series may be divergent, may be convergent.

— 1o
Example 2.3.6. the following series converges Z

n=1
We have
10"
Uy=—7""—"F—
42n+l(n 4 1)
and
10n+1
U1 = ———.
T gns(n 4 2)
Now, let calculate [,
[ = lim Uni1
n—oo n
. 10n+1 42n+1(n + 1)
= lim
n—oo 42n+3 (n + 2) 107
10 1
= lim —(n +1)
n—oo 16(n + 2)
10 . n+1
= — lim
16 n—soon + 2
10
= — <1
16
So, | <1 and so by the Ratio test the series converges.
Example 2.3.7. the following series is divergent Z e
n=0
We have
n!
U,=—
5n
and
(n+1)!
Unt1 = el
Now, let calculate [,
Uy,
| = lim =2
n—oo n
L (15
= =
. n+1
= lim
n—o0

n—oo

1

= oo > 1.

42+l (n + 1)

39
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So, by the Ratio test this series diverges.

2.3.6 The Raabe-Duhamel test

Theorem 2.3.6. (The Raabe-Duhamel test). Let Z U, be a series with positive terms.

n=0

Define,

[ = nh_)n;(jn (UZZI - 1) € Ry U{oo}.
Then,
1. If 1 > 1 the series is convergent.
2. If 1 <1 the series is divergent.
3. If l =1 we cannot decide on the nature of this series.
Example 2.3.8. Let us find the nature of the series

n=oo

5 135 .(2n+1) 1
246.---2n 2n+3

n=1
Since
. Un—l—l . (2n + 3)2
lim = lim

=1,

let us apply Raabe-Duhamel test. Since

., n? 1
limn(U —1>:hm”—+”:—<1,

then the series is divergent.

2.3.7 The Cauchy root test
Theorem 2.3.7. (The Cauchy root test). Let Z U, be a series with positive terms. Define,

n=0
[ = lim {/U, € Ry U{oo}.
n—oo
Then,

1. If 1 < 1 the series is convergent.
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2. If1 > 1 the series is divergent.

3. Ifl =1 No information.

Example 2.3.9. Let us find the nature of the series

n=oo n

> g

n=1

Now, let calculate [,

So, by the Root test this series is divergent.

Example 2.3.10. Let us find the nature of the series

RZO:O 5n +3n3\"
=\ T’ +2 '
Now, let calculate [,

[ = lim U,

n—o0

lim 7 5n + 3n3\"
= lm —_—
n—00 3 4+ 2

5n + 3n?
im ———
n—oo Tn3 + 2

3
= o<1
7

So, by the Root test this series is convergent.

2.3.8 Integral test

Theorem 2.3.8. (Integral test). Suppose that f(x) is a continuous, positive and decreasing

function on the interval [k,o0) and that f(n) = U, then,
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1. If/ f(z)dz is convergent so is Z U,.
k n==k

2. If/ f(z)dz is divergent so is Z U,.
k n=~k

Example 2.3.11. Let us find the nature of the series

n=o00 1
; nlnn’

In this case the function we’ll use is,

fla) = —

zlnz

This function s clearly positive and decreasing. Therefore, all we need to do is determine
the convergence of the following integral.

> 1 v o1
/ dr = Ilim dx
2

rlnz y—oo o xlnzx

Y

= lim In(In(z))

Y—00

= lim (In(In(y)) — In(In 2))

Yy—00

= OQ.

The integral is divergent and so the series is also divergent by the Integral test.
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2.4 Exercises

Exercice 2.4.1. Using Root test to determine if the following series converges or diverges.

n=o00 37’L + 1 2n n=00 n173n n=00 (_5)1+2n
1 2 3 —
) ; (4 - 2n> ) nZ:() 42n ) n=4 2o

Proof 2.4.1. 1) We’ll need to compute l.

so by the Root test the series diverges.

2) Let calculate 1

= ——=0<«1
16 ’
so by the Root test the series converges.
3) We have
L [(=5)1en
L= ,}LHC}O 95n—3
1
-5 Z+2
= lim (=5) 5
n—o00 25*;
25
= =<1,
32

so by the Root test the series converges.

Exercice 2.4.2. Using Ratio test to determine if the following series converges or diverges.

=00 31—277, n=0o0 ) =00 21+3n 1 n=00 4n
p Y S gy By 2Dy s
—~n?+1 “—~on+1 —~  nH — (n—2)!
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Proof 2.4.2. 1) We’'ll need to compute L.

. Un+1

b= =
i 3172(n+1) n2 +1
T w2+ 1300m
3772 n241

= 1
) (n+1)2+1 312
. n?+1
= lim
n—oo 9[(n 4+ 1)2 + 1]
1
= - <1,
9

so by the Ratio test the series converges.

2) Let calculate 1

. Un+1
b=
2(n+1)! bn+1
m
(2n+2)!5n +1
im
— i (2n+2)(2n + 1)(5bn + 1)
= oo >1,

so by the Ratio test the series diverges.

3) We have

. U
[ = lim 2
n—od n

i 21+3(n+1)((n 4 1) + 1) n2gltn

= 1m

n— 0o (n+ 1)251+(n+1) 21+3n(n+ 1)
i 2430 (p +2)  p2hltn

= 1m

N—s00 (n + 1)252+n 21+3n(n + 1)
8 n+2 n?

im -———
n—><>05(n—|—1)2n+1
8

= ~>1,
5

so by the Ratio test the series diverges.



Analysis 1 45

4) We’ll need to compute .

e4(n+1) (n . 2)]

n300 (n+1)—=2)! etn

An+4 — 92l
— m e (n—2)!
n—o00 (n— 1)' 64n
4
= lim ¢
n—oon — 1
= 0<1,

so by the Ratio test the series converges.

Exercice 2.4.3. Use the Comparison test to determine the nature of the following series.

n=oo n=0oo n=oo n=oo

n—1
nd +1

e " 2" sin’(5n) 2n® + 7
1 2 —_— 3 ——
) n? +2n ) Z 4n + cos?(n) ) ; n4sin’(n)

n=3 n=0

)

n=2
Proof 2.4.3. 1) We have

e "<ed <1,

Using this we can get the following relationship,

e " 1

< .
n2+2n  n?24+2n

On the other hand we have,

n? +2n > n’.

Then we can get the following relationship,

e " 1 1

< < .
n2+2n n?2+2n  n?

n=oo 1
Now, the series Z —; converges by the p-series test. Therefore, by the Comparison test,
n

_ n=3
n=oo efn
converges.
“—~n’+2n J
2) We have
2"sin?(5n) < 2"(1) < 2"
and

4" + cos®(n) > 4" + 0 = 4"
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Then we get the following relationship,

2" sin?(5n) _ 2" (1)"

4n 4 cos2(n) — 4n \2

1 n

We also know that the series Z <§> will converge because it is a Geometric series.
n=0

= 2"sin?(5n)

Therefore, by the Comparison test, _—
/ Y b — 4" + cos*(n)

CONVETGES.

3) We have
omd < 3+ 7
and
n'sin’(n) < n*
Then we get the following relationship,
2n3 + 7 2n® 2

nisin®(n) = n* n
We also know that the series Z — diverge by the p-series test. Therefore, by the Comparison
n
n=1
test, diver e.
Z n4 sin? J
4) We have
n>n-—1
and
n®<nb+1

Then we get the following relationship,

n—1 n 1

< =
VnS+1 /ns n?

n=oo

1
We also know that the series Z 3 converges by the p-series test. Therefore, by the Com-
n=2
, — n-—1
parison test, Z converges.

— vni+1

Exercice 2.4.4. Use the Equivalence test to determine the nature of the following series.

" 4 '~ 4n?—n =~ V2nZ+4n +1
2) > 3)

n2—2n-—3 — n3+9 o n3+9

1)

n="7
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Proof 2.4.4. 1) We have
n? >n?—2n — 3.
Using this we can get the following relationship,

4 < 4
n2 n2—2n-—3

Let use Z — as the second series. So, let’s compute the limit,
n
n="7
.U,
b=y
’ 4 n?
= 1m _
n—soon? —2n — 3 4
. n?
= lim
n—oo 2 — 2n — 3
= 1>0,
4 | j
Now, the series Z — converges by the p-series test. Therefore, by the Equivalence test,
n
n="7
”:Z"O 4 CONVETges
£~ n? —2n —3 ges:

2) We have the following inequalities,
4n? —n < 4n?
and
n®+9 > nd

Then we get the following relationship,

4n? —n 4n? 4

< — = —.
nd+9 n3 n

Let use E — as the second series. So, let’s compute the limit,
n
n=1

Un
= 1 —
b= Jm

o 4An? —nn

_= 11 p—

n—o00 n3 —+ 9 4

4n3 —n?

oo 40 + 36
= 1>0,
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n=0o0

Now, the series Z — diverge by the p-series test. Therefore, by the Equivalence test,
n

n=1
Tio 4n? —n di
werge.
— n3+9 g

3) We have the following inequalities,

om?<2n?®+4n+1

and
n®<n®+9
n=0o0
2 . o
Let use Z — as the second series. So, let’s compute the limit,
n=1 n
.U,
b=y
o oV2n2+4n+1n?
= lim —
n—00 n3 +9 \/§
n2yfn? 244+ )
= lim
SR TR (1 3)
2
= £ =1>0,
V2

2
Now, the series E \/—2— converge by the p-series test. Therefore, by the Equivalence test,
n
n=1

Ticio V2n?+4n+1

n3+9

converge.
n=1

Exercice 2.4.5. Use the Integral test to determine the nature of the following series.

3 = g2 g
2 ;n2—3n+2 2) —~ni+1 3) s (2n +T7)3
Proof 2.4.5. 1) Let
3
flz) = 72— 3+ 2
We have for x > 3
9 — 6z

2
°—3x+2>0 and f'(ﬁ):(x2_3x+2)2'
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Then f(x) is a continuous, positive and decreasing function on the interval [3, ool

| s
——dx.
5 x?2—3r+2

Now, let’s compute the integral

It 1s easy to check that

So

> 3 < =3 3
= dr = d
/3 -3z +2 /3 (x—1+x—2) v
v/ =3 3
= i d
yl—glo 3 (x—1+x—2) v

= limBInjzr—2|—3n|z —1])

t

Y—+00 3
-2
= lim 31nt +3In2
Y—+00 t—1
= 3In2.

Therefore the integral converge and so by the Integral test the series converge.

2) Let

We have for x > 0
x? z(2 — %)

>0 and f(x)= oL
A1l ol F0 =y

Then f(x) is a continuous, positive and decreasing function on the interval [\3/5, ool.
00 2
x
/ 3 dx.
0 2 + 1

o 2 y 2
/ Sx dr = lim a dx
0 r3+1 y—oo Jo a3+ 1

1
= lim (—1n|x3—|—1|)
y—oo \ 3

1
= = lim In|y* + 1]
3 y—oo

Now, let’s compute the integral

So
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Therefore the integral diverge and so by the Integral test the series diverge.
3) Let
fla) = ot
) = ———=.
(2x +7)3
We have for x > 2

1 1 1
PR L LSOl v s Rl o oy y ey

3 = f(x+1).

Then f(x) is a continuous, positive and decreasing function on the interval |2, c0l.

Now, let’s compute the integral

ee 1
——dx.
/2 (2x 4+ 7)3 v

So

& 1 Y 1
g = i 4
/2 (22 4+ 7)3 o yggo 5 (204 7)3 v

Therefore the integral converge and so by the Integral test the series converge.



Numerical functions of a real variable

3.1 Generality on functions

3.1.1 Definitions and terminology

Definition 3.1.1. (Application). we call an application from a set E to a set F, any

correspondence f that associates one and only one element y € F with any element x € F.

We write
f: F — F

z — y=f(2)
Definition 3.1.2. (Numerical function). We call a numerical function on a set E C R, any
relation f , which associates to any x € E , at most one element y € F C R ; we write
f: ECR — FCR

z o y=f(x)

o1
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The set F is called the start set and F' is called the end set.

y = f(x) is called the image of = by f and x is an antecedent of y.

Example 3.1.1. e The application of a set E C R to itself, which associates x with each

element x, is called an identity application, noted as (idg).

dgp: ECR — EcCR
x — idp(z) = x.

o Let
f: R — R
1
— =—.
v )=
f is a function on R but not an application on R, because O has no image by f.

o Let
f+ E — F

r — f(z)=a.
f is a constant application.

e Let
l|: R — R

T st x>0
r — x| =
—x s x <0

|.| is the absolute value function.

o Let
[]: R — Z

defined by

[x] or E(x) is the integer function of x.

Definition 3.1.3. (Domain of definition). The domain of definition of a numerical function
f:EFECR— FCR,

is the set of points x € E where f(x) is well defined. We denote it Dy, and write

Dy={x€R / f(z) exists}.
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Example 3.1.2. Find the domain of definition of the following functions:

fi(z) = L fa(x) = L . fa(z) = Va2 —br+6, fy=In(4—X?).

22 -2’ cos(x)

e For the function fi(z) , we have

Dy = {xeR / fi(z) exists}
= {ze€R / 2* —2#0}
= {zeR / v# -2 or ©#2}
= R—{-2,2}.
e For the function fo(x) , we have
Dy, = {x€R / foz) exists}

= {xeR / cos(z)#0}

= {xGR/x#k% where k € Z}

= R- {kg where k € Z}.

e For the function f3(x) , we have

Dy = {x€R | fi3(z) exists}
= {z€R / 2°-52+6>0}
= {zeR / (z-2)(x—3)>0}

= | —00,2] U3, +o0[.
e For the function fi(x) , we have

Dy = {zeR / filz) exvists}
= {z€R / 4-X*>0}
= {zeR / (2-2)2+2)>0}
= ]1-2,2[.

Definition 3.1.4. (Curve of a function). The curve (graph) of a function f: E C R —
F C R is the set defined by

Cr=A(z,f(z)) /| =eE}
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3.1.2 Direct image, Reciprocal image:

Definition 3.1.5. (Direct image). Let f : E — F be an application and A a subset of E.
The direct image of A by the application f is the subset of F' denoted f(A):

fLA) ={y=fx)eF JreA}CF

Example 3.1.3. Let
f: R — R
r — f(z) = 2°

e For A =[-2,1], we have

f(A) = {f(x), z € A}
= {2?, rc[-21]}

= [0,4].
e For A =[-1,1], we have

f(A) = {f(zx), z€ A}
= {2%, v c[-1,1]}
= 10,1].

Definition 3.1.6. (Reciprocal image). Let f : E — F be an application and B a subset of
E. The reciprocal image of B by the application f is the subset of F denoted f~'(B):

fYUB)={ze€E | f(xr)e BYCE.

Example 3.1.4. Let
f: R — R
r — f(z) = 2°

e For B =[0,4], we have
fUB) = {z€R, f(z)€[0,4]}
= {zeR, 22 [0,4]}
= {z€R, (x—2)(x+2) <0}
= [-2,2].
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e For A =10,2], we have
f7U(B) = {zeR, f(z)€[0,2]}
= {zeR, #*€[0,2]}
= {z€R, (z—-V2)(z+V2) <0}
= [-V2,V2].

3.1.3 Composite application:

Definition 3.1.7. Let E, F and G be three sets and f : E — F, g : F — G two
applications. We denote the composite application of f and g denoted go f by

Ve € E, (g0 f)(x)=g(f(z)).

Example 3.1.5. e given the applications:

fr R — Ry g: Ry — Ry
v — flr) = 2? r +— ga) = 2°
Then
gof: R — Ry
z — (gof)(z) = g(f(z))=(2")" =2
and

ng: R+ — R+

e given the applications:

fi: ]0,400] — ]0,400] g1: 0,400 — R
1 rz—1
x —  fi(x) = - x — gi(z) = P
Then
giofi: ]0,400] — R
1
1_ 1—
v e @) = alhl) =i =
and

fiogr: 10,400 —  ]0,+0o0]

b (o)) = Al = o = 2F
x+1
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3.1.4 Injective, surjective and bijective functions:

Definition 3.1.8. Let f : E C R — F C R be a function.
o We say that f is injective if and only if every element y in F has at most one antecedent

in E. In other words,

Vo, x0 € B f(x1) = f(22) = 11 = 19

o We say that f is surjective if and only if every element y in F has at least one antecedent

in E. In other words,

YyeF, Jxre E:y= f(x)

o We say that f is bijective if and only if every element y in F has a single antecedent in F.

In other words,

Vye F, Az e E:y= f(x)
Remark 3.1.1. We say that f is bijective if and only if it is both injective and surjective.
Definition 3.1.9. (reciprocal function): Let

f: ECR — FCR

v o— oy = fx)
a bijective function. The reciprocal (inverse) function is the function denoted by

' F — E
Y — X = f(Y)

which verifies the following properties:
1. VoeE:y=f(z) <= (WeF:x=f"'y).
2. fof lt=idr and f'o f =idg.
Example 3.1.6. Let’s consider the two functions:
g: N — Q

1

r — g(z) = T2
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and
h: R — R

r — h(x) = 3z
1. Are g, h injective, surjective or bijective?

2. If g or h is bijective, give its inverse.

For 1.: let 1,29 € N

11
142 1+
— 14+z1=1+129

g(x1) = g(22) =

— I1 = 2.

Thus g is injective.
We have Vo € N, g¢(z) < 1. then y = 2 has no antecedent. So ¢ is not surjective, then g is
not bijective.

For 2.: let 1,290 € R

h(z1) = h(zy) = 3z = 319

— I1 = X2.

Thus h is injective.

Let y € R,
y=h(z) =3z = y=3x
Yy
> = —.
T3
So

Vy € R, Elx:%GR: y = h(x).

Thus h is surjective.

Consequently, h is a bijective function, and its inverse function h™!, is defined by

h'l: R — R
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3.1.5 Parity and periodicity:

Definition 3.1.10. Let I be an interval of R symmetrical about 0. Let f : I — R be a
function defined on this interval. We said that:
e f is even if
Veel, f(—z) = f(x)
e f is odd if
Veel, f(—z) = —f(x)

Example 3.1.7. e The function
fo) =

defined on [—1,1] is even because: Yz € [—1,1], we have —x € [—1,1] and

f=a) = eV = f(a).

e The function

h(z) =1In (x + Va2 + 1)
defined on R is odd because: Vx € R, we have

h(—z) = ln /(= )2+1)

\/952 + 1)

=1

=

xwr
= 1

=

(

B ln( x+\;cx2i)>
(o)
¢

+\/a:27)
= 1n(x+\/x27>

== l’

Remark 3.1.2. e The curve of an even function is symmetrical about the y-axis.

e The curve of an odd function is symmetrical about the origin.
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Definition 3.1.11. (Periodicity) Let f be a function defined on Dy C R.

o We say that f is a periodic function if there is a strictly positive real number T such that:
Ve e Dy, f(z+T) = f(z).

o We call the period of f the smallest positive number T such that:
flx+T)= f(zr) Ve Dy.

Example 3.1.8. e The function tan x s periodic with period m, in fact

sin(x + )

tan(z + ) = cos(x + )

— sin(x)
— cos(z)
= tanx

o The function f(x) = x — [x] is periodic with period 1, in fact

flz+1) = z+1—[z+1]
= x+1—[z] -1
= f(z)

3.1.6 Majorized, minorized and bounded functions:

Definition 3.1.12. Let f: E C R — R be a function, we say that

o [ is majored over E if there exists M € R,
VeeE: f(x) < M.
o [ is minorized over E if there exists m € R,
VeeE: f(x) >m.
e f is bounded on E if it is both bounded above and below, i.e.
dm, M eR, VxeE: m< f(z) <M

or

35 >0, Ve eE: |f(x)] < S.
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1
Example 3.1.9. The function f(x) = — is bounded on I = [1,2], because: Yz € [1,2]
x

1<2<2 =

But it is not bounded on J =0, 1], because: Vx €]0, 1]

1
0<zr<]l = 1< ~-<+40
x

= 1< f(z) < 4o0.

Definition 3.1.13. Let f: E C R — R be a function

o We call the upper bound of f on E the smallest of the majorants, we denote it sup f(x).
z€eE

e We call the lower bound of f on E the largest of the minorants, we denote it ingf(:v).
xe

3.1.7 Monotonic functions:

Definition 3.1.14. Let f: E C R — R be a function.

e f is said to be increasing

Viye Erx<y= f(x) < f(y)
e f is said to be decreasing

Viye Erx<y= f(x) = f(y)

e f is said to be monotonic if f is increasing or decreasing.

e f is said to be strictly increasing
Ve,ye E:x<y= f(z) < f(y)
e f is said to be strictly decreasing
Ve,ye E:x<y= f(z) > f(y)
e f is said to be strictly monotonic if f is strictly increasing or strictly decreasing.

Example 3.1.10. The function defined by: f(x) = |x| is increasing on R,, While it is

decreasing on R_.



Analysis 1 61

3.2 Limits of function:

Definition 3.2.1. A part V C R is a neighborhood of x € R, if it contains an open interval

of R containing x, in other words
3>0y: z€lx —y,2+~[CV

Example 3.2.1. [—2,2] is a neighborhood of all these points except the two points —2 and
2.

Definition 3.2.2. Let f be a function defined in a neighborhood I of xo except perhaps in

xo. The number | is called the limit of f when x tends to xq and we write

[ = lim f(x)

T—T0

Ve>0, 30(e) >0, Ve el: |z —x0| <d(e) = |f(x) 1| <e.
Example 3.2.2. Let f : R — R be a function, such that f(z) = 2> — 1. we’ll show that:
lim f(z) = 0.
Let € > 0, we have
[fl@) =1 = [«* =1

= |z + 1|z —1|

< (Jz[ + [1))|z — 1]

< 2z—1|<e.
So

£

-1 <
o= 1)<

Therefore, the best choice of §(g) is d(e) = g

Example 3.2.3. Let f: R — R be a function, such that f(x) = 3z + 1. we’ll show that:
lim f(z) = 1.
Let € > 0, we have

|lf(x) =1 = [Bx+1-1]

= [3z| <e.
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So
2] < 5
3
Therefore, the best choice of §(¢) is 0(g) = %

Theorem 3.2.1. If f has a limit at the point xq, this limit is unique.

3.2.1 Right limit, left limit:

Definition 3.2.3. Let f : I — R be a function,
e We say that [ admits a limit | when x tends to xo on the left or by lower values (x —= x¢)

and we note
i =1
x;gof(x)
Ve >0, 36(e) >0, Ve el: —d0(e) <ax—xo<0=|f(x) -] <e.

e We say that [ admits a limit | when x tends to xo on the right or by higher values (x —~ xg)
and we note

lim f(x)=1

T—>T0

Ve>0, 30(e) >0, Ve el: 0<z—x0<0(e) = |f(z) =1 <e.
Proposition 3.2.1. Let f: [ — R be a function. Then

lim f(z) =1<= lim f(z)= lim f(z)=1

T—T0 T—r <0 T—r>TQ

Example 3.2.4. Let f: R — R* be a function, such that

ol [ 5 i e>0
X — if =z
flx) = Er 3
z — iof <0
3
We have
1
and
lim f(z) ==
z—>0
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As

lim f(z) # lim f(x).

r—<0 z—>0

So f has no limit at the point x = 0.

Theorem 3.2.2. Let f: I — R be a function. Then lim f(x) = [ if and only if for any

T—T0

sequence (Ty)nen, we have

lim x, =2y = lim f(z,) =1

n—-+oo n—-+o0o

Remark 3.2.1. According to the previous theorem, if there are two sequences (Ty)n, (Yn)n
converging to xo such that lir+n flx,) # lirf f(yn), then the limit of f does not exist at
n—-+0oo n—-—+0o0

Zo-

Example 3.2.5. Let f : R — R* be a function, such that

f(x) = cos 1

X

f has no limit at the point x = 0. Indeed, we consider the two sequences:

1 1
VneN: x, = — Yp = .
nmw+ 5 2nm
It is clear that
lim z, = lim y, =0,
n——+00 n——+00
lim f(z,) = lim_cos(nm + =) =0
im T,) = lim cos(nm+ =) =
n—-+oo n——+oo 2
and
nl—l>1:1kloof(yn) = n1_1£100 cos(2nm) = 1.
As

lim f(zn) # lim f(yn).

n—-+o0o n—-+0o

Consequently, f has no limit at point 0.
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3.2.2 Infinite limit:

Definition 3.2.4. Let f : [ — R be a function,

o We say that f has limit +o00 at xg and we note

lim f(z) =400

T—T0

VA>0,30 >0, Vel:|z—x <d= f(z)> A

o We say that f has limit —oo at xy and we note

lim f(z) = —o0

T—TQ

VA>0, 30 >0, Vel:|z—x <d= f(x) < —-A.

o We say that [ has limit +00 at 400 and we note

lim f(x) =400

T—+00

VA>0,3B>0,Vxel:2>B= f(z) > A

o We say that f has limit —oo at +00 and we note

VA>0,3B>0,Veel:z>B = f(z) < —A.

e We say that f has limit +00 at —oo and we note

lim f(z) =400

T—r—00

VA>0,3B>0,Vxel: o <—-B= f(x)> A.

o We say that f has limit —oo at —oo and we note

lim f(z) = -0

T—r—00
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if
VA>0,3B>0,Veel:z<—-B= f(zr) < —A.

Theorem 3.2.3. Let f, g and h be three functions defined on a neighbourhood I of xo such

that
Veel: f(z)<g(z) <h(z)
If
lim f(z) = lim h(z) =1,
then
lim g(z) = 1.

Example 3.2.6. Let f : Ry, — R be a function, such that

1
f(z) = zcos —
We have
1
VreR,: —1<cos— <1,
T
then
1
VeeR,: —x<wxcos— <.
T

As liH(l) —x =0 and lirr(l)x = 0. So using the previous theorem, we obtain
T— T—

limzcos— =0
z—0 €x

Corollary 3.2.1. Let f and h be two functions defined on a neighbourhood I of xqy. If f is

bounded on the neighbourhood of xo and lim h(x) =0, then
T—>T

0

lim f(x)h(z) =0

Tr—xQ

Example 3.2.7. Let f : R}, — R be a function, such that

1
f(x) = zsin -
We have
lim zsin — =0
z—0 xX

1 )
because sin — 1s bounded and lim x = 0.
xr x—0
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3.2.3 Limit operations

Theorem 3.2.4. Let f and g be two functions defined on an interval I of R, such that
lim f(z) =10, lim g(x) =1y and B € R, we have
T—x0 T—T0
1. lim (f +g)(xz) = lim f(z)+ lim g(z) =0 + 1
T—T0 T—rT0
2. hm( g)(z) = lim f(z). lim g(x) = I;.l
T—T0 Tr—T0

3. lim (4.)(x) = 8 lim f(x) = A1
4. lim (f)(x)zwzg—l if b £0

r=20 \ g hmx%azo g(l’)

Example 3.2.8. Let’s calculate the following limits.

1.
S5t — 3
lim (Va2 +bx—3—1x) = °
z—+00 xﬁ+oo A/ 12 +5c—-3+=x
5—3
= lim ( )
T—+00 </1+___+1>
_ 2
= 35
2.
lim (92° 4+ 62 —3) = lim 3.(32° + 2z — 1)
z——1 rz——1
= 3 lim (32° + 27 — 1)
z——1
= 3.0=0.
3.
. 2 _ . _
il_}Iq(a: 4) glﬂlir}l(a: 2).(z+2)
= lim(z — 2). lim(z + 2)
z—1 z—1

— (-1).3) = -3.

Indeterminate forms

There are situations where we cannot say anything about the limits. We say that we have

an indeterminate form (I.F). Here’s a list of indeterminate forms.

0
400 — 00, 0.+ oo, §7 — 1%, 0% oo
oo 0
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Example 3.2.9. Let’s calculate the following limits.

sin(2z) 0

lim - = — [.F.
z—0 2s8inx 0
We have
sin(2z) = 2sinz cos
then
sin(2x) . 2sinzcosz
lim — = lim ——
z—0 2sinx z—=0  2sinx
= limcosz
x—0
= 1.

3.3 Continuous functions

3.3.1 Continuous functions at a point

Definition 3.3.1. Let f : I C R — R be a function. We say that f is continuous at o € I
if
lim f(x) = f(zo).

Tr—xTQ

This 1s equivalent to
Ve >0, 30(c) >0, Ve el: |z —xo <d(e) = |f(z) — f(xo)] <e.
Example 3.3.1. Let f: R — R be a function, such that

Fa) = x?’siné if x#0
0 if v=0

f s continuous at r = 0. because, we have

lim f(z) = lim 2 sin1 =0= f(0)

x—0 x—0 x

bounded
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Definition 3.3.2. (Continuity on left and right) Let f : I C R — R be a function. We

say that f is right-continuous at xo € I , respectively left-continuous at xg € I if

lim f(z) = f(zo),

T—>>X0

respectively if

lim f(z) = f(zo).

T— <0

Example 3.3.2. Let f: R — R be a function, such that

3 af <0
2043 if x>0

fx) =

f is right-continuous at 0, indeed

lim f(z) = lim (22 + 3)

z—>0 z—>0

= 3= 40

but it is not left-continuous at 0 because

Ili)Hij(SC) - xli>n>10x3
— 04 £(0).

3.3.2 Continuity on an interval:

Definition 3.3.3. We say that f is continuous on an interval I if it is continuous at any

point of I. We denote by C(I) the set of continuous functions on I.

Example 3.3.3. Let f: R — Z be a function, such that f(z) = [z].

Note that for any point m € Z, we have:

lim [z] =m # lim [x] =m — 1,
T—>r>m T—r<m

which shows the discontinuity of this function at any point m € Z. In conclusion, the integer

function is continuous on R — 7Z.
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Proposition 3.3.1. If f and g are two continuous functions at xq, then
eVa feER, af + Bg is continuous at xg.

e f.g is continuous at x.

e if g(xo) # 0, then g is continuous at xg.

e |f] is continuous at xy.

3.3.3 Continuity of composite functions:

Properties 3.3.1. Let f: I — I and g: I —> R be two functions continuous at xo and

f(zo) respectively. Then go f: I — R is continuous at xq.

3.3.4 Characterizing continuity using numerical sequences:

Proposition 3.3.2. Let f : [ — R, be a function and xq € I. The following properties are
equivalent,

o [ is continuous at x.

e For any sequence (Uy,), of elements of I that converges to xg, the sequence (f(Up))n

converges to f(xg).

Example 3.3.4. Let f: R — R be a function, such that

1
cos— if x#0
x

f(z) =
0 if =0
Let
1
U,=—
2nm
and
B 1
o + g
we have

f(Un):l%f(Vn):O

Consequently, f is not continuous in 0.
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3.3.5 Continuity prolongation:

Proposition 3.3.3. Let f be a function defined on an interval I, except that it can be at

xg € 1, if f has a finite limit | at zo. i.e. im f(x) =1, then the function defined by

T—T0

Foy_ | 1@ it ot

I if x=ux

is called the continuity prolongation of f on I.

Example 3.3.5. Let f: R* — R be a function, such that

(@) = zcos (i)

VeeR": 0<|f(x)] < |zl

As

we deduce that

lim f(z) =0

z—0

Therefore, f is prolongable by continuity on 0 and its prolongation is the function j? defined

on all R by
f(m): a:cos(i) if ©#0

0 if x=0

Theorem 3.3.1. (Intermediate value theorem) Let f : [a,b] — R be a function, such that
1. f is continuous on |a, b
2. f(a).f(b)<0. Then

dxg €la, b: f(xg) =0

And if f is strictly monotonic, then xq is unique.

Example 3.3.6. Let [ : [1,2] — R be a function, such that

1
f(z) =Inz — .

We have

1. f is continuous on [1,2]
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2. f(1).£(2) = (—1).(0.19) < 0.

Then using intermediate value theorem
Jxg €]1,2[: f(z0) = 0.

Uniqueness :

We have

1 1
f/<I>IE+P>O

so f is strictly increasing. Therefore the solution is unique.

Example 3.3.7. Let f:[—2,1] — R be a function, such that
f(z) =2 -2z +2.

We have
1. f is continuous on [—2,1]

2. f(=2).f(1) = (=2).(1) < 0.

Then using intermediate value theorem
Jzg €] — 2,1[: f(zo) = 0.

Example 3.3.8. Let f:[0,1] — R be a function, such that

The intermediate value theorem does not apply to f, because it is not continuous at 1.

3.4 Derivative of a function:

Definition 3.4.1. Let f: I C R — R be a function.
1. We say that f is derivable at xq if

lim M — lim flzo+h) — f(xg)

T—x0 r — X h—0 h

exists and is finite. This limit is called the derivative of f at xg and is denoted f'(zg).
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Example 3.4.1. Let f: R — R be a function, such that

We have

r—x0 T — 1’0
(x — x0)(2? + o + 23)

= lim
T—x0 T — xo
= lim (2° + 2oz + 27)
Tr—xT0
_ 2
= 31

3.4.1 Right derivative and left derivative:

Definition 3.4.2. Let f : I C R — R be a function.
The right derivative of f at xg is defined by

Similarly, we define the left derivative of f at xq¢ as

f;(:l?) — lim f(l’) — f(IO)

T—<T0 T — X
and

[ is derivable at o < fl(x) = fl(z) = f'(x)
Example 3.4.2. Let f: R — R be a function, such that

r+1 iof >0

flz) =
1—2z of <0
We have
f(x) — £(0)
"0) = 1
f+(0) Am = o
. r+1-—1
= lim
T—>TQ T
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and

Then f is not derivable at 0 because f,(0) # f](0).
Example 3.4.3. Let f : R — RY be a function, such that

Fa) = x if x>0

—x if x<0

We have

and

;(O) - llm

Then f is not derivable at 0 because f.(0) # f/(0).

Definition 3.4.3. Let f: I C R — R be a function.

f is derivable on I if it is derivable at any point on I and the application

ffr I — R

v — fl(z)

is called the derivative function of f.

73
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3.4.2 Operations on derivable functions:

Proposition 3.4.1. Let f, g be two functions derivable at xo € R, then if g(zo) # 0 we
have:

L (af) (o) = af'(z), @ €R

2. (f+9) (20) = f'(20) + ¢'(20)

3. (f.9) (w0) = '(20)-9(x0) + f(z0)-9/(z0)
* (i> (w0) = f'(20)-g(x0) — f(20)-9'(20)

g 92(%)

3.4.3 Derivative of a composite function:

Proposition 3.4.2. Let f: I — I' and g : I' — R be two functions derivable at xq and

f(zo) respectively. Then go f: I — R is derivable at xo and we have

(g0 f)(w0) = f(w0)g'(f(x0))-
Example 3.4.4. Let the functions f and g be defined by

f: R — R

r — f(r) = 2?
and
g: R — R
r — g(r) = cosz.
Then
gof: R — R
r > (gof)(x) = cosa’.
and

(go ) (x) = f(x)d'(f(x)) = -2z sin z2

3.4.4 Derivative of a reciprocal function:

Proposition 3.4.3. If f is derivable at xo, then f~' is derivable at f(xo) and we have

(f ) (f(@0) =

f'(x0)
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Example 3.4.5. The function
g: R — ]0,+00]
r —  glz) = €.
is bijective and therefore has a reciprocal application
gt )04 — R
x — g Yz) = Inz.
with

y=e" <= lny=rx,

and we have

() = (n)(y)

&

Rl I

3.4.5 Fundamental theorems on derivable functions:

Theorem 3.4.1. (Rolle’s theorem) Let f : [a,b] — R be a function satisfying
1. f is continuous on |a, b
2. f is derivable on |a,b|
3. f(a) = f(b). Then
Je €la, b]: f'(c) = 0.

Theorem 3.4.2. (Lagrange’s theorem or finite increase theorem) Let f : [a,b] — R be a
function satisfying
1. f is continuous on |a, b|

2. f is derivable on la,b]. Then

e €la,bl: £(b) - f(a) = (b—a) f'(c).
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Example 3.4.6. Let’s show that
Ve >0, sinz < z.

Consider the function
f: R — R
y — fly) = y—siny.
The function f is continuous on [0,x] and derivable on |0, x[, V& > 0. Then according to
the finite increasing theorem,

3c €0, 2l () = J(0) = (= 0)'(c).

-~

T

Jde €]0,z[: x — sinz = x(1 — cosc).

As x>0 and cosc < 1, we obtains Vxr > 0, sinz < x.

Corollary 3.4.1. (Inequality of finite increments) Let f : I — R be a function derivable
on I. If there exists a constant M such that for all z € I, |f'(x)] < M. Then

Vo,y € I [f(x) = fy)] < Mz —yl.
Example 3.4.7. Let f(z) = sinz. We have
Ve eR: f'(z) = cosz.

It is clear that
VeeR: |f'(x)] < 1.

using the inequality of finite increments we find that
Ve,y € R: |sine —siny| < |z — y.

In particular for y = 0, we obtain

|sinx| < |z|.

Theorem 3.4.3. (Cauchy’s theorem) Let f, g : [a,b] — R be two functions satisfying
1. f,g are continuous on [a, b]

2. f,g are continuous on |a,b[. Then

dc €la, b[: ( =
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3.4.6 Higher-order derivative:

Let f: I — R, be a derivable function. If its derivative f' : I — R is also derivable. We

note f& = f" = (f'), the second derivative of f. More generally, we note

JO=f fO=f fO = S = (f
the successive derivatives of f.

Definition 3.4.4. (C"-class function) Let I C R be an interval. For any integer n € N, we
define the space C"(1), as the set of functions f : I C R — R that are n-times derivable

and its n-th derivative f™ is continuous.

Example 3.4.8. Let’s calculate the n-th derivative of the function f(x) = €**.
We have

f'(z) =3e%, f"(z) =9¢e3, fO(x) =27,

We can show by recurrence that for alln € N, we have

) (z) = 3"e*.

3.4.7 Monotony criterion:

Proposition 3.4.4. Let f be a function from I into R, derivable on I, then
1. />0 on I <= f is increasing on I

2. f' <0 onl < f is decreasing on I.

Proposition 3.4.5. (Derivability and continuity) If f is derivable at xo, then f is continuous

at xo. The reciprocal is generally false.
Example 3.4.9. Let f(x) = |z|, x € R. f is continuous at 0 but not derivable at 0 because
0)=1#-1=£(0)

Theorem 3.4.4. (Hospital rule) Let f,g : I — R be two continuous functions on I,

derivable on I — {xo} and satisfying the following conditions:
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1. lim f(z) = lim g(x) = 0.
T—T0 T—rT0
2. ¢'(x) #£0, Ve € I — {xo}, then

/
lim f'(z) | — 1 @ =1
r—TQ g/<gj) z—z0 :1;')
Example 3.4.10.
lim SN xr — lim COS T —1
z—=0 I z—0 1

Remark 3.4.1. The reciprocal of the hospital rule is generally false.

Example 3.4.11. Let

1
f(z) = 2* cos -
and
glx) =z
We have
:1613%% = glgii%xcos; =0.
While

! 1 1
lim I'(z) = lim (| 2z cos — 4+ sin — | that doesn't exist.
z—0 g’(gj) z—0 T T

/
0
Remark 3.4.2. Hospital’s rule is true when v — +oo and if lim f/((xi =3 and f', ¢
T—x0 g T
satisfy the conditions of the theorem, then we can again apply the Hospital rule.

Theorem 3.4.5. (Hospital rule bis) Let f,g : I — R be two continuous functions on I,
derivable on I — {xo} and satisfying the following conditions:
1. lim f(z) = lim g(z) = +o0.
T—T0 Tr—xQ
2. ¢'(x) #0, Vo € I — {xo}, then
f(z)

/
i 20 f)
S g(@) 2 g()
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Example 3.4.12.
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3.5 Exercises

Exercice 3.5.1. Find the domain of definition of the following functions:

D) Ale) = 50 9 p)= oy 3) fie) = VE 1 (eF) 4) fila) = (Lt lnx)?

2—ex 7]

Proof 3.5.1. 1)

Dy = {xeR/ fi(z) exists}
- {xeR/z—e%;Ao}
= xER/Q#ex}

- [rer/or )
- R {mz}

2)
Dy, = {x€R/ fo(x) exists}
= {zeR/[z] #0}.
We have
Vo € [0,1[, [z] =0,
then
Dy, = R—{zeR /ze|01[}
= | —00,0[U[1,4o0].
3)

Dy, = {xe€R/ f3(x) exists}
= {zeR /2> —1>0and 1 -z #0}
= {zeR /z€]—o00,—1U[l,+oo[ and = # 1}

= | —o00,—1]U]1,4+o0l.
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4)

Dy, = {x€R/ fi(z) exists}
= {zeR/x2#0, x>0and 1 +Inz >0}
= {zeR/z>0and z>¢'}
= Je7!, oo

Exercice 3.5.2. Check the limits of the following functions:
T — sin 2z VI —+va++yr—a

1)l =lim——  2)ly= lim
z—0 1 + sin 3x r—>a 2 — a?

3) Iy =

Proof 3.5.2. 1)

T — sin 2%
im-——
z—0 T + sin 3z

20 (3 — 2

In(1 2z
l3 == lim —n< te )
T—+00 x
2x (,—2x
— i In(e** (e ** 4+ 1))
T—+00 e
2x —2z
— i In(e**) + In(e™** + 1)
T—+400 e
—  lim 2z + In(e™2* 4+ 1)
T—+400 e
In(e=2* +1
_ o4 i BT HD

T—+00 T

= 2.

lim
T—r>+00

In(1 + €**)

Xz

81
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Exercice 3.5.3. Using the definition of the limit of a function, show that :

. 3v-1 3 . m
Dig@e—1)=72) lm 527 =3 3 m o=t 4) lim g = o

Proof 3.5.3. 1) Using the definition of the limit of a function, we have

(lim(2x—1):7) < (Ve >0, F0(e) >0, Ve eR: |z —4| <d(e) = |22 — 8| < ¢).

r—4

As

|2x—8|<5<:>2|x—4|<6<:>|x—4|<§.

Then it is sufficient to take 6() = g.
2) Using the definition of the limit of a function, we have

201 2

3r—1 3
li == 3 R:
(x_lgloo w1 2) = (Vs >0, 36(¢) >0, Vo € x> d(e)

3r—1 3‘ )
— - <e€e).

As

2w +1 2

< EE—>2T >
Azt ST T T

3z —1 3‘ 5 5 — 2
<e€

o5 —2
Then it is sufficient to take () = °l

3) Using the definition of the limit of a function, we have

(lir}rn ln:c:+oo)<:>(VA>0, F0(A) >0, Ve eR: z>06A) = Inx > A).
T—+00
Inz > A<z > el

Then it is sufficient to take 6(A) = e?.

4) Using the definition of the limit of a function, we have

4
:+oo)<:>(VA>O, 30(A) >0, Ve e R : —3<x<—3+5(A):>?>A>.
T

< lim
z—=>-3 1+ 3
As

4
A= — = 3.
> T <o

T +

3
o , 4
Then it is sufficient to take §(A) = 1
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Exercice 3.5.4. Calculate, if existing, the limits

In / In(1 —
1) lim [In vz 2) lim In(l+z) -2
T—r+00 \/E z—0 $2

Proof 3.5.4. 1) We have Vo € RT

[Invz] <Invz < [Inyvz] + 1.

Then

J/

}n\/f—l < [ln\/ﬂ <Iln+z

-~

U

Inyz—1 [Inyz]  Inyzx
Vi S Ve S

1 -1 1
AS lim i =0 and lim nyT =0, then
T—-4-00 \/E T—+00 \/E

i VI
r— 400 \/E

2) We have
In(1 -

lim n(+—2x)x 0 (I.F)

z—0 X 0

Using Hospital’s rule, let

f(x)=In(1+2) -2 and g(z) = 2>

So
fl(a)=——— and g'(x) =22
14+«
Then
_ /
z—0 x2 z—0 g x) z—0 g’(x) z—0 142

Exercice 3.5.5. Let f, : R — R be the application defined, for all n € N, by:

folx)=In(1+2")+2—1

1) Show that there ezists ¢, € [0, 1] such that f,(c,) = 0.

2) Show that f, is strictly increasing on R", deduce that c, is unique.
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Proof 3.5.5. 1) f,, is a continuous function on [0,1], f,(0) = —1 <0 and f,(1) =1n2 > 0,
according to the intermediate value theorem, there exists ¢, € [0, 1] such that f,(c,) = 0.

2) calculate the derivative of f,

, nz" ! ne™ 1+ 14 2"
= 1= >0 Vzx e |0,

so fn s strictly increasing. Therefore the solution is unique.

Exercice 3.5.6. Let f : R — R be a function, such that
3 — 2

fa) =
@ i if v>1

1) Show that there exists ¢ €]0,2[ such that f(2) — f(0) = (2 —0)f'(c).

if v<1

2) Determine the possible values of c.

Proof 3.5.6. 1) firstly, we show that f is continuous on [0,2].
If x #1, f is continuous.

If x =1 we have

lim f(zx) = lim =1=f(1) and limlf(:v) = lim 1 1= f(1).

z—<1 z—<1 2 T—r>
This shows that the function is continuous at x = 1.
secondly, we show that f is derivable on |0,2[. Likewise, if x # 1, f is derivable.
If x =1 we have

_ 1 3—502 1
lim —f(a:) (1) = lim —2
I‘)<1 Tr — 1 I*)<1 Tr — 1
1 ,
— lim L 1=
$—><1 —2
and
— f(1 1_
O R
$*)>1 :L'—l 274>>1,:L'—1
1 ,
= lim —=-1=/
z—>1 —o

This shows that the function is derivable at x = 1. Then using the finite increase theorem,
there exists ¢ €]0,2[ such that f(2) — f(0) = (2 —0)f'(c).

2) We have

3

f@)=5 and f0)=}
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Consequently

f(2) = f(0)=(2-0)f'(c) = f(c) = _%
If0<c<1, then

1 1
f’(c):—§<:)—c:—§<:>c:§ is a solution.
If1 <c <2, then
, 1 11 )
f(C):—§<:>——2:—§<:>C :2<:>C::t\/§
c

1
As —V2 < 1, so —V/2 is not a solution. Therefore there are two solutions ¢ = = and ¢ = /2.

Exercice 3.5.7. Let f : [0,1] — R be a function, such that

1 1

if 0<ao<—=

f(a:): 1+z ) 2
201 + ax? if §§x§1

1) Find, if they exist, the « € R so that f is continuous.
2) Find, if they exist, the « € R so that f is derivable.

Proof 3.5.7. 1) We have

1 2
lim f(z) = lim =-
{L’—><% (E—)<% 1 + X 3
and
lim f(z) = lim (22 + ax®) =1+ 2
:E—)>% :E—><% 4
Then
. . a 2 4
f is continuous <=1+ —=—- <<= a=—-—.
4 3 3
2) A necessary condition for f to be derivable is for f to be continuous, so if there is a value
4
of a for which f is derivable, it can only be « = ——=. i.e.
1 1
f(z) = +4f 1
20— —a? if —<x<l1
3 2

1
[f0§x<§wehcwe
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and
1 4
lim f'(z) = lim ——— =
1
If§§x§1 we have
8
flx) =2~ 37
and
8 2
lim f'(z) = lim <2 - —x) =-.
CC—)>% CC—)<% 3 3
As

lim f'(z) # lim f'(z),

I‘)<§ SC*)>§

1
then f is not derivable at x = 3 Consequently, there is no a € R such that the function f

1s derivable.

Exercice 3.5.8. Let f : R — R be a function, such that

siniam) if x<0
f(z) = 1 if z=0

e’ —x if >0

1) Using Hospital’s rule, find the following limit

lim cos(x)x — sin(z)
z—0 2

2) Find a so that f is continuous on R.

3) Find b so that f is derivable on R.

Proof 3.5.8. 1) We have

lim cos(z)z — sin(x) _ 0 (I.F)

z—0 T2 0

Using Hospital’s rule, let

f(z) = cos(x)xr — sin(x) and g(x) = 2*.

So

f'(z) = —sin(x)z + cos(x) — cos(z) = —sin(x)z and ¢'(x) = 2z.
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Then
lim cos(x)x 2— sin(x) — lim f(x) — lim f'(x) _ im_sin(gv) _0
z—0 x z—0 g(x) z—0 g’(x) z—0
2) We have
.. sin(aw)
mlingo f(ZE) - JCILIEO xT ¢
and
S B br —
Then

f is continuous <= a = 1.

sin(z) S

3) Ifx <0, f(a) =

_ cos(z)x — sin(x)

f'(x) =

T2

and
cos(x)x — sin(z)
2

lim f'(z) = lim =0.

r—<0 z—<0 X

Ifr >0, f(z) =" — 2. So

f(z) = be — 1
and
. / . T br —
xliglof (x) = 27llglo(be 1)=0—-1
Then

f is derivable <—=b—-—1=0 <= b=1.

Exercice 3.5.9. In each of the following cases, say whether the application f is prolonged
by continuity at a and give the prolongation by continuity where appropriate.

1) f:[-3,6[U]6, +00[—> R defined by:

f(x):%%_i% and a = 6.

2) f:] —00,0[U]0, +oo[— R defined by:

:\/1—1—33—\/1—95

T

and a=0.

()
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Proof 3.5.9. 1) We have
vr+3-3

lim —— = 1

,m\/x+3—3\/x—|—3—|-3

z—6 r—6 z—6 r— 6 vVr+3+3
) x—6
= lim
=6 (x — 6)(v/z + 3+ 3)
1 1

lim ———— = .
=6 \/x+3+3 6

So the continuity prolongation is defined by:

vr+3-3 if ©#6
flz) = z70
2) We have

o VlI+r—1—2 VIt —V1I—azV14+ao+V1—x
lim = lim
z—0 xT z—0 €T \/1+I+\/1—ZE

I 2x

= lim
=0 z(y/14+ 2+ /1 — x)

2
lim =
=01 +zx++1—x

So the continuity prolongation is defined by:
Vit+to—+1—ua

if x#0
1 if =0

fx) =

Exercice 3.5.10. Let f : R — R be a function, such that

|z — 1
fla)=4{ =+1
2 —a if ©<0

if x>0

1) Find the value of parameter a needed for the function f to be continuous.

2) Study the derivability of the function f.

Proof 3.5.10. 1) Note that the function f can be written as

-1
z if xr>1
t*s
T) = ) <1
f(z) pori] if 0<z<
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let’s calculate the limits on the right and left at 0. We obtain

and

So

f s continuous <= —a =1 <= a=—1.

. T 2 _
Jim ) = Jim (0% ) =
. .o 1l—x

89

2) Let’s calculate the limit of the rate of variation to the right and to the left at 0 and 1. We

obtain
— 241-1
lim —f(x) 1(0) = lim rro-- + =
z—<0 x—0 z—<0 x
and ,
_ = __ 1 -9
lim M: lim =X — lim _ et
z—>0 x—0 z—>0 T z—>0 x(x + 1)

Since the limits on the right and left of the rate of variation are different, then f is not

derivable at 0.

For point 1, we have

_ 1 1—z 1
G Rl € B SIS S
r—<1 r—1 z<lxy —1 r+1
and ,
_ 1 z—21
CE*>>1 .T_l :E*)>1,CL"—1 :E*>>1]}—‘—1

Thus, f is not derivable at 1.




Integral calculus

4.1 Primitive concept

Definition 4.1.1. Let f : I — R be a function defined on an interval I of R. We call a

primitive of f on I any function F': I — R which is deriwable on I such that
Veel F'(z)= f(x).

1
Example 4.1.1. 1) A primitive on |0,+oo[ of the function f(x) = — is the function F
x
defined by
F(z)=Inx.

2) A primitive on R of the function f(x) = cosx is the function F defined by

F(z) =sinx.

90



Analysis 1 91

3) A primitive on R of the exponential function is the exponential function itself.
4) A primitive on R of the function f(x) = x" is the function F defined by
$n+1

F(I):n—i—l’ Vn € N.

4.1.1 Existence of primitives

Theorem 4.1.1. Let f : I — R be a function defined on an interval I of R. If f is

continuous on I, then f admits primitives on I.

Remark 4.1.1. In the previous theorem, the condition of continuity is sufficient for a func-
tion to admit primitives, while this condition is not necessary. For example, consider the

function

1
xcos— if x#0,
0 if =0
It is clear that F is a primitive of the function
1 . .
cos — — —sin— if z #0,
f(:c) = r x x
0 if x=0

on any interval [a,b], while f, is not continuous at the point x = 0.

Proposition 4.1.1. Let f : [ — R be a function defined on an interval I of R, admitting
a primitive F' on I. Then another function G : I — R is a primitive of f if and only if

there exists a constant k € R such that

G(z)=F(z)+k, Vx € I.

4.1.2 Classical primitives

The table below summarizes some popular primitives.
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Table 4.1: Primitives of usual functions

Function f Primitive F Interval I
k kx +C R
xoﬂrl
@ —1
ac,oc;é a+1+C 10, +o0]
- In|z|+C R*
uoz—i—l(x)
/ L@ _1 R S
u'(x) uE$),a§£ a1l +C u(z) >0
1;((;) In|u(x)| + C u(z) #0
e’ e +C R
cos T sinx + C' R
I
cos(ax +b), a #0,b e R —sin(ax +b) + C R
a
sin x —cosz + C R
1
sin(ax +b), a #0,b e R —acos(aw+b)+0 R
1
5 tanz + C x#z+k7r,k:€Z
(305i x 2
ln<x+ x2—1>—|-C' 1, +o00
172_1 vV ] [
——— k>0 ln<x+\/:c2—k2)+0 k, 400
1/952_;%2 ] [
In(z+va2+1)+C R
NeEs| ( )
- N
m,k>0 1n<x—|— :E-I—k:)JrC' R
1 1 x—k
—, k>0 —1 C R—{-1,1
2 — k2’ > 2knx+k+ { ) }

4.1.3 Indefinite integral

Definition 4.1.2. The family of all primitives of the function f : I C R — R, s called the
indefinite integral of f, let it be denoted by:

/f(a:)dx
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Furthermore, if F' is any primitive of f , we write

/f(x)dx — Flz)+C

where C' is an arbitrary constant.

Theorem 4.1.2. (Properties) Let f : I — R and g : [ — R be two functions defined on
an interval I of R. We assume that f admits on I a primitive F and that g admits on I
a primitive G. Then, for all real numbers o and 3, the function oF + SG is a primitive of

af + Bg on I and write.

/ (af(x) + Bg())da = / f(2)dz + B / g(2)dr = aF(z) + fG(z) + C

Example 4.1.2. 1)

2)
1 2 3
/ﬁdmz/x?dx:§x2.
3)
6% 1 1 / 1
/—de:—/ex (—> dx = —ev 4+ C.
x x
4)

/COSQ($)d$ = / (% + 00822@) dr = g + sinfx) +C.

4.1.4 Definite integral

Definition 4.1.3. Let a and b be two real numbers such that a < b. Let f : [a,b] — R be
a continuous function on the Segmemf la,b] of R. We call the integral of f on |a,b], or the

integral from a to b of f, denoted/ f(t)dt, the real number:

/ £t - Fla),

where F' is a primitive of f on [a,b].
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Proposition 4.1.2. (Chasles relation) Let a, b, ¢ be three real numbers such that a < ¢ <'b.

Let f :[a,b] — R be a continuous function on the segment [a,b] of R. We have:

l%@m:é?@ﬁ+[%mﬁ

Proposition 4.1.3. Let f and g be two continuous functions on a segment [a,b] of R. For

all real numbers o and (8, we have :
b b b
[ @t + sgands =a [ sde s [ gty

Example 4.1.3. let’s calculate the following integrals.

2
L = /(2—4€3z)d$
1

2 2
= / 2dx — 4/ e dx
1 1

4

= (2l — 5 [T}
4 6 3
= 2—§(e —e’).

1
1
I, = /#dw
0 T*+2x+5

1 1 2 9 5/
_/ﬁiiiilw
2 0 l’2+2£€+5

1 1
zzgpmﬁ+ax+®k
= %(ln8—1n5) =In \/g

1

(22 + 3)Va? + 3z + 4dx
1 1
(2% 4+ 3z +4)2 (2% + 3z + 4)'dx
511
[(12 + 32 +4)2
0
32 16

3 3
= —(82 —42)=—2 .
(2 2) 3 3

I
Wit S—_ S—

Wl N
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4.2 Methods of calculating integrals

4.2.1 Integration by parts

Theorem 4.2.1. Let u and v be two functions of class C* on an interval [a,b]. Then:

1) For a primitive calculation

2) For calculating a definite integral

b b
/ u(z)v'(z)de = [u(z)v(z)]” —/ o' (z)v(z)dx.
Example 4.2.1. let’s calculate the following integrals.

1)

us
2

I = / e %% cos xdz.
0

We do a first integration by parts with:

u'(x) = cosx u(z) =sinz
hence
v(r) =e v (z) = —2e*

It comes

s

- 2
I = [6_29” sinm]g + 2/ e Xsinzdr = e "+ 2J,, avec J; = / e~ gin zdz.
0 0

(ME]

We do a second integration by parts with:

w'(z) =sinz w(x) = —cosw
hence
v(r) =e V' (1) = —2e
It comes
_ [, 2= % _ 2 —2x _ .
J = [ e cosa:}o 2 e ““ceosxdr =1 —21,.
0
So
IL=eT"+2J, =" +2(1-2I),
then

1
[1 = 5(6_71— + 2)
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We do a first integration by parts with:
u'(x) =e" u(z) =e®
v(z) = 2? v'(z) = 2x
It comes

I, = z2%e® — 2/xe’”dx = 2%e® — 2J,, avec Jp = /me‘”dm.

We do a second integration by parts with:

w'(z) = e” w(x) = e”
hence
v(r)=u v'(z) =1
It comes
Jy = xe” — /e‘”dx =(x—1e"+c.
Then

I = 2%e" —2(x — 1)e" +c = (22 — 22+ 2)e" +c.

4.2.2 Change of variable

Theorem 4.2.2. Let f : [a,b] — R be a continuous function on [a,b] and
¢ o, Bl — [a, 0]

a bijective function of class C* on [a, B]. Then the composite function
t— f(o(1))¢'(t)

is integrable on [, 5], moreover

1) For a primitive calculation

[ t@ar= [ som)s

2) For calculating a definite integral

b ¢~ (b)
[ s@ae= [ s
a ¢~ (a)
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Example 4.2.2. let’s calculate the following integrals.
1)

1
T
L = —dx.
' /0 Vva?+1
Let’s consider ¢ : [0,1] — [1,2] defined by ¢(x) = x> + 1, it is of class C* and verifies
@' (z) =2x. So

b () L
11:/0 de:[ gb(x)h:\/ﬁ—l.

1
I, = / V1 — 22dx.
-1

Let’s consider ¢ : [—g, g] — [=1,1] defined by ¢(t) = sint, it is of class C* and verifies
@' (t) = cost. So

™

5 3 21 1 1
I, 2/2 \/1—8111225(:ostalt:/2 cothalt:/2 §(cos2t—|—1)dt: {Zsin2t+—t} _
3)

Wl

N |

2

INE

s s
2 2

el‘
I3 = ——dx.
’ / (e + 1)

t=e"4+1 = dt=¢€"de

1 1
L= [ —dt= [t ?dt=—-

Returning to the initial variable, we obtain

Let’s consider

This gives

4.2.3 Rational fraction integration

» Rational fractions of the form

(x —a)
If the rational function is of the form f(z) = ( ¢ ) with a,c € R, n € N*. The primitives
xr—a)”
are of the form:
c
C if 1
Fly=d @-m@—ap1 7 0 "7

clnjz —a|+C if n=1
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on each of the intervals | — 0o, a[ and |a, +o0.

Example 4.2.3. let’s calculate the following integral.

z:/@f—wdl«,

we haven =2>1 and c=a = 2. Then

2 2
—(x—2) * 2—x *
. . ar +b
» Rational fractions of the form
cxr+d

artb o bemad o abedeR
ct+d ¢ clcx+d)

If the rational function is of the form f(z) =

a # 0, ¢ # 0. The primitives are of the form:

bc — ad
F(a:):gx—l— —

In
c c?

+C,

T+ =
&

on each of the intervals | — oo, ——[ and | — —, +0o0].
c c

Example 4.2.4. let’s calculate the following integral.

I:/ bz dx,
3x+9

we have a =6, b=0,c=3 and d=9. Then

6 54 9
I=-z——hlzr+-|+C=2x—6In|zx+ 3|+ C.
3 9 3
. ) 1
» Rational fractions of the form —————
ar? +bx +c

1
If the rational function is of the form f(z) = PR — with a,b,c € R, a # 0. We
ax T+ c

distinguish three cases:
o If ax® + bz + ¢ has two distinct real roots 71 < 79, then there exist A, u € R such that:

A
L

T—1r T -1y

fz) =

and therefore

F(x) = Xn|z — |+ plnjz — | + C,
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on each of the intervals | — 0o, 1], |r1, o[ and |ry, +o00].

e If az® + bz + ¢ has a double root € R, then

and therefore

F(@:mﬂLC,

on each of the intervals | — oo, r[ and |r, +00[.

o If az? + bz + ¢ has no real root, there are two real numbers

b —(b? — 4ac)
_ 2 and g =Y\ 9
@ 2a’ and f 2a
such that:
az® 4+ bx +c = af(r + a)* + 7).
We obtain:

and therefore

F(z) = %arctan <:v —g a) +C, Vz e R.

Example 4.2.5. let’s calculate the following integral.

1
I= | ———d
/x2—|—2x—3 o

Note that the denominator has two distinct roots x1 = 1 and x9 = —3. So

1
[:/(x—l)(x—i—?))dx’

mto stimple elements, we obtain

Decomposing the fraction
posing the f (z—1)(z+3)

1 _ 14 14

(x—1)(x+3) 2—-1 z+43

]:/1_/46@_/&%
z—1 T+ 3

1 1

As a consequence,
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cr +d

» Rational fractions of the form ————
2+ pr+q

: . cr +d :
If the rational function is of the form ——————— with ¢,d,p, ¢ € R such that p? —4g < 0.
T° + pr +q

The idea is to make the derivative of the denominator appear in the numerator by writing:

ca:+d:§(2x+p)+d—%,

so that
2 1
r+p n (d cp)

S 2) 24 pr+q

and therefore

+«

1
F(z) = gln(ac2 +pxr+q) + 3 (d— %) arctan (%) +C, Vr € R,

e

ith a = =
with o 5

N3

Example 4.2.6. let’s calculate the following integral.

Note that the denominator has two distinct roots x1 = 2 and r9 = 3. So

r—1
- [

rz—1
Decomposing the fraction into simple elements, we obtain
(x —2)(x — 3)
rz—1 -1 2

(x —2)(x — 3) R R

As a consequence,

dx

-1 2
I =
/x—2dx+/x—3

=In|2—2|+2Injzx—-3|+C.
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d
» Rational fractions of the form crt
(22 + gz +p)»
d
If the rational function is of the form crt with ¢, d,p,q € R, n € N* and p? —4q <

(22 + pr + )"
0. We start by showing the derivative 2z + p of the polynomial 2 4+ px + ¢ in the numerator.

By identification, we have

cx—i—d:g(%:—}-p)—i-d—gp.

2
It comes
cr+d 52z +p) d—gp
(@ +pr+q)" (@ +pr+q” (@ +pr+q)”
Therefore,
cx+d c 2r +p c 1
dr =S nd:z;+<d——)/ _dz
/(x2+px+q) 2/(x2+px+q) ) 2P J (@ +pr+q)"
) @
, : u'(x)
The integral (D is of the form / dz, so
u™(x
ln(a:2+pa:+q)+0 if n=1,

2
@O = / E+p dr =
(2 +pr+q)" -1

(n—1) (2% +pr +q)

— +C if n#l
To calculate the integral @), first write the trinomial 2 + pz + ¢, in the canonical form, i.e.

2 _ P\? p2_ 2 2
T Aprtq=(z+3) +q-F=@+a)+5,

RN
05_27 5_ q 4

1 1
@:/<x2+px+q)”dx:/((z+a>2+52)”dx

Consequently, the integral (2) is reduced, after the change of variable = + o = ft, to integral

where

It is clear that

calculation

1
S
J /(t2+1)
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The calculation of J, is performed by integration by parts. Indeed,

1 t

RECESE

=
V() =1 v(t) =t

We’ll have

J, ! +2 / r dt
(t2 + 1) (tg + 1)n+1

t +1)-1
= ——— 42 - dt
(t24+1) n/ (t2 +1)"*

t

Consequently, we find the recurrence relation:

t
=+ (2n—1) J,.

e = @y

So the whole calculation comes down to

1
Ji :/t2+1dt:ar0tant+0.

Example 4.2.7. let’s calculate the following integral.

1
= | ——d
/(m2+1)2 “
Note that
1 2?41 x?
(22 +1)2  (2241)2 (22 +1)2
. So
r? 41 x?
I=|| ——de— | —————de =1, — L.
/(a:2+1)2 ) /(:c2+1>2 T
Where
z? +1 1
_]1:/mdx:/x2+ldx:arctanx+01
and

2

€T
I, = — dx.
2 /<x2+1>2 !
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The calculation of I is performed by integration by parts. Indeed,

RS W=
We’ll have

1 1 1 1 1
Iy =—— v —I—/ dr = v + —arctanz + Cy

222+ 1 22241 2
As a consequence,

I=arctanz + o—*— — Larctanz 4 0= 1"
= arctanx - — —arctanx = —
20241 2 222+1 2

» Rational fractions in cos and sin

Let
I = /R(Cosx,sina;) dx,

where R is a rational function in cosz and sin x.

1
+ —arctanz + C.

103

x
The integral is reduced, after the change of variable t = tan > to the integration of a rational

function. Then we find the formula,

1 —¢? 2t 2

——, sinx=-——, dr=-——dt.
14 ¢2 1+ ¢2 1+ ¢2

COSx =

Consequently, the integral I becomes

1 1—¢ 2t
I =2 R ——,—— ) dt.
/1+t2 (1+t2’1+t2)

Example 4.2.8. let’s calculate the following integral.

1
I:/—das,
cosx +1

we pose:

1 —¢?
T COS[L’:m
t:tan§ = 5
dr = ——dt
1+
This leads to
1 2 T
I:/lt2+11+t2dt:/dt:t+C:tan§+C’.

142



104 Course and corrected exercises

» Special cases:

e First case

L = /R(COSZL‘) sin x dx,

where R is a rational function in cosz. We make the change of variable
t=cosx = dt=—sinxdx
Consequently, the integral I; becomes
hz—/R@ﬁ

Example 4.2.9. let’s calculate the following integral.
_ / —sinx dr.
cost — 1

t=cosr = dt= —sinzdr,

we pose:

This leads to

I_/—sin:c dt
N t—1 —sinx
=Injt—1/+C

=In|cosz — 1|+ C.

e Second case

I, = /R(sinx) cos x dx,

where R is a rational function in sinx. We make the change of variable
t=sinzx = dt=cosxdx

Consequently, the integral I5 becomes

5:/3@@
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Example 4.2.10. let’s calculate the following integral.

]:/_C‘)de,
2sinz + 3

we pose:

t=sinx = dt=cosxdx,

This leads to

I—/ cosx dt

N 2t + 3 cosx
1

:§1n|2t+3|+0

1
= §ln|23inx+3| + C.

» Rational fractions in e*

Let
I= /R(ex) dx,

where R is a rational function in e”.

We make the change of variable

1
t=¢e" = x=Int, et da:z;dt

Consequently, the integral I becomes
R(t
I= / —i ) dt.

Example 4.2.11. let’s calculate the following integral.

e2m
I= d
/ e + 40

we pose:

1
t=¢e" = x=Int, et dx:gdt,

105
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This leads to

2
iy g

2 +4 ¢t
12

2] 2t 44
1 2t + 4

:_/ + dt_/idt
2 2t + 4 2t + 4

t

:%—21n|26“+4|+0
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4.3 Exercises

Exercice 4.3.1. FEvaluate each of the following integrals:

11:/(3<*/E+x—75+i> dz, 12:/(x+€’/5)(4—x2)dx,

6z

! 1
1, = / Qm;da:, Is = /sin <E> cos <f> dzx,
0 T*+2x+5 2 2

Proof 4.3.1. 1)

I, = /(x+%)(4—:c2)dx
= /(4x—x3+4xé—x§)dx

1 3 1
= 2x2—1x4+3x%—ﬁx?0+0.

I; = /sin?)xdx

1
= —3 cos 3z + C.

o +2
Iy = —d
! /0 214z + 3"
/1 (x2+4:c+3)’d
0

T
2 4+4x+3

[In(z? + 42 +3)], = In 5

1
2
1
2 3

b fan(3)es(E)e

107

I3 = /sin3xdx,

Ig

T

(14 cosz)dz.
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Recall the following double angle formula.

sin 2z = 2sinx cos x.
A small rewrite of this formula gives,

sinx cosx = 3 sin 2.
If we now replace all the x’s with g we get,

n(5) e (3) =59
sin{—=)cos|=)=—=sinx.
2 2 2

Then the integral becomes

1 1
I5 = /Esinxd:c: —§cosx—|—C

™

(1 + cosx)dx

&
I
m:l\.v

= [x—i—sinx]g
- T
2

Exercice 4.3.2. Using integration by parts, evaluate each of the following integrals:
I = /(31‘ + 5) cos (%) de, I, = /xQ sin(10z)dz, Iy = /335 /¥ 1da,

T

e 1 3
I :/ 2" Ilnzdr (n € N), [ :/ (2 + x)e*dz, I :/ dx.
= ( ), 15 i =), Vio1

Proof 4.3.2. 1)

I = /(Sx +5) cos (%) dz.

Let’s use the following choices:
uw(x) =3z +5 u'(z) =3

V'(x) = cos (%) v(z) = 4sin <£>
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The integral is then,

I, = 4(3z+5)sin (%) - 12/sin (%) dz

= 4(3z+5)sin (%) + 48 cos (%) +C.

I, = /xQSin(lom)dx.

Let’s use the following choices:

u(zr) = z? u'(r) =2
= 1
V'(x) = sin(10x) v(x) = ~10 cos(10z)

The integral is then,

2 1
/:c2 sin(10x)dx = —% cos(10x) + R /xcos(lO:c)d:c.
The new integral will also require integration by parts. For this second integral we will use

the following choices:

u(r) =x u'(z) =1
- 1
v'(x) = cos(10x) v(x) = M sin(10z)
So, the integral becomes,
2 1 1
L, = —% cos(10x) + R (% sin(10z) — 10 /sin(le)dw)

x? 1
— T cos(102) + =
cos(10x) + (10 100

T 1
10 =10 sin(10z) — — cos(le)dx) +C

2
1
= —f—o cos(10z) + ;—0 sin(10x) — =00 cos(10z)dx + C.

I; = /x5\/x3 + ldz.

Let’s use the following choices:
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The integral is then,

2 2
I; = §x3(x3+1)% —g/x2(x3—|—1)2da:
2 4

I, = /x”ln:r;dx.
1

Let’s use the following choices:

1

u(r) =Inx u'(z) = -
/ n - a
vl =e o) =

The integral is then,

n-+1 € e ,.n+l 1
Iy = C Iz —/ T Cda
n+1 0 1 n+lx

Let

1
Jn:/ ¥ dz.
0

Let’s use integration by parts to calculate J,. So our choices for u and v' would be the

following.
u(z) = z" v (1) = na" !
= 621’
V' (z) = e** v(x) = -5
The integral is then,
621 1 1 2z
J, = {x"—} — / na" ' ——dx
2 1, 0
o2
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First, we calculate Jy, then using the recurrence relation. So

e J e 1
J:———:— —
R R
L 2 E
2 2 4 4
Finally we note that

2

e

I5_J2+J1_E

Let’s use the following choices:

The integral is then,

Iy = [Qx(x—l)é}Z—Z/;(:p—l)?dx
= [pote= 0] -5 02);
10 8
- 373

Exercice 4.3.3. Using the change of variable, calculate the following integrals:

€ Inz 1 o2 € 1
I, = ————dz, I, = dz, I = —du,
! /1 x+xin’x 2 /0 et 41 s /1 zv/Inx + 1

4 /0' (1 o 3:2)% Z, 5 /1' ,’L’({L‘S + 1) X, 6 /Sln( .13)( COS( I)) €T

Proof 4.3.3. 1)

2

¢ 1
R
1 r+xln"z
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Let’s use the following substitution:

then

The integral is then,

t=Inx

d

= @=L o dr=édr,
T

r = e’ t=2
=

r=1 t=20

2
t
Il = tht

1 o2
]2 :/ dx
o €*+1

Let’s use the following substitution:

t=c¢e

then

The integral is then,

Iy

= dt=€e"de=tdx =

r=1 t=c¢e
=
r=0 t=1
/6 2 dt
1 t+1¢
¢t
—dt
; t+1

‘t4+1-1
/+—dt
i1

[0 %)

[t—In(t+1)];=e—In(e+1)—1+1In2.
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3)

I—/e ! dx
5 L ovInz +1

Let’s use the following substitution:

11d
t=vinz+1 = dt:%—x —  dr = 2utdt,
T
then
Tr=e t:\/§
=
r=1 t=1

The integral is then,

Let’s use the following substitution:

1

t=1—2> = dt=-2adr = dr=——dt,

2z

then

1 ; 3
T = — = —
2 — 4
z=0 t=1

The integral is then,
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Let’s use the following substitution:

1

t=2*+1 = B=t—-1 = dt=32%dr = da::ﬁdt,
x
then
T =2 t=9
=
r=1 t=2
The integral is then,
Iy = ——d
° / xt 3x2
B / t:c3
B 5/2 tt—1)
Since
111
tt—1) t—1 t’
then
1 1
I; = = —dt —dt
° 3 (/ t—1 / )
1
= 5 (Il — 13— [ ]e]3)
1
= 3 (4In2 —21In3).
6)
Is = /sin(l —)(2 — cos(1 — x))*dw.
Let’s use the following substitution:
. dt
t=2—cos(l—z) = dt=—-sin(l—2z)dr = do=-———,
sin(1 — x)

The integral is then,

—dt
I, = in(l — 2)t*————
‘ /sm( z)t sin(l — x)

1 1
= _/t4dt = —gtS +C = —5(2 —cos(1 —x))° + C.
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Exercice 4.3.4. FEvaluate each of the following integrals:

z? 27 — 1 z"+1
I = de, L= | ——=d Ii= | 5—=d
' /(a:—Z)(a:—B) R /x(x—1)2 v ’ /xz_r””’

522 — 2z +3 2¢ 4+ 1 2+ 1
L= dv, I = dv, Iy = dz.
: /(x2+1)(9c—1) O /@-1)(1-—2)2 T /x(m—l)(m2—2x+4) .

Proof 4.3.4. 1)

h= [

We can see that

x? _2®—5r+6+5x—-6 N 51 — 6
(x —2)(x—3) 22 —bx+6 B 22 —b5x +6
. . " o — 6
Using the simple element decomposition for ———, we find
x2—5x+6
5r — 6 5r — 6 a b
= —-

x2—5x—|—6:(a:—2)(x—3) r—2 x—3

where a = —4 and b =9. The integral is then,

4 9

= r—4lnjr —2|+9In|z - 3|+ C.

20 —1
Iy = | ——dx.
? /:c(a:’—l)?x

2¢ — 1
Using the simple element decomposition for <
x

(z—1)*

2z —1 _a+ b n c
vz —12 2 -1 (z—1)2

we find

where a = —1, b =1 and ¢ = 1. The integral is then,

b= /(__1 mi1+<x—11>2)dm

1
= —ln|x|+ln|$—1|——1+C’.
’I_
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7
1

xr2 —

Using the Euclidean division of 7 + 1 by 2% — 1, we obtain
7 (.2
'+ 1=(2"-1)Q + R,

where Q = 2° + 23+ x and R = x + 1. The integral is then,

1
I; = /($5+Q?3+$+—>d$
z—1

25 2t a?

= —+ — 4+ —+1 — 1|+ C.
Tt -1+
4)
2
-2
I — / 5% xr+ 3 dr
(x2+1)(x—1)
52 — 2 3

Using the simple element decomposition for ($;E+ 1)(9;—'; 1), we find

5x2 —2x + 3 a br + ¢

@+ 0@—1) 71-1 241

where a =3, b =2 and ¢ = 0. The integral is then,

3 2z
fo = /(x—1+x2+1>dx

= 3ln|z — 1] +Inj2* + 1]+ C.

5)
2¢+ 1
Is = dz.
b /(x—l)(x—2)2 *
. . . 20+ 1
Using the simple element decomposition for , we find
(0= D@27
2¢ + 1 a b c
= + +

(z—D(@—-22 -1 -2 (r—2)2

where a = 3, b= —3 and ¢ = 5. The integral is then,

3 3 5
I. = _
i /(x—l :c—2+(:c—2)2>dx

5
= 31n|a:—1|—31n|x—2|——2—|—0.
l’_
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6)

¢+ 1
Is = d
0 /x(m—l)(x2—2x+4) v

2+ 1

Using the simple element decomposition for w225 d) we find
r? 41 _a b N cx+d
v(r—1)(22—20+4) =z z—1 22-20+4
1 2 5) 7
where a = ——, b= -, c= —— and d = —=. The integral is then,
4 3 12 6

12 g4l
. = _ 4 3 12 d
0 /(x+x—1+ —2x+4) v

1 2 5 r— 4
= —Zln|x|+§ln|x—1|—ﬁ/—5dx.

x? —2r+4
x—14
Now let’s calculate the integral / 2—dx We can show that
r? —2x+4
r— 3 1 2z—-2 122 —2+2— 2
22— 2x+4 2222044 2 22—2x+4
1( 2z-2 — =
- §(x2—2x+4 —2x+4)
1 2x-2 9 1
T 222 —22+4+4 H5a2—2x+4

Then
x— U 1 9 1
" 5 dr=-Inlz? -2 4——/—d
/:z: —op =gkt — 2wl = [ e

We still have to calculate the integml/ dx. Let’s use the following substitution:

2 —2x+4
Tz —1 dx
t= = dit=-— = dr=+/3dt,
V3 V3

SO

/ 1 / L arct t+C L aret x_1+0

t = — arctan = —— arctan —— .
x2—2x+4 \/_ t2+1 V3 V3 V3
Finally

3
In |z* —2x+4]+\/——arctan +C.

1 V3

1 2 5
Iy = —-1 e —1] -
6 4n\x|+3n|x | 2
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