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Preface

This Analysis and Algebra course is intended primarily for first-year LMD Science
and Technology students, as well as first-year LMD Material Sciences and Mathematics
and Computer Science students.

It covers the official Analysis and Algebra program, namely:
> Matrices and determinants.

> Systems of linear equations.

> The integrals.

> Differential equations.

> Functions of several variables.

Each chapter re-establishes the essential bases for approaching scientific studies, and in-
troduces some new concepts, most of which will be covered during this year.

This course is covered in detail with many examples. Most of the theorems and
propositions are demonstrated.

At the end of each chapter we provide a list of exercises with their solutions.

As well as courses that I taught from 2017 to 2025 for first-year LMD Science and
Technology students within the Science and Technology Common Core Department of
the Faculty of Science and Technology.

Finally, errors may be found, please report them to the author.

The author



CHAPTER

MATRICES AND DETERMINANTS

In this chapter, (K, +,-) denotes a commutative field, in practice K = R or K = C.

1.1 Generalities on Matrices

Definition 1.1. An m X n matriz is an array of numbers with m rows and n columns.
The numbers that make up the matriz are called the elements of the matriz (or also the

coefficients). A matriz with m rows and n columns is called a matriz of order (m,n) or
of dimension m X n and can be written as

a1 @12 ... Q15 ... Qin
a1 Gz ... Q25 ... A2y
A= (aij)lgigm
1<j<n Qi1 Qg2 oo Qi .. Qg
Aml Am2 -+ Qmj .. Qg

Notation 1.

(%) The set of matrices of m rows and n columns with coefficients in K is denoted by

(%) If m = n, the matriz A is called a square matriz of order m and the set of square
matrices of order m is denoted by M,,(K).

7
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(%) A square matriz whose elements outside the diagonal are all zero (some elements of
the diagonal may also be zero) is called a diagonal matriz.

(%) For all (m,n) € (N*)2,1 < i < m,1 < j <mn, the matriz of M,,,(K) whose (ij)™"

term is 1 and all the others are zero is called an elementary matriz, we denote it by
Eij'

(%) We define the trace of the matriz A, denoted tr(A) by: tr(A) = ay.
i=1

Example 1.2.

1 The following matriz

4 5 -1 0
A=| -1 0 2 0
V2 0 5 -3
is a matriz of 3 rows and 4 columns, A € Ms4(R), and we have: a13 = —1 and
asy = \/§
2 The following matrix
4 -1 0

B=|2 -7 3
0 v/5 —6

is a square matrix of order 3, the diagonal of the matriz B is the sequence of elements
in Bold.

3 The matriz C' below is a diagonal matrix

C=1]0 -5

4 For the matriz D given by

o
Il
N
O RO

we provide its trace by

3
t?“(D):Zaii:a11+a22—|—a33:—4+5+3:4.
=1
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1.1.1 Matrices Algebra

> Equality of two matrices: Let A = (a;;) and B = (b;;) € M,,,(K), we say that
A = B if all elements of A are equal to the corresponding elements of B:

K

Example 1.3. We give

[ 22 +3 5 (-1 5
E’—< 3 2y_3>andF—<3 5).

Let us determine x and y so that the two matrices E and F' are equal.

27 +3=—1 {93:—2

E_F<:>{2y_3:5 y— 4

> Sum of two matrices: Let A = (a;;) and B = (b;;) € M, »(K). We define the
sum of A and B and we denote A + B the matrix:

A+ B = (¢;j) € Mpn(K) such that ¢;; = a;; + by, V1 <i<m,V1<j<n.

4 -1 0) (=3 -1 4\ _(1 -24
2 -3 7 0 2 —-1) {2 -16)"

> Multiplication of a matrix by a scalar: Let A = (a;;) € M,,,(K) and X € K.
The product of A with A is a matrix of the same dimension as A whose each element
is the product of A\ with the corresponding element of A:

Example 1.4.

Example 1.5. Let

A:<4 ¢ ) and \ € R, then, >\Az<

4N aA
b —1 ’

bA —A

Remark 1.6. By taking A = —1, we can define the opposite matrixz of a matriz A.
It is the matriz (—1) x A which we also denote by —A. Similarly, we define the
difference of two matrices A and B: A— B = A+ (—1) x B.

Example 1.7. Let A and B be the matrices defined by:

2 —1 0 1
A_<O _4> andB—<_5 _3>.

0

The opposite of B : —B = ( 5

_31 ) and the difference between A and B 1is

2 =2
o (22).
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Example 1.8. We are given: A = ( _11 _11 ) and B = ( 1 _53 ) '

Let X € Ms(R) such that 2X 4+ 3A = B. Determine the matriz X.

2X+3A=B < 2X=B-3A
1
= ;X::§(B——3A)

1/ -20 -1 0

= X_2<4 2)‘(2 1)'
Product of two matrices: Let A = (a;;) € M,,,,(K) and B = (bj) € M, ,(K).
(That is, the number of columns of A is equal to the number of rows of B). Then, we
define the product A x B as the matrix of dimension m x p obtained by multiplying
each row of A with each column of B. More precisely, the coefficient of the i*" row
and the j column of A x B is obtained by multiplying the i row of A with the
5" column of B.

P
C = (cix) € Mpn(K) = A x B e My, ,(K) such that C = (ci,) = Zaijbjk.
j=1

2
3 1.
3

Example 1.9. Let

10 0 1
A:(i?é)ﬁ: 23 | andc=|5 4
41 2 1

So,
Ax B — Ix1+2x24+3x4 1x0+4+2x3+3x1
o 4x14+5x24+46x4 4x0+5x3+6x1
B 17 9
- 38 21 /-
I1x1+0x4 1x2+0x5 1x3+0x6
BxA = 2x14+3x4 2x243%x5 2x34+3x%x6
4x14+1x4 4x24+1x5 4x3+1x%x6
1 2 3
= 14 19 24 |.
8 13 18
AxC — I1x0+2x5+3x2 1x1+2x4+3x1 1x24+2%x3+3x3
o 4Xx04+5Xx54+6x2 4x1+5x4+6x1 4x24+5x3+6x3

(16 12 17
— \ 37 30 41 )
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C x A is undefined because the number of columns of C' is different from the number
of rows of A.

Remark 1.10.

x If the number of columns of A is different from the number of rows of B, then the
product A x B is not defined.

x In general, when the product is well defined, we have: A X B # B x A.
x The product of square matrices of order m is always defined.

Definition 1.11. Let A be a square matriz of order m and let p be a non-zero natural
integer. We denote by AP the matriz defined by:

AP =AXAx. - - -xA.

p times the matriz A

Warning !!! The calculation of A2, for example, does not consist of squaring the elements
of A

Example 1.12. Let A = ( ;) i ) , we have:
A2 = Ax A

(12 12
—\l34)%\ 34

7 10 12 22
- (15 22>7é<32 42>‘

Properties 1.13. Let A, B and C' be three matrices. When the product is well defined,
we have:
(i) A+ B = B+ A, the commutativity of matriz addition.
(i1) (A+ B)+C = A+ (B+ (), the associativity of matriz addition.
(17i) N(A+B) =AA+AB, (A+XN)A=XA+NA, ANA)=(AN)A.
)

() Ax (B+C)=Ax B+ AxC, the left distributivity of matriz multiplication of
matrices on addition.

(v) (A+B) x C =AxC+ B xC, the right distributivity of matriz multiplication of
matrices on addition.

(vi) (Ax B) x C =Ax (B x (), associativity of matriz multiplication.
(vii) tr(A x B) =tr(B x A).
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1.1.2 Special matrices

Definition 1.14. The matriz whose elements are all zero is called a zero matriz:

00 ...0...0
00 ...0...0
A=100 .. 0 0
00 ..0..0

Definition 1.15. We call the identity matriz of order m, the square matrix whose di-
agonal terms a;; are all equal to 1 and a;; = 0 if i # j. We denote it by I, and we
write:

10 ... 0 ... 0
0 1 0O ... 0
In=190 ... 1 0
0 0 0 1
We have for all A € M,,(R), Al,, = I,,A = A.
Example 1.16.
1 00
Is=1010
0 01

Definition 1.17. We call a lower triangular matriz of order m, the square matrix
whose coefficients a;; = 0 fori < j.

Example 1.18.

6 0 00
-2 5 00
A_\/§510
7 110 ;

Definition 1.19. We call an upper triangular matrixz of order m, the square matrix
whose coefficients a;; = 0 fori > j.

-3 2 1
A= 0 V2 0 ]|.
0 0 3

Definition 1.21. Let A = (a;;) € M, ,(K). We call the transpose of A the matriz
denoted 'A in M, ,(K) defined by: "A = (aji).

Example 1.20.
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Example 1.22. Let

Definition 1.23. A square matriz A of order m is called symmetric if and only if
tA = A.

Example 1.24. Let

12 3 4
22 5 6
A=1435 4
4 6 -1 3

Definition 1.25. A square matriz A of order m is called anti-symmetric if and only if
tA=—A.

Example 1.26. Let

0 4 2
A= -4 0 =5
25 0

Definition 1.27. A square matriz A of order m is called invertible if and only if there
exists a square matriz A" of order m such that AA' = A'A = 1,,.

If A is invertible, then, A’ is unique and it is called the inverse of A, denoted A~'.

Example 1.28. Let

O~ N
e )

We have A € M3(R), therefore A~' € M3(R) i.e. it is of the following form:

a1; Qa2 Q13
-1
A = a21 A2z A23

a31 aszz 33
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We have:

1 20 a1 a1 Qi3 0 0
AAil = [3 < 011 ao1 Q92 (A93 1 0
1 01 a3; g ass 0 1

1

0

0
a1 + 2az1 a2 + 2az a1z + 2as3 1
0
0

— Q21 +a31 Qg2+ a3z Qo3 + As33
ail + 2(121 =1 a1 + 2@22 =0 as + 2&23 =0
= (i) a1 +a3 =0 (i) axp+azx=1 (idi)] ax+asg3 =0

o = O
_ o O

a1 +az  apgt+age  a; +ass
a11+a31:0 (112+CL32:0 CL1—|—CL33:1

an = % a2 = —% 13 = 3
= (i) e =3 , (1) § az = % (#i) { ags = 1_%
agy = —3 az2 = 3 ass = 3
Finally,
1 -2 =2
1
Al = 1
-1 2 1
Remark 1.29.

(1) A non-invertible square matriz is called a singular matriz.
(it) Let A be an invertible matriz. Then, A™' is also invertible and we have:

(A1 = A,

Proposition 1.30. Let A and B be two invertible matrices of the same order (size).
Then, AB is invertible and we have: (AB)™! = B71A™L

Proof: Tt is sufficient to show that (B~'A~")(AB) = I and that (AB)(B~'A™!) =1TI:
(B'AYAB)=B Y AA YB=B'IB'B'B=1,

and

(AB)(B'A™ ) = A(BB YA ' = AIA™ = AA " =11
Proposition 1.31.
> VA € M, ,(K), {(*A) = A.
> VA €K, VA e M, ,(K), {(AA) = \(*A).
> VA, B € M,,,(K), (A+B)=' A+'B
> VA € M, ,(K), VB € M, ,(K), *(AB) =" B'A.
> VA € M,,(K) invertible, '(A™') = (*A)~L.
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1.2 Determinants

Let A = (a;j) € M,,,(K), the determinant of A is an element of K, that caracterises some

properties of A. it is denoted det(A) or |A|.

How to calculate |A|?

o Determinant of order 2: Let A = [ “1 412 ) ¢ M,(K), then,
Q21 Q22
11 A12
Al = = a11G93 — A1209].
|A| o1 o 11022 12021
Example 1.32.
1

A

[

e Determinant of order 3: Let A = (

3

a1
21
a31

_52>:>|A|:(1><5)—(—2><3):11.

a13
23
33

a12
A22
as2

) € M;(K), then,

> First method: Development according the first row:

aﬁ @12 af3 Q22 A23 Q21 A23 Q21 A22
|Al =] as1 asn ass | =an — G712 + a3
a3z Q33 a31  as3 a31 a3z
a31 Q32 as3
> Second method: Development according to the first column:
aﬁ di2 i Q22 A2 Q12 a1 Q12 a1
|A| =] ay ase a | =an S —ay S +az °
¥ 32 a3z 32 A33 Q22 A23
3y dz2 (33
2 1 4
Example 1.33. Let A=| 3 0 5 | € M3(R), then,
1 7 6
2t 17 4t
det(A) = 3 0 5 :2’g2‘—1’?2'+4‘?2|
1 7 6
= 2[(0)(6) — (5)(7)] = [(3)(6) — (5)(1)] +4[(3)(7) — (0)(1)] = 1.
Or
2T 1 4
_ 0 5 1 4 1 4
det(A) = i)+ g 2 _2‘76‘—3‘76’4—1‘0 5|
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Remark 1.34. It is preferable to calculate the determinant following the row
or column that contains many zeros.

Sarrus method: here is the formula for the determinant:
det(A) = (11022033 + Q12023031 + Q13021032 — A31022013 — A32023011 — A33021012.

There is an easy way to remember this formula: copy the first two columns to
the right of the matrix (gray columns), then add the products of three terms
by grouping them according to the direction of the descending diagonal, and
then subtract the products of three terms grouped according to the direction
of the ascending diagonal.

Example 1.35.

2 1 4 21 4 2 1
A=13 0 5 | € M3(R), then, 30530
1 76 176 17

det(A) = (2)(0)(6)+(1)(5)(1) +(4)(3)(7) = (1)(0)(4) = (7)(5)(2) = (6)(3)(1) = 1.

Warning !!! This method does not apply to matrices larger than 3. We will
see other methods that apply to square matrices of all sizes and therefore also
to 3 X 3 matrices.

o General case: we denote by A;; the matrix of order (n — 1) deduced from A by
removing the i row and the j** column. We call the determinant of A developed
according to the i*" row the scalar:

d€t<A> = (—1)i+1ai1det(Ai1) + (—1)i+2ai2det(Ai2) 4+ 4+ (—1)Z+”amdet(Am)

= Z (—1)7’+ka2kdet(Azk)
k=1

We designate by the determinant of A developed according to the j* column the
scalar:

det(A) = (—1)1+ja1jdet(A1j) + (—1)2+j(12jd6t(142j> + -+ (—1)"+jamdet(Anj)

N Zi:(—l)k“akjdet(/lkf)-

k=1

Properties 1.36.

1/ det(I,,) = 1.

2/ Ya e K,VA € M,,(K) : det(aA) = a™det(A).
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3/ YA, B € M,,,(K) : det(AB) = det(A)det(B).

1
det(A)

4/ A is invertible <= det(A) # 0 and det(A™!) =

5/ VA € M, (K) : det(*A) = det(A).
6/ det(A) =0 if A has two equal columns (rows).

7/ det(A) = 0 if one of the columns (rows) of A is a linear combination of several other
columns (rows).

8/ The value of the determinant of A does not change if we add to a column (row) a
linear combination of other columns (rows).

9/ A determinant is zero if one of its columns (rows) is zero.

Example 1.37.

2 4 2
(1) |3 4 6|=0 because Ly = Ls.
2 4 2
2 4 2
(1) | =3 13 =3 | =0 because C; = Cs.
5 =24 5
1 2 3
(16i) |0 4 5| =0 because Ls= 2Ly (Linear combination).
2 46

Definition 1.38. Let A = (a;;) € M,,(K). We call the cofactor of the place (i,j) in A
and we denote by c;; the number

ci; = (—1)"det(A;;),

where A;; is the matriz of order (m — 1) deduced from A by removing the i*" row and the

Gt column.

Definition 1.39. Let A = (a;;) € M,,(K). We call comatrix of A the square matriz of
order m defined by:

Ci1 .- Cm1

Cmi -+ Cmm

Where c;; is the cofactor of the place (i,7) in A.
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Theorem 1.40. Let A = (a;;) € M,,(K) be invertible, then,

L1

= det(A) ‘lcom(A)].

Example 1.41. Let the matriz A of M3(R) defined by:

1 2 0
A= 3 1 2 |.
0 -1 0

Calculate A~ if it exists.

1 2 0
Al=[3 1 2|=2#0, then, A ewists.
0 -1 0
NI EE SN
-1 0 00 0 -1
2 0 =3
com(A) = —_218 +(1)8 —é_ol =10 0 1 |[.
4 -2 =5
2o Jro ]2
1 2 3 2 31

Finally,

1

1 2 0 4
A :det(A) [com(A)]2(03 (1) g)

1.3 Matrices associated with a linear map

1.3.1 Linear maps

Definition 1.42. Let E and F be two vector spaces in K and f : E — F is a map. We
say that f is a linear map if and only if

> V(z,y) € B2, f(z+y) = f(z) + f(y),
> VaeK Ve € E, flax) = af(z).
This is equivalent to saying:
Vo, 8 € K,V(z,y) € B, flaz + By) = af(x) + Bf(y).

We denote by L(E, F) the set of linear maps from E to F.
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Example 1.43.

o The map f: R — R defined by: f(x) = x + 4 is not linear because
fla+y)=o+y+4+# fla)+ fly) =a+ay+8
e The map from g : R? — R defined by:

9(x,y) = |z —y|

is not linear because g(X +Y) # g(X) + g(Y), where X = (z,y) and Y = (2, /)
in R2.

e The map h : R* — R? defined by:
Mz, y, 2) = (x —y,y + 22)
s a linear map because:
> Y(z,y,2),(2,y,2") € R3, we have:

hl(z,y,2) + (2" y,2)] = hlz+2'y+y,2z+7)
(x+2 —y—v,y+y +22+27)
(x —y,y+22)+ (& — o,y +22)
= h(z,y,z)+ h(a,y,2).

> Va € R, we have:

hla(z,y,2)] = haz, ay, az)
= (az — ay, oy + 2az)
= CY(Z'—y,y—l—QZ)
ah(z,y, 2).
o The map k : R? — R* defined by:

k(z,y) = (x — 2y, 22,9,y — x)
s a linear map because:
> Y(z,y), (',y) € R?, we have:
Kl(z,y) + (9] = kl@+2',y+y)
= (@+a' —2y—2y 20+ 20",y +y,y+y —x—2)

= (v —2y,2x,y,y —x)+ (&' — 2y, 22", ¢,y — ')
= k(x,y) + k(:c’,y’).
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> Va € R, we have:

kla(z,y)] = k(az,ay)

= (axr —2ay,2azx, ay, oy — ax)

= alr —2y,2z,y,y — x)
= ak(z,y).

o The map from R? to R? defined by: p(z,y,2) = (v +2y — 42,20+ 3y + 2) is a
linear map because:

> o((z,y,2)+ (2, ¢, 7)) =z + 2" y+ v, 2+ 2)

(z+2)+2u+y) —4(z+2)20x+2)+ 3y +y) + (2 + 7))
((x+2y_4z)+(x’+2y’—4z’) (22 +3y+2)+ (22" +3y" + 2'))
(r+2y —42) + (2 + 2y — 42), (22 + 3y + 2) + (22" + 3y’ + 7))

((x+2y — 42),(2x+3y+z)) (2" + 2y — 42"), (22" + 3y + 2))
= ox,y,2) + o'y, 7).

> (A, y,2)) = p(Az, Ay, A2)

(Ax + 2X\y — 4z, 2z + 3y + \2)
= (Mz+2y—42), 2z +3y+ 2))
= Mz +2y—42), 2z + 3y + 2))
= Ap(z,y, 2).

Remark 1.44.
x If f is a linear map, then, f(0p) = Op.
x If E=F, the linear map f: E — F' is called endomorphism.
x If f is bijective and linear from E to F, it is called isomorphism.
x If f is a bijective endomorphism then it is an automorphism.

We can write any linear map f : R™ — R" as follows:

T 111 + a19T9 + ...+ a1y
f ) a1 + 29T 9 + ...+ A2, Ty
+ 4+ 4+

T Am121 + Q2% + ... + Apnn
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1.3.2 The associated matrix

The matrix associated with the map f is:

ayjp a2 ... Qin
91 929 ce Qo
A=
Am1 Am2 ... Omn
We remark that:
X1 apy a2 ... Qin X1
f X2 A21 Q22 ... Q2n X2
T, am1 Am2 ... Qmp Tp
Example 1.45.
f: R — RS
T 2z + 3y + 22
r — fly |= r—y+4z
z Tr — 3z

The matriz associated with the map f is:

2 3 2
A=11 -1 4
7 0 =3

1.4 Linear maps associated with a matrix

Let
ai a192 N Q1n
a1 Q22 ... A2y . .
A= , , ) ] a given matrix.
Am1 Am2 ... Omn

The linear map associated with the matrix A defined by:

T a;; a2 ... Qaip T
X2 a21 Q22 ... Q2n X2

Tn Am1 Am2 ... Amp T,
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Example 1.46.

2 3 2
A=|1 -1 4
7 0 =3
The linear map associated with the matriz A is:
T 2 3 2 T 2 + 3y + 22
flyl=11 -1 4 y | = T —y+4z
z 7 0 =3 z Tr — 3z

1.5 Change of bases, Passage matrix

Definition 1.47. A family of vectors {x;}1<i<n of a K-vector space (E,+,-) is free or
linearly independent if for all oy, s, - -, a, € K,

o1+ s+ -+ o, =0p = a1 =ay=---=q, =0.

Example 1.48. In R? the vectors x1 = (0,1,3), 25 = (2,0, —1) and x3 = (2,0,1) are free
because:
20[2 + 3 = 0
Vay,as, a3 € R,agry + asxg +agr3 =0 — a; =0
30&1 — oo+ oz = 0
= a1 =y =a3=0.

Definition 1.49. A family of vectors {z;}1<i<n of a K-vector space (E,+,-) is linked or
linearly dependent if it exists oy, ao, - - -, a,, € K not all zero such that

a1xy + age + - - -+ apx, = 0p.

Example 1.50. In E = Ry[z| (the vector space of polynomial functions of degree less
than or equal to 2 and with real coefficients), the functions f1, f2, f3 defined for all xz € R
by:

fl(ZL’):l’2+1, fQ(ZE):Iz—l, f3(x):x2

are linked. Indeed, let o, s, a3 € R such that

+an+az =0,
041f1+042f2+@3f3=0:>{ al_a2 _043
(051 042—0

hence ay = ap = —%, therefore there are an infinity of solutions <—C;3, —Og’,ag) with
ag arbitrary real for example, (1,1, —2).

Definition 1.51. A family of vectors {x1,xa,- -, x,} of K-vector space (E,+,-) is called
a generating set of I or generates E if every element x of E is a linear combination
of (x1,ma,- -+, ,) i.e.,

VrexeE da,as, - a, € K such that x = ayxy + aoxs + - - - + apxy,.
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Example 1.52. In R? the two vectors z; = (2,3) and x5 = (—1,5) is a generating family
because: ¥V (x,y) € R? 3 oy, as € R such that:
(x,y) = a121 + asxs
(11(2, 3) + 062<—1, 5)
= (20(1 — Q9, 30&1 + 5@2)

T =201 — Qo
{y:3a1+5a2
_dxr+ty
13

03]

3+ 2y

a2 13

therefore (a1, o) ewists for all (z,y) € R

Definition 1.53. A family of vectors {x1,xa, -, x,} of K-vector space (E,+,-) is a basis
of E if it is both free and generating set.

Example 1.54. By = {(1,0,0),(0,1,0),(0,0,1)} is a basis of R3. Indeed,
(1) By is free because:

a(1,0,0) 4 5(0,1,0) +~(0,0,1) = (0,0,0)

(i1) By is generating set of R® because:
V(z,y,2) € R (z,y,2) = (1,0,0) + y(0,1,0) + 2(0,0,1).

Definition 1.55. Let By, By be two bases of E. We call the passage matrix from By to
By the matriz of M, (K) whose columns are formed from the components of the vectors of
By expressed in the base By, we denote it Pass(By, By), i.e., if By = {e1,ea, -+, e,} and
By ={e}, ey, -+ e}, then,

/
e = aner +axner+ -+ apiéy,

/
€y = Q12€ + a92€9 + -+ An2€n,

/
€, — Qp€1 + asgpes + - - -+ ApnCn,

and
ai;lr a1 ... Qa1

o1 A2 ... Ap3

Pass(By, By) =

Ap1 Ap2 ... Q(Qpp
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Example 1.56. Let E = R3,

Bl = {61 = (1, 1,0),62 = (O, 1, 1),63 = (1, 1, 1)},
By = {e/=(2,1,0),¢,=(0,2,1),¢, = (1,1,1)}

be two bases of R (to be checked).

Determine the passage matriz from By to Bs, we have:

el = anier + agiex + agies el =e —extes
6/2 = Q19€1 + A99€9 + a3z9€3 — 6/2 =e; + 262 — €3
eg = a13€1 + ag3€s + aszes eg = €3
Then,
1 1 0
Pass(B1,By)=| -1 2 0
1 -1 1

Properties 1.57. Let By, By, By be three bases of E, then,
1 Pass(By, Bs) = Pass(B1, By) X Pass(Bs, B3).
2 Pass(By, By) = 1,, (identity matriz).

3 P = Pass(By, By) is invertible and P~ = Pass(Bs, By).

1 2 0
A_<3 -1 4)'

Calculate A*; AYA, AAY tr(A'A) and tr(AAY).

Exercise 1. Let

Solution:
1 3
A:(zl)) _21 2>,then,tA: 2 -1
0 4
10 -1 12 5
AA=| -1 5 —4 |, AAt:<1 26)’
12 —4 16
3
tr(AtA):Zaii:10+5+16:31
i=1
and

2
tr(AA") = a; =5+ 26 = 31.

=1
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Exercise 2. Let A and B be two matrices such that

1 0 1 0 0 -3
A= -11 1 |, B=[|3 0o -3].
1 1 -1 -3 -3 6

We set M = 3A + B.
1) Calculate M?,|M?|,tr(M?), f(M) such that f(x) = 2* + 2x — 15.

2) Deduce that M is invertible and calculate its inverse M~*.

Solution:
1 0 1 0 0 -3
M=3A+2B = 3| -1 1 1 + 3 0 -3
1 1 -1 -3 -3 6
300
= 0 3 0 | =3I.
0 0 3

1) M? =9I, |M?| = 729, tr(M?) = 27, f(M) = M2+2M — 1513 = 9I;+61;— 1515 = 0.
2) We have:

M? +2M — 1513 =0 = M(M + 2I3) = 1513

M + 21
M <+3> = I,
15

therefore M is invertible and its inverse

1 1
M= (M +2I3) = ~I.
15( + 213) 318

Exercise 3. Let A and B be two matrices such that:

3 1
20 = 5 0 -1
4 4
16
a=| L2 g1 5
4 3 4
, L1 0o g
3 2 3

1
We setC’:A+ZB.

1) Calculate C*,C3,C", S =C+ C?*+ C?+-- -+ C",|C?| and f(C) such that f(x) =
3+ x? — 12
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2) Deduce that M is invertible and calculate its inverse is C~.

Solution:
3ot 5 0 -1
4 4
1 12 1| 1|y 16
C=A+-B = e
4 4 3 4 4 3
, L1 o % 6
3 2 3
2.0 0
00 2

1) C? = 413,03 = 815,C™ = 2" I3,
S is a sum of the terms of a geometric sequence with general term U,, = 2", the first
term is U; = 1 and the reason is ¢ = 2, then,

S = C+C*+C%+---+C"
= 2+4+8+---+2],
2(2" — 1)1,
|C?| =64 and f(C) = C3+ C? — 1213 = 813 + 413 — 1213 = 0.
2) We have:

C3+C?—123=0 = C(C*+C)=12I

C?+C
o(C50) -

1
Therfore C is invertible and its inverse is C~! = 5

Exercise 4. Let A, B and C be three matrices such that:

1
(02 + C) — 5[3

-1 1 1 =2 1111 000 1
1 -1 -2 1 1111 0010
A=117 5 1 1 | B=11111]| C=10910 0
2 1 1 -1 1111 1000

1) Calculate C* and deduce C~*.
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2) Show that AC = CA (The commutativity of matriz product).
3) Calculate B* and check that B = A + 21, + 3C.

4) Determine o and 3 such that A* + o AC + BI; = 0. (I, is an identity matriz of
order 4).

5) Deduce that A is invertible and calculate its inverse.

Solution:

1) Calculate C? and deduce C~!:

0001 000 1
) oo 1o 0010
C=C0xC = 1719 g 0100
1000 1000
100 0
010 0
- 0010_14'
0001

we have: C' x C~! = I, then, by identification, we obtain, C~! = C.

2) Show that AC' = C'A: We have:

1 1 1 =2 0001
1 -1 -2 1 0010
A0 = 1 -2 -1 1 0100
2 1 1 -1 1000
2 1 1 -1
B 1 -2 -1 1
- 1 -1 -2 1
1 1 1 =2
et
000 1 -1 1 1 =2
0010 1 -1 -2 1
CA=10100 1 -2 -1 1
1000 2 1 1 -1
2 1 1 -1
B 1 -2 -1 1
- 1 -1 -2 1
1 1 1 =2

Then, the product is commutative.
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3) Calculate B? and check that B = A + 2I, + 3C"

1 111 1 111
) ot 111
BP=BxB =1 9111111
1 111 1111
4 4 4 4
4444
o 4 4 4 4
4 4 4 4
We have:
-1 1 1 -2 1 0 00 00 01
1 -1 -2 1 01 00 0010
A+20,+3C = 1 —9 1 1 + 2 0010 +3 010 0
-2 1 1 -1 00 01 1 0 00
1 111
1 111
Sl |TF
1 111
4) Determine a and 3 such that A% + aAC + 81, = 0:
A2+ aAC+ B, =0
7 -6 —6 6 20 a a —« 6 0 0 O
<:>—676—6+04—20z—aa+0500
-6 6 7 —6 a —a 20 « 0 0 B8 0
6 -5 —6 7 - a a 2« 0 0 0 p
00 00
o000
10000
00 0O
T-2a+p -6+« —6+ o 6 — o 0000
PN —6+a T—-2a+p 6 — o —6+« 0000
—6+a 6-a T7-2a+8 —6-+a 0000 ]|
6—« —6+ —6+a T—-2a+p 0000
by identification, we obtain,
7T—2a+5=0 PN a=06
6—a=0 B=5
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5) Deduce that A is invertible and calculate its inverse: We have:

A+6C

A2+6AC+5I4:0<:>A(A+6(J):—514<:>A(—

therefore A is invertible and its inverse is

-1 1 1 4
—1 —1 1 -1 4 1

-1 _ _ -+ _ -
AT = E (A+6C) g 1 4 -1 1
4 1 1 -1

Exercise 5. For all number real 0, we set:
cosf) —sinf
Ap = ( sinf cosf ) :
1. Check that Ay is invertible and calculate its inverse.

2. Determine the values of 0 so that:

;t?“(Ag) = det(Ay).

cosf) —sind
Ae_(sin@ cos 6 )

1. Check that Ay is invertible and calculate its inverse:

Solution:

cosf) —sind
sinff cosf

We have: det(A4y) =

|:cos26+sin29:1.

Since det(Ap) =1 # 0, then, Ay is invertible. Its inverse is given by:

):-[47

1
-1 ¢
A@ - det(A) [com(A)]
with
cos —sinf cosf sinf
com(Ag) = ( sinf cosd ) = [com(Ag)]t - ( —sinf@ cosf ) '
Finally,

—sinf@ cosf

A9_1:< cos 81118)'

2. Determine the values of 6:

1 1
5tr(A9> =det(4y) <— 52 cosf =1

< cosf =1
— 0= 2km, ke Z.
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SYSTEMS OF LINEAR EQUATIONS

2.1 General

Definition 2.1. A system of linear equations with m equations and n unknowns is a
system of the form:
a1121 + ajore + ...+ ATy = b1
A91X1 + G29%2 + ... + QonT :bg
o (2.1)
Am1T1 + Q2o + ...+ Ty = bm
where the coefficients a;; and b; are given and the z; are unknowns in R or C.

The system (2.1) can be written in matrix form:

AX =B
where
ayj; a2 ... Qin Iy by
T I G I I R s
am1 Am2  --. Gmp Tn bm
Example 2.2.
20 + 3y + 22 =10 2 3 2 x 10
r—y+4z=-5 = |1 -1 4 y =] -5
Txr—3z=11 7 0 =3 z 11
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2 3 2 T 10
A=111 -1 4 , X=|y |, B=]| -5 ].
7 0 =3 z 11

2.1.1 Rank of a system of linear equations

Where

Definition 2.3. Let A € M, ,(K). We call the rank of A the mazimum number of column
vectors of A that are linearly independent and we have: rg(A) < min(m,n).

Definition 2.4. The rank of a matriz A is the order of the highest non-zero determinant
extracted from A.

Definition 2.5. The rank of the linear system (S) is the rank of its associated matriz A,
we have:

rg(S) = rg(A) =rg(f).

Example 2.6.
3 1 2 3
5 -1 -3 4
A=12 4 9 3|
1 -2 -1 4

we find: |A| = 0, therefore A is of rank r < 4. Among the matrices of order 3 extracted
from A, we find:

31 2
Ai=|5 -1 =3 |,
2 4 9

with determinant equal 2. It follows that rg(A) = 3.

1 5
B=|1 9 |,
2 4

the four determinants of order 3 are zero, on the other hand the determinant of order 2
extracted from B, we find:
11
Bl - ( 1 2 > Y

is not zero, it follows that rg(B) = 2.

Example 2.7.

W N~
co ot W
—_
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2.2 Study of the set of solutions

Let the system (2.1) that we assume to be of rank r be written in such a way that the
determinant A of the coefficients of the first » unknowns and first r equations is non-zero.

Characteristic determinant: We call the characteristic determinant of (2.1) the
determinant of the form:

ap; - ay b
Dy=1| * k=r+1,r+2---,m.
) ) b )
Apr1 -0 Apy br
a1 - Qg by

> If r = m = n, the system (2.1) admits only one solution.
> If r < m < n, the system (2.1) is indeterminate with (n — r) parameters.

> If r < m and if at least one of the characteristic determinants of (2.1) is non-zero,
(2.1) has no solution.

> If r < m and if the characteristic determinants of (2.1) are zero, (2.1) reduces to
the r equations and is solved as in the second case.

Example 2.8.
r+y+2z2=-2 11 2 - —2
r+2y+3z2=a — 1 2 3 - a
3z + 5y + 82 = 2 35 8 ‘Z | 2
bxr+9y+ 142 =0 3 9 14 b
— AX =B.
The four determinants of order 3 are zero, but the determinant of order 2 extracted 1 ; ‘
is not zero, A is of rank 2.
The characteristic determinants:
1 1 =2 11 2
Di=|1 2 a |=—-2a+4 and Dy=11 2 a|=—4a+b+2.
3 5 2 59 b

o If Dy #0 or Dy # 0, then, this system has no solution.
o [f Dy = Dy =0, then, this indeterminate system has a parameter z:

{x:—Sz—G z € R.

y=z+4



2.3. METHODS FOR SOLVING A LINEAR SYSTEM 33

2.3 Methods for solving a linear system

2.3.1 Solving by Cramer’s method

Let (S) be a square linear system, i.e., its matrix A is square, with the matrix inter-
pretation AX = B. If the matrix A is invertible, we can solve this system using Cramer’s
method.

We will denote A; the matrix A of coefficients in which we have replaced the i column
by the matrix B.

Solving the system using Cramer’s method gives

~ det(A)’

T; 1=1,---,n.

Example 2.9.

This will give us

and
4 -1 3 4
-2 2 -5 =2
3 -1 3 -1
-5 2 -5 2
x 6 . . . .
Then, X = ( y ) = ( 14 > is a unique solution of this system.

Example 2.10.

20 +3y—2=5 2 3 -1 x )
dr+4y—3z2=3 <= 4 4 =3 y |=13|.
—2x+3y—z=1 -2 3 -1 z 1

This will give us

5 3 —1 2 5 -1 2 35
A= 3 4 =3 |, Ay = 4 3 =3 |, Az = 4 4 3
1 3 —1 -2 1 -1 -2 31
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and
5 3 —1 2 5 -1 2 35
3 4 =3 4 3 =3 4 4 3
1 3 -1 -2 1 -1 -2 31
Tr = = 1’ y —= = 2’ z = = 3
2 3 -1 2 3 -1 2 3 -1
4 4 =3 4 4 =3 4 4 =3
-2 3 -1 -2 3 -1 -2 3 -1

T 1
Then, X = ( Y ) = ( 2 ) is a unique solution of this system.
z 3

2.3.2 Solving by the inverse matrix method

Let (S) be a square linear system, with the matrix interpretation: AX = B. If the
matrix A is invertible, we can solve this system by the inverse matrix method as follows:

AX =B<+<= X =A"'B.

Example 2.11.
dr—y=4 — 3 -1 T\ 4
—bx + 2y = —2 -5 2 y )]\ =2/

|A| =1# 0 <= A is invertible.

We have:

We can calculate A=' as follows:

com(A) = < L ) s [com(A)] = ( - )

This will give us

Then,

Example 2.12.

20 +3y — 2 =95 2 3 -1 T )
dr+4y—3z2=3 <— 4 4 -3 y|=13/|.
—2r4+3y—z=1 -2 3 -1 z 1

|A| =20 #0, then, A™' exists.
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We can calculate A~' as follows:

" 4 =30 |4 =3 n 4 4
3 —1 -2 -1 -2 3
5 10 20
com(A) = | — g j + _22 j —~ _22 g = 0 -4 -12
-5 2 —4
n 3 —1 2 -1 n 2 3
4 -3 4 -3 4 4
Finally,
1 1 5 0 =5
A7l = eom(A)]=—1| 10 -4 2
det(A) 20\ o9 _19 _4
Then,
x 1 5 0 =5 5 1
X=A"'"B=|y =5 10 —4 2 3= 2
z 20 —12 —4 1 3

2.3.3 Solving by the Gauss elimination method

The principle of this method is to transform the system:

a1101 + Q12%2 + ... + a1 T, = by

a91T1 + 929 4+ ...+ Aoy = b2
(2.2)

An1X1 + Ao + ... + QppTy, = by,
to a system:
1101 + a9 + ... + ATy = b1
Aoy + ... + ab,x, = bl

&/nn'l.n = b;’L
Application of the Gauss method: To simplify the calculation, we set n = 3, then,
the system (4.11) becomes:

1121 + a12T9 + 1373 = bl — El
(2171 + Q922 + G23T3 = b2 — EQ
a3171 + az2To + azzry = by — k3

Step 1: Eliminate x; in Fy and FEj

El - El
! =b E}
- aglE 1171 + A12%2 + Q1373 = 01 — L4
o — L — — 1L ! / o/ 1
/ / _ 1

a1
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Step 2: Eliminate x5 in E}

E2 — El 2
Eé . Ell 1121 + Q122 + 1373 = b1 — El
272 — ahoTy + ahaxs = b, — FE?
aéQ 1 2242 2343 = U9 2

2 _ 1 " o 2
B3 =E; — —=E, azsrs = by > B

22

//
b3

"
Q33

Then, we obtain the solution, starting by x3 = o and xy.

Remark 2.13. The Gauss method is applicable in the case where af, # 0, Vk < n.

Example 2.14.
2v+3y—z2=5 — E
e +4y —32=3 — Ey
—2x+3y—z2=1 — FEj

Step 1: Eliminate x in Ey and Es

B =B 2 + 3 5 B!
1 a9 o X Yy —z= — 1
EQ_EQ_aTlEl_EQ_QEl — —2y—2z=-7 — Ej
Engg_@E1:E3+E1 6y —22=6 — Ej

a1

Step 2: Eliminate y in E}

2 _ 1
512:511 20 +3y—z2=5 — E?
2 — 2y —z=-7 — E?
E? =FE}— -2FE, = E} + 3E, —52=-15 — E?

Q99

15
Then, E2? gives z = 5= 3, B3 gives y =2 and E? gives v = 1.

T 1
Finally, X = vy | = | 2 | is a unique solution of this system.
z 3

2.4 Discussion of a system of linear equations

In some cases, the coefficients of the unknowns of the system depend on parameters. The
solutions of the system will therefore obviously also depend on these laters. For certain
particular values of the parameters, the system may even be impossible or indeterminate
(The system will has fewer equations than unknowns).

To discuss a parametric system is to seek the set of solutions based on the values of
the parameters.
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Example 2.15. Solve and discuss the system of unknowns x1,xs and x3 as a function of
parameter m.
1+ mxy + T3 =2m
mxy; + xo+ 23 =0 (2.3)
Ty +mzy+ (m+ 1D)zg =m

The matriz interpretation of this system is given by:

Ty + mre + T3 = 2m 1 m 1 T 2m

mxri+xo+x3=0 <= m 1 1 Ty | = 0

r1 +mxe + (m+ 1)z =m 1 m m+1 T3 m
<~— AX = B.

Let us first calculate the determinant of the matriz A of the coefficients of the unknowns

(check).

1 m 1
[Al=|m 1 1 =m(1 —m?).
1 m m+1
This determinant has three roots: m = —1,m =0 and m = 1.

We know that det(A) is the denominator in Cramer’s formulas. Therefore, it will be
necessary to distinguish the case where |A| # 0 and the case where |A| = 0.

e First case: |A| #0 i.e., m# —1,m #0 and m # 1.

In this case, the system admits a unique solution given by the Cramer’s formulas.

2m m 1
0 1 1
o lm o om m+1| mm+1) m+1 1
o= IA] Tm-m?3) A-m(1+m) 1-m
1 2m 1
m 0 1
1 m om+1 _m(—2m2—m—|—1)_m(_2)(m+1)(m_%)
= IA] T m(l—m?) m—m)(1+m)
_ m(—2m+1)
B 1—m
1 m 2m
m 1 0
1 m m m(m?—1)  (m—1)(m+1)
T3 = = = = —1.

|A] m(l—m?) (1 —m)(1+m)

This system admits the set of solutions:

== =)
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e Second case: |A| =0ie,m=—-1,m=0 and m=1.

v If m = —1. The system (2.3) is written in the form:

.’L’1—$2+l’3:—2
—ZL’1+$2+IL’3:O
Il—ZEQ:—]_.

> If we subtract the second equation from the first, we obtain an equation
equivalent to the third.

> If we add the first two equations member by member, we find x3 = —1.

Therefore, the system (2.3) reduces to:

{ T, — X9 = —1
r3 = —1.
It is simply indeterminate and admits as a set of solutions:
S={(\A+1,-1), XeR}.
v If m = 0. The system (2.3) is written in the form:

ZB1+$3:0
l’2+$3:0
r1+ x3 =0.

Therefore, it comes down to:

{ r1+23=0
To + 23 = 0.
It is simply indeterminate and admits as a set of solutions:
S={(\A =), NeER}.
v Ifm=1. The system (2.3) is written in the form:

J]1+[E2+J]3:2
£E1—|—£C2—|—ZL'3:O
$1+$2+2$3:1.

The first two equations being incompatible, the system is impossible, S = ().
Exercise 1. For all a € R, we consider the following system of linear equations:

oar + 2z =2
y+z=3
y+22=95
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1. Write this system in matrixz form.
2. Show that this system has a unique solution.

3. Let o = 1. Solve this system by three methods (Cramer, Gauss and the inverse
matriz).

Solution:

1. Write the system in matrix form:

ar+z =2 a 0 1 T 2
y+z=3 = 0 11 y | =13
y+22=5 01 2 z 5

~— A-X =B5B.

2. Show that this system has a unique solution:

det(A) =

o o0
]

1
l1=a2-1)4(0) =a.
2

This system admits a unique solution if and only if det(A) # 0, i.e.,
det(A) #0=a #0=a € R".

3. For a =1, solve this system:
T+ z=2 1 01
y+z2=3 <~ 011
y+22=05 01 2
— A-X=B.

> Cramer’s method: Let

2 01 1 21 1 0 2
Ai=13 11|, Ay=10 3 1 and Az3=1]0 1 3 |.
5 1 2 0 5 2 0 15
Then,
| Ay |As| |As]
r=-—=0, y=——=1 and z=-—=2.
|4 A A
Finally, the solution is given by:
x 0
X=|y |=1]1
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> Gauss method:
r+z2z=2 — FE;

y+z2=3 — Ly
y+2z=5 — Ej

Eliminate y in Ej3:

E =F r+z=2 — Ej
El = FEy =< y+2=3 — E}
Eé = E3 — E2 z2=2 — Eé
Then, EYf gives z = 2, E, gives y = 1 and E] gives x = 0.
x 0
Finally, X = | y | = 1 | is a unique solution of this system.
z 2
> Inverse matrix method:
ar+z=2 a 01 x 2
y+z=3 = 0 11 y | =13
y+22=5 0 1 2 z 5

— A-X=B

— X=A"1'.B.

We have:
|A| =1#0, then, A™' exists.

We can calculate A~! as follows:

v jor) o
1 2 0 2 0 1
1 0 0
com(A)z—?é%—lé—(l)(l) =1 1 2 -1
-1 -1 1
o] jra o
11 01 0 1
Finally,
1 1 -1
Al = ! [com(A)]'=]10 2 -1
det(A) 0 -1 1
Then,
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Exercise 2. We consider the matrix C defined by:
o+ 2 1 -1
C = 12 2a+2 2
o 2
1. Calculate the determinant of C'.
2. Let P(a) = 2a® + 8a? — 8a — 32. Calculate P(2).
3. For which values of o, C' is invertible.

4. We consider the following system of linear equations:

a—+2 1 —1 x 1
12 20+2 2 y | = -1 1. (2.4)
(e ) 0)-(3)

Solve the system (4.11) for a € R — {—4,—-2,2} by Cramer’s method.
Solution: We consider the matrix C' defined by:
o+ 2 1 -1
C= 12 2a+2 2
o 2

1. Calculate the determinant of C:

12 2
a o

20+ 2 2
2 Q

= 20° 4+ 8a?% — 8a — 32.

12 2a+2
Q 2

] = (a+2)

2. Let P(a) = 2a® + 8a* — 8 — 32. Calculate P(2): P(2) = 0.
3. The values of a for C' to be invertible:
C is invertible <= |C|# 0.
P(a) =0 <= (a —2)(ac’® + ba +c) = 0.
By identification or Euclidean division, we find:

Pla)=0 <= (a—2)(2a*+12a +16) =0
— (a—2)(a+2)(a+4)=0
<— a=2Va=-2Va=-—4

Consequently, C' is invertible if « € R — {—4, —2, 2}.
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4. We consider the following system of linear equations:

o+ 2 1 —1 T 1
( 12 2a+2 2)(3})(1) (2.5)
o 2 « z 0

Solve the system (4.11) for o« € R — {—4,—2,2} by Cramer’s method:

1 1 —1
Cl(l 2004+2 2 ):>C'12042+3042,
«

0 2
a+2 1 -1
Cy = 12 -1 2 | =10y =—a—13q,
« 0
a—+2 1 1
Cs = 12 2042 —1 | = |Cs] = —2a* — o+ 28.
o 2 0
|C | 202 4+ 3a — 2
r = = ,
|C| (a0 —2)(a+2)(a+4)
|Co| —a? — 13
Y700 T (a—2@+2)(atd)
|Cs] —2a% — o+ 28
P _

IC]  (a—2)(a+2)(a+4)
Exercise 3. Consider the following matrix:

2 1 0
M= -3 -1 1
1 0 -1

1
1. Calculate A =15 — M and B = Is + M + M?. Recall that I = ( 0
0

S = O

_— o O
SN~—————

2. Calculate A X B and B x A.
3. Deduce that B is invertible and give its inverse.
4. Solve the following system of linear equations:

4o +2y+2=1
—dr —2y—2z2=2
2r+y+z=-1
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(a) using question 3.

(b) using Cramer’s method.

2 1 0
M=| -3 -1 1
1 0 -1

1. Let us calculate A = I3 — M and B =I5+ M + M?:

1 00 2 1 0
A=1-M = 010||-1 -3 -1 1
0 01 1 0 -1

-1 -1 0
= 3 2 -1
-1 0 2

Solution:

and
1 00 2 1 0 1 1 1
B=I3+ M+ M = 010+ -3 -1 1 |+ -2 -2 =2
0 01 1 0 -1 1 1 1
4 2 1
= -5 -2 -1 1.
2 1 1
2. Let us calculate A x B and B x A:
-1 -1 0 4 2 1
Ax B = 3 2 —1|x| -5 -2 -1
-1 0 2 2 1 1
1 00
= 010 |=1Is
0 01
and
4 2 1 -1 -1 0
Bx A = -5 -2 -1 | x 3 2 -1
2 1 1 -1 0 2
1 00
= 010 |=Is.
001
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3. Deduce that B is invertible and give its inverse B~1: We have:A x B = Bx A = I3,
therefore, B is invertible (|B| # 0) and its inverse is given by:

-1 =1 0
Bl'=A=]| 3 2 -1
-1 0 2

4. We will solve the following system of linear equations:

dr+2y+z2=1
—Hr —2y—z2=2
20 +y+z2=-1

(a) Using question 3:

dr+2y+2=1 4 2 1 T 1
—Sr—2y—z2=2 <= -5 -2 -1 y | =
2r+y+z2=-1 2 1 1 z —1
T 1
<~ Bl vy |= 2
z -1
x 1
— |y |=B7"| 2
z —1
T 1
= y | =A]| 2
z —1
x -1 -1 0 1
— y | = 3 2 -1
z -1 0 2 -1
x -3
<= y | = 8
z -3

(b) Using Cramer’s method:

dr +2y+2=1 4 2 1 T 1
—Hr—2y—z2=2 <= -5 -2 -1 y | = 2
2v+y+z2=-1 2 1 1 z —1

T 1

— Bl vy |= 2

z —1

We have: |B| # 0, therefore, this system admits only one solution.
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This will give us

1 2 1 4 1 1 4 2 1
Bi=| 2 -2 -1|, Bo=| -5 2 -1 |, By=| -5 -2 2
-1 1 1 2 -1 1 2 1 -1

and

Then, X = vy | = 8 is a unique solution of this system.



CHAPTER

THE INTEGRALS

The origin of the current theory of integration dates back to antiquity with the concern
for measuring areas, lengths and volumes, "geometer" means in ancient Greek "surveyor"
that is to say "one who measures the earth'.

Three ideas found the concept of measurement, the first is the definition of measure-
ment for simple sets: b — a for the length of the segment |[a,b], L1 Ly for the area of a
rectangle whose sides measure Lq, Ly and LiLs,L3 for the volume of a rectangular par-
allelepiped whose sides have lengths L, L, and Ls. The second idea is that of addition:
the measure of the union of two disjoint sets is equal to the sum of the measures of these
sets. The third idea is that of continuity of measurement: thus the length of the circle is
the limit of the lengths of the regular polygons inscribed in this circle.

This is the path we will follow to construct the integral of a continuous function: we
begin by defining the integral of a constant function, then that of a step function and
finally that of a limit of a sequence of step functions.

The modern form of this construction is due to Georg Friedrich Bernhard Riemann,
1826-1866 and Jean Gaston Darboux, 1842-1917. The theory of measure will find its
completed form thanks to the work of Henri Léon Lebesgue, 1875-1941.

In this chapter, we seek to construct the reciprocal operator of the derivation operator.

46
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3.1 Indefinite integral, property

Definition 3.1. Let f be a continuous function on I. We call that F : I — R is a
primitive of f on I if and only if the derivative of F' gives f (F' = f). Then, we get into
the habit of writing any primitive of f in the form:

F(zx) = /f(x)dx
and is also called the indefinite integral of f.

Example 3.2. Let f: R — {2} - R — {—2} be defined by:

f(x):xg—i-l—m.

Then, F: R —{-3} - R — {—2} defined by:

1
F(z)= -2+ +

4 20+ 3
is a primitive of f.
The function defined by:
Fi(x) = L Y
4 2v +3
and the function defined by:
B(e) = ix4+x+;+ 2x1—|—3

are also primitives of f.
Remark 3.3. The primitive of a function if it exists is not unique.

Proposition 3.4. Let f and g be two continuous functions and A € R, we have:

> /[f(:v) + g(z)]dx = /f(x)dx—l—/g(x)dx.
> /)\f(:r;)dx: )\/f(x)d:c.

3.1.1 Primitives of usual functions

e If f and g are two continuous functions on I and if F' and G are primitives on I of
f and g respectively, F' + G is a primitive of f + g on [.

e If f is a continuous function on [, if F'is a primitive of f on [ and if A is a real
number, AF' is a primitive of A\f on [.
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e Otherwise, we have the following table in which f systematically designates a deriv-
able function on an interval I whose derivative f’ is continuous on I:
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f@) [ f@yz e [ f@yz
1 n+1 1 nr
", n# —1 —a" +c e n e R* —e" + ¢
n+1 n
1 1 1
— ——+c — In|z| + ¢
x x x
1 f'(z)
— 2\/x + ¢ 2\/f(x)+¢
Ve /()
sin x —cosx +c¢ COS T sinx + ¢
: 1 I
sin(az + b) ——cos(ax +b) + ¢ cos(az + b) —sin(ax +b) + ¢
a a
tan x —1In|cosz| + ¢ cot In|sinz| + ¢
1 1 .
tan(ax 4+ b) | ——In|cos(az + b)| + ¢ | cot(ax +b) | —In|sin(ax + b)| + ¢
a a
sinh x coshz + ¢ cosh x sinhz + ¢
tanh x In(coshz) 4 ¢ coth x In(sinh z) + ¢
1 x 1 x I
- lntan‘+c Inftan|{ =+ — || + ¢
sin@ 2 CoS T 2 4
1 1
— —cotx +c¢ 5 tanx + ¢
sin® z cos?
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/@) | f@ydz f@) [ f@ydz
1 1
b In [tanh g’ +c coshz 2arctane® + ¢
1 1
eI, —cotx +¢ . tanhz + ¢
1 1 1 1+z
T2 arctanz + ¢ 1— 2 §1n1_x +c
L inz + ! In|z+va?+al +
arcsin x + ¢ —_— nlr+va2+al+e
V1 —a? Va2 4+«
1 /
Fl(@)f(z) ni—l—lfnﬂ(x) +c Hfj(c% arcsin f(z) + ¢
f'(z) f'(z) -1 .
| >2 | ——f" R
o nlf@l e |G nz2| o e e

Example 3.5. ¢ is a real constant.

L = /(x4—\/ﬁ+x+\/§)da:
= /($4—x%+x+\/§)dx

1 2
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I

Iy

(f—x??+ !

w

/ (x% s +m_1) dx
2

3
r2 —

wlu

3 1
ga: +4z1 + ¢

2 3
g\/ﬁ—g\?/ﬁ+4\%+c.

/(2x+5)7dx
;/2(2x+5)7d93
; [;(2x+5)8} +c

1
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—2r—1
I, = —
7 x2+x—2x

/ 2c+1
= — dx
24 —2

= In(@*+z—-2)+ec

I / 20 +1 d
= R————— ) 1 1}
) Va?t o+ 1

B 2/ 2¢ +1
2Vt +x+1
= 2vVxl+ax+1+ec

3.2 Defined integration

Definition 3.6. Let f be a continuous function on I = |a,b]. The definite integral of f
between a and b is the real number defined by:

where F' is a primitive of f on I.

Properties 3.7. Let f and g be positive step functions on [a,b], we have:

° /abf(:v)d:v > 0.
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b
z)dz g/ \f(x)| d.
b
o If k is a positive real verifying |f(x)] < k on [a,b], then, / flz)dz| < k(b—a).
b b
o« If [ 2 g, then, [ f(x)do > [ gla)de
b c b
o Ifcé€la,b, then,/ f(x)dx:/ f(x)dx—f—/ f(z)dz
Example 3.8.
n
1. Let us calculate /4 cos(2x)dx:
0
II
i 1 g4 1 Im 1
4 [ IR P L B N
/0 cos(2x)dx { sm(Qx)]O 5 sin 281110 5
L
2. Let us calculate /3 511121: dx:
0 cos?x
y 1
/gsmwdx__{—l}g)__ -1 n 1 L
0 cos?zx cosT o IT * cos0
cos =

3.2.1 Methods of integrations

1. Integration by parts:
Theorem 3.9. Let u and v be two differentiable functions on an interval I

We have:
/u’(x)v(x)dx =
o' (z)v(x) + u(x)v'(x) and we integrate, then

/[u(x)v(m)]/dx = / z)dx +/

— u(z)v(z) = / d:c—i—/
z)dr = u(x)v(r) — /u(x)v’(x))dw

Proof: We have: [u(z)v(z)]’

= [ve
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Remark 3.10. Integration by parts is used in the case where the function to be in-
tegrated is an elementary function or product of the following elementary functions:
trigonometric functions, polynomials, inverse functions of trigonometric functions,

1n[f(x)]7€f(x)’ ce

The method of integration by parts is frequently used in the calculation of integrals
of the form: /xk sin xdx,/xk cos :cda:,/xk In xdx,/xke“xdx.

Or in the reduction formulas which introduce for each integral a new integral, of the
same form as the initial integral, but having a reduced or increased exrponent.

Example 3.11.
(a) Let us calculate /x” Inxdz. We set:

1

1
— 1 / _ — / — n < — TL+1
u(r) =Inx <= u'(z) - V'(z) == v(x) e
1 1 1
/x" Inxdr = ——a™! lnx—/iq:”“—dx
n+1 n+1 x
1 1
= — 2"ng— /x”dm
n+1 n+1
:L,n—i-l
= (ln:v — ) + c, ceR.
n+1 n+1
(b) Let us calculate /xsin xdx. We set:
u(x) =z <= u'(z) =1, V'(x) = sinx <= v(x) = — cos .
/xsinazdm = —x cosx—i—/cos xdx
= —XxCcosT+sinx+c
= z(sinz —cosx) + ¢, ceR.
(c) /ln(ax + b)dx. We set:
u'(z) =1 <= u(x) =z, v(z) = In(az + b) <= v'(z) = ¢

Car+b
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azx
dx
ar +b

= 1ﬂn0m%+b)—l/[ax%_b b ]dx

ar+b ar+b
= zln(ax+b) —x+ — /

/ln(ax +b)dr = xln(ax +0b) —/

&x—i—b
b
= :Uln(ax+b)—:v+a1n(aa:+b)+c

b
= (m—i—)ln(ax—i—b)—x—i—c, ceR.
a
(d) /arctanaz. We set:
u(z)=1<=u(z)==x v(z) = arctanx <= v'(x) = !
’ 241

dx

T
/arctan rdr = xarctanx — /
2+ 1

= garctanz — / ——dx
2/ 2241

1
= xarctanx—§ln|a¢2+1|—l—c, ceR.
2. Change of variable:

If the calculation of / f(z)dz proves difficult, we replace x by ¢(t) derivable and

therefore dz = ¢/(t)dt and we will have:

[ f@dz = [ flewle 0t

(a) To calculate the integral /(x + 3)*dx, replace x + 3 by t. Which gives v =
t—3=dx =dt. Then,

Example 3.12.

1
—(z+3)°+¢, ceR

1
/@+&%x=/#ﬁ:5ﬁ+c:5

(b) Let us calculate /\/ sin x cos zdz.

We set: @t
t =sinx <= dt = coszdr < dx = .
CcoS T

dt 2 2
/\/Sinxcosxdx = /t% cosx = /t%dt = gt%—i-c = g\/sin?’x—l—c, ceR.

COS T
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sin x

(c) Let us calculate /tan xdx :/ dx.
COS T
We set: @t
t=cosx <= dt = —sinxdr <— dox = ——.
sin z
sinx dt dt
/tanxd:v:/ —=— [ —=—ln|t|+c=—1In|cosz|+¢, ceR
t —sinx t
sin® 1 — cos® z) sin x
(d) Let us calculate /tan3 xdx :/ s—dr = /( 3 ) dz.
cos? x cos® x
We set: @t
t=cosxy < dt = —sinxdx <— dor = ——.
sin
1—¢t*)sinz dt dt dt
tan® xdr = /( - [ =4 =
/ t3 —sinx 3 t
1
= ——+In|t|+c=— +In|cosz|+¢, ceR.
212 g 2cos? x | |
3 1 —si 2
(e) Let us calculate / C(')S4 xdx = /( Sl.n f) Cosxdx.
sint sin® x
We set: it
t =sinx <= dt = cos xdr <= dx = .
coS T

/(1—sin2x)cosxdx _ /(1—152)00535 dt

sin? 4 coS T
dt dt 1 . 1 n
— — - = = — Is
t4 t2 3t3 t
1 1

= —5s—5—+—+¢, ceR
3sin®x  sinx

3.3 The integral of polynomials

Definition 3.13. A polynomial with coefficients in K(K =R or K = C) is an expression
of the forme:

P(2) = ap2™ + ap12™ "+ ap_ox™ % - - - dapr® + arx + ag,
where n € N and ag, ay,- - -, a, € K.
> The set of polynomials is denoted K[X].
> The a; are called the coefficients of the polynomial.

> We call the degree of P the largest integer i such that a; # 0, we denote it degP.
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We have:
/P(x)dx = /[anx" U1 8" o™ Fagx® + a1 + aglda

— 2" anflx" + n—2 vt +%x3 + ﬂxQ + apx + ¢, c e R.
n+1 n n—1 3 2

1 1
Example 3.14. /(x3 — 2% 422 + 3)dr = 1x4 — gx?’ +2*+3z+¢, c€R

3.4 Integration of exponential and trigonometric func-
tions

3.4.1 Integration of exponential functions
> To calculate the primitives of the form / f(e®)dx, we can choose the change of

dt
variable e* = t,dr = —, therefore
633

[ feyi= [ 1 )t

Example 3.15.

v 1t

1./ C gr= - dt=T|t+2+c=Inle"+2/+¢ ceR.
er + 2 tt+2

2.

dx B / dx
h inh 4 - T -z T __ -
5coshx + 3sinh z + 5(6 +e >+3<e e >+4

xT

/ € d /1 t g
g €T = -
4e? 4+ 4er + 1 t4t2 + 4t + 1

B / dt _1/ 2dt
S @412 2] (2t +1)2
1< -1 >+ -1
—_= — R — C =
2\2t+1 4e® 4 2

+ c, ceR.

> Calculate the primitives of the form I, = / x"e*dx, we use the integral by part as

follows:

Then,
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Example 3.16. Let us calculate /$26$d:17. (Integration by part).
We set:

u(z) = 2° <= u'(z) = 2, V(x) = e <= v(x) = €.
Then,

/x%xdx = z?e®dr — 2/xexdx.
Now let us calculate /:r;emdx.

We set:
u(z) =2 <= u'(z) =1, V(z) =" <= v(z) = €".
Then,
/xexdx = ze® — /exdx <= /xexda: =qe” —e" +¢
= /xexdx =(x—1)e" +¢, ceR.

Finally,
/$2€wd$ = 2?e"dr — 2[(x — 1)e*] +c= (2 — 22 +2)e" +¢, c€R.

3.4.2 Integration of trigonometric functions

Calculating the primitives of trigonometric functions requires a good knowledge of
ance of trigonometry formulas.

in(2
Example 3.17. Let us calculate I :/ —5 sin x) dzx.
sin“x — bsinx + 6
We have:
]:/ _ sin(QJIU) dx:/ | 2251nw9osx .
sin“x — bsinx + 6 sin“xz — bsinx + 6
Let us set:

dt

t=sinx = dt = coszdr = dx = .
CcoS T
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Then,

[
t2—-5t4+6

2t =5 1
= dt 5/7dt
/t2—5t—|—6 * t2 —5t+6

1
= In|t? —5t+6 5/[ }dt
n | + 6| + t—2+t—3

= In|[t* = 5t+6|—5In|t —2|+5In|t — 3| +¢

sinx — 3

= In|sin? x—5s1nx+6|+5ln —_—
nr—2

+c, ceR.

> Calculate the primitives of the form / f(sinz, cosz, tan x)dz.

We can choose the change of variable ¢t = tan = 5 therefore we get:

dr = dt
v 1+ ¢2
. 2t
sinx =
1+ ¢2
1—¢2
cosx = .
1+ t2
Then,
2t 1—t2 2t 2
/f(sm:v cosz, tan x) da:—/f T2 1021 1+t2dt
Proof:
e We have:

T T
t= tan§ <~ 5 = arctant

<= x = 2arctant

2
— dxr = ——dt.
v 124+ 1
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e We have:

r = 2arctant

because

tana =

and

1+ tan?

e We have:

/ 2t \?
cosz =1\/1—sin?z = 1_<1+t?) =

Example 3.18.

dx

sin3

1. Let us C’alculate/

/

- N

dx

sin® z

—
—
—
—
—

sinx = sin(2 arctant)
sin x = 2sin(arctan t) cos(arctan t)
sinx = 2tan(arctan t) cos®(arctant)

sinz = 2t cos®(arctant)

)
14t

sin(2«) = 2sin a cos a,

2t
14+t

sinx = Qt(

sin «

= sin o = tan o cos
COS &

2

sin“ «

= 14—
COs”
1

cos?
1

2
COs " 0 = —mMm5.
1 + tan?

=

2

1—¢
1+ ¢2

dt
1442

2/( 2t )3
1+ ¢2

1 2\2

/Wdt
4 3

1/<1+2+t>dt
4 3t

1

4

1 1,
(—w+21n\t|+2t)+c, ceR.
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0
2. Let us C’alculate/ du

~11—sinz

—II
we have: t = tang, therefore if v = = then t = —1 and if x = 0, then
=0.
dt
0 dz 0 1y
I i
~I1—sinx -1 2t

1 —
14 t2

0 1 d
_ 2/ ¢
-1 (1 —1¢)?

—1 70
_ _2[} — 1.
1—tl_4

> Calculate the primitives of the form / sin”" x cos™ xdx:

, therefore

we can choose the change of variable sinx = t,cosx = /1 — %, dx =

we get:

cos T
/sin"xcosm rdr = /t”(l — tQ)MTfldt.

1 1
Example 3.19. /sin2x0053 xdr = /t2(1 —t3)dt = §t3 - 5755 +c, ceR.

3.5 Integration of rational functions

A fraction function where rational function is a function f(z) quotient of two poly-

nomial functions f(x) = gg;
Example 3.20.
1 z+2 T+ 3
hlw) = 23+ 1 faw) = 23+ 3 falw) = (x — D)*(x? — 2z + 3)3°

3.5.1 Decomposition into simple elements of a fraction

f(z) = ng on R

> 15 case: If deg (P) < deg (Q).

)

Let Q(z) = (z —a)*(x —0)™ -+ (x — )"(2* + pr + q)' - - - (22 + rz + s)! where
a,b,- - - c are real roots and the polynomial of second degree not admit solutions
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(A =p? —4g < 0et Ay =12 —4s <0). Then,

Myx + N,
(22 + px + q)*
Ut.'lj + ‘/t

(22 +rx + s)t

P(IE) _ Al A2 A3 i Ak
Q)  z-a (r—aP? (r—a) (x —a)t
By B B B
r—b (x—02 (x—10)> (x —b)m
T Q@ Gy G
r—c (r—c)? (z—2c) (x —c)
Mll’—i—Nl M2x+N2 MgiL’—i—Ng
2+pr+q (24+pr+q)? (22+pr+q)?
U1£C+‘/1 UQ:U—"‘/Z Ug[["i‘v},
2?+re+s  (2+rx+s)? (22+rx+s)’
Example 3.21.
1.
1 1 1
fx) = 25 -2 22(x3—1) 22(z—1)(22+x+1)
_a ﬁ—f— c dr +e
oz 22 -1 22+4z+1
 (a+c+drt+(b+c—d+e)x® +(—a+c—e)z®—b
o 5 — 12 )
By identification, we obtain:
a+c+d=0, a =0,
b+c—d+e=0, = -1,
—a+c—e=0, c:e:%
—b=1, d= 5
Then,
1 1 rz—1
f(x)__ﬁ 3(x—1) 3(@2+z+1)
2.
(2) x x
X = =
g @ —1)x—-2 (@-Da+l)(z-2)
B a . b N c
-1 z+1 -2

(a+b+c)x? + (—a — 3b)r —2a+2b—c

(2

—1)(z—2)
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By identification, we obtain:

a+b+c=0, a:—%,
—a—3b=1, = b=—g,
—2a+2b—c=0, c:%
Then,
(z) 1 1 n 2
x = — —_— .
g 2r—1) 6(x+1) 3(x+2)
3.
202 —3x+3 222 —-3x+3
h(z) = 3 _ 9.2 - 12
3 =224z x(x —1)
B g_i_ b n c
o x—1 (x—1)?

(a+b)z?+ (-2a—b+c)r+a
23— 212 + 1 ‘

By identification, we obtain:

a+b=2, a =3,
—2a—b+c=-3, <= (¢ b=-1,
a=3, c=2.

Then,

3 1 2
r z-—1 (x—1)2

So it is enough to know the values of the integrals of these types to deduce those of
the integrals of the rationals.

> 2" case: If deg (P) > deg (Q).

We devise P(x) by Q(z) such that the remainder R(z) has deg (R) < deg (Q). If
S(z) is the solution to the devising, then, P(z) = Q(z) - S(x) + R(x). Finally,

P(z) R(z)
= S(x) + ,
0w~ Q)
where R(z) treated as 1°¢ case.
Q)
Example 3.22.
1.
3 2
1
fla) = >4+ 3"+ dbr+7 :x+3+3x+ '

242 242
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203 — a2 —1

x(x? 4 1)2

28 4+ 22t + 223 — 1 +2x3—x2—1
=T _—
z(x? 4+ 1)? x(x? 4 1)?

a br+e dr +e

x+m2+1+(x2+1)2

(a+b)azt +cx® + 2a+ b+ d)a? + (c+e)r +a

By identification, we obtain:

Then,

r(x? +1)2
a+b=0, a=-—1,
c=2, b=1,
20+ b+d=—-1, << c=2,
c+e=0, d=0,
a=—1, e=—2.

1 x42 2

g(@:x_;—i_ﬁ—kl_(ﬁ—l—l)?'

hr) = 3+ 1 B 5x? —6x + 1
23 —bx2+6x 3 — Hx2 + 6z
5x? —6x + 1 52 —6x + 1 a b ¢

= =—+—+

3 —5224+6x  ax(r—2)(x—-3) 2 -2 x-3

(a+b+c)x* + (=ba — 3b — 2¢)z + 6a

By identification, we obtain:

Then,

N x3 — 5x? + 6z
a+b+c=05, a=g,
—5a —3b—2c = —6, < =2,
6a =1, c:%.

1 9 28

xt —322 -2

k‘ = —:1 _—
(z) xd + 322+ 2 +x4+3x2+2
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—3x% -2 B —32% -2 _ax+b+cx+d
vt +3224+2 (2 +1D)(@2+2)  22+1 2242
_ (a+c)x® + (b+ d)a? +(2a+c)x+2b+d
B xt + 322 + 2
By identification, we obtain:
a+c=0, a =0,
b+d= -3, — b=1,
2a 4+ c =0, c=0,
2b+d = -2 = —4.
Then,
1 4
k(x) =1 — .
(%) +:172—1—1 x? +2
. dzx dzx
3.5.2 Integration of type / ,/ -
r—a’ (x—a)
/ dr ln|x—a|1+c, iftk=1 -
—ak _ ifk>2  °5%
(z—a) D@ _apt 70 P2
Example 3.23.
1. Let us calculate / (27 = 1:§($_2)dx
/ x J / dx / dx +/ 2dx
r = — —
(2= 1)(z —2) 2(x —1) 6(z+1) 3(zr+2)
- il
B x—l x—l—l x4+ 2
1 1 2
= —iln\x—l\—éln]a:+1]—|—§ln\x+2\+c,
22 —
2. Let us calculate /x3x+3dx.
3 =22+

22 —3x +3 3dx 2dz
[ = [ [5- Too
=222 4 x—1 (x —1)?

- 3/ /x—l /xixm

2
= 3lfz|-In|lz -1+ ——+¢, ceR
x_

1

ceR.



66 CHAPTER 3. THE INTEGRALS

341
— dx
3 — Hx? + 6z

2+ 1 5x? —6x + 1
————dx = /d / ———dx
/x3—5:1:2—|—6a:$ + — 512 + 6
B /dx+/d / / 28dx
N 6 2(x — 2) 3(x
1 T dx
— (4 ,/i_
/x+6 T

xr—3
1 9 28
= x—i—glnm—51n|x—2|+§1n|x—3|+07 ceR.

3. Let us calculate/

; .
4. Let us calculate leowsxdx:/cosx(sllixcosx)dx' (By change of variable). We
set: gt
t =cosx < dt = —sinzdr <= dr = — .
cos
/ sin p /
r = — [ —r
cosz(1 + cos ) tt+1)
dt dt
= — [ — —Inlt|+In|t+1
/t+ r nlt|+Inlt+ 1|+ ¢
t+1
= In ‘ i zln’ +c¢, celR
oS
. Mx+ N
3.5.3 Integration of type /2—dx
T+ pr+q
p\> p? p p?
Weremarkthatx2+px+q:(m—i—2> +<q—4>,ifwesetx+2:tandq—4:
a? >0,
M(t-L)+nN
Mz + N 9
[ NN i
24+ pr+q 2 4+ o2
Mp
= (V) et
t2+0z2+ 2+ a?
M 2N — M t
= —1n|t2+a2]+7parctan—+c
2 2c «
M 2N — M 2
= —1n|x2+px+q|+7parctan x+p+c’ ceR.
2 2c0 2c0
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Example 3.24.

34322+5 7
1. Let us calculate/x Fow T oT dzx.
x4+ 2
3 +322+5x+7 3r+1
/ 242 dv = /(x+3)dx+/x2 de
1 3 2 2
= fx2—|——ln]x2+2\+£arctanﬂ+c, c€eR.
2 2 2 2
d
2. Let us calculate/ 5 1: 5
° —
/ dx B /d / z—1
x5 — 22 2 r—1 3 902—|—:c+1
1 1 1
= ;+§ln|x—1\+éln|x2+x+1]
3 3(2 1
+— arctan M +c, c e R
3 3
7

3. Let us calculate /de

/ xt p /d +/ —322 -2
————ar = xXr
xt+ 322+ 2 :c4+3a;2+2

[ars [ 5 -1
= x
22 +1 :B2—|—2

2
=z +arctanz — 2v/2arctan \/2_m + ¢, c e R.

Mz + N
3.5.4 Integration of type /( . +SC ++ )édx
T pr — (¢

2
If we set as above, z + g =tand g — % = a? > 0, we obtain:

/ Mz + N J M/ tdt Jr2N Mp/
—_—ar =
(1'2 +px+q)€ (t2+a2)f t2+a2)

Let us study separately the two integrals obtained in the second member.

The first is calculated very simply:

/ / 2tdt —1
(t2+a” 2] (2+a2) 200 —1)(82 + a?)1
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The calculation of the second integral is a little more complicated. Let

dt
[:/7, (=1,2,3,--
T2

If we integrate by parts, by seting,
1 20t

We obtain:
t 2
Iy = o T2 et
(12 4+ a?) (12 4+ a?)
t2 —|—a o?
= Eray +2£/ t2+a”+1 dt
t dt 9 dt
B CETS V GCETT / G +a2)”11 reoeek
ie.,
t

I, = + 201, — 2002 1;,.

(12 + a2)!
Thus, we obtain the recurrence relation:

1 13 20— 1

A | P
172002 (2 + a2)f T 2 ()

t
which allows us to calculate I, for £ > 1, knowing that I; is easy to calculate (I 1 = arctan ) .
Q@

Example 3.25.

64 27% 4+ 223 — 1
1) Let us calculate/x v e dx:
r(x? +1)2
/x + 22t +22% — 1 / J /dx /35—1—2 . / dz
= [ xdr — — P
x(z? +1)? 2 +1 (24 1)2
We have:

T+ 2 T 2
dr — / d d
/x2+1x x2+1x+ x2+1x

1
= §1n|x2+1|—|—2arctanx+c, ceR.

We can calculate

1
I :/7
2 (m2+1)2dfﬂ
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by using the recurrence relation (%) where

1
Ilz/ dr = arctanz + ¢, c€R,

x2 41
we obtain:
1 =z 1
L = -2 4=
? 27241 2
L Py Larctana + eR
= - —arctanx + ¢ c .
22241 2 ’
Finally,
/x6+2x4+2x3—1_
x(z? 4 1)2 B
dz x+2 dz
= Jado— [Z4 [ S a2 [ T
/xsc T 2l (22 4+ 1)?
2 In|z? +1
= m——ln|x|+w+2arctanx— —arctanx + ¢
2 2 2 +1
2 In|z? + 1
x——ln|x!+w+arc’can$+ +c, ceR
x4 +1
3 6
2) Let us calculate /de:
(22 + 2+ 1)2
3r+6 T+ 2
—————dr = 3/—d
/(a:2+x+1)2 v (22 4+ 24 1)2 v
/ 2 +4
= dx
2) (224 z+1)
/ 2e+1 +9/ 1 J
= de+ = | —————=dzx
2) (#242+1 2) (x2+x+1)2
2 1
> Let us calculate /Hd:v:
(22 + 2+ 1)
2 1 !
/de = /u(m) dz
(22 + 2 +1)? ()]

:1:2—1—x+1+
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> Let us calculate/

[ @

and by change of v

We can calculate

1
§s2+1+2
1
2

1

(2 4+ 2+ 1)2 v

1
24z +1)2

(

Gtz«fuﬂ
- 9/[

A
-
-/

ariable s = —, we obtain:

/ 1 16 2 ds
—  dr=—— | —.
(x2+x+1)2 93/ (s2+1)2

1
I :/7d
2= ) 1™

by using the recurrence relation (x) with

1
I :/7
! s2+1

L

2t

we obtain:
1
L = ="
B 1 s
N 252+1
1
2

20+ 1

1
+ =

arctan s + ¢

1 2
4<x+>
23| 22 11

3

ds = arctans +c¢, c € R,
t 2t +
arctan — + ¢
V3
1 r+1
+ —arctan +c, ceR.
2 V3
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Finally,
/ 3r 46 d —1 n 20 +1
—  —ax —
2 1)2 2 1 1\ 2
(22 +2+1) 2+ + 4(x+2)
2V/3 3 +1
1 2z +1
+— arctan +c, ceR
2 V3

Geometric interpretation:

> Area of a domain between two curves: Let f and g be two continuous functions such
that f(x) < g(x) on the interval [a,b]. The algebraic area of the domain delimited
by the graph C'; and Cj; and the straight lines with equations x = a and = b is

A= [ lota) - Fladz.

> Calculation of volumes, in the space provided with the orthogonal plane (O, i, f, l;),
the unit of volume is the volume of the &gl}lt block constructed from the points
O.1.J and K where Of — 7.0 = j and OK = E. Let ¥ be a solid limited by the

planes of equations z = a and z = b where a < b.

If the intersection of ¥ awith a plane of coast z is a surface whose area is given by
S(z), then, the volume of ¥ is

V= /;S(z)dz.

Exercise 1.

1. Determine the real constants a and b such that:

1 _a N b
2—-5r+6 -2 x-—3

2. Calculate the following indefinite integral:

1
I_/x2—5:v+6dx

and deduce the value of the definite integral

1 1
I:/ —dx.
0 22 -5z +6
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3. EUsing a suitable change of variable, calculate

J:/§ _ QCOS.t gt
0 sin“t—5sint+6

Solution:

1. Determine the real constants a and b:

1 B a . b
2—5x+6 -2 x-3
a(zx —3) + b(x — 2)
(x —2)(x —3)
_ (a+bxr—3a—2b
B 22 =br+6
By identification, we obtain,
a+b=0 a=—b
{—3a—2b:1 — {b:l
N a=—1
b=1
Then,
1 -1 1

22—5x+6 1-2 -3
2. Calculate the following indefinite integral:

1 —1 1
Sy R R S
22 —5r+6 T — 2 r—3

= —Injz—2|+Injz—-3|+¢, ceR

and

1 1 1 1

= 2In2—-1In3.

3. Using a suitable change of variable, let us calculate:

J:/g _ QCOS.t gt
0 sSin“t—5sint+6

We set
T =sint = dx = costdt.
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If
) I1 o II
t=0=2=sin0=0 and t:§:>a::sm§:1.

Then,
1 1
J:/ . dr—=2=2In2-2In3.
0 225z 16" " "
Exercise 2. Let I I
L = / (zcosz)’dr, I,= / (zsinz)*dx.
0 0
1. Calculate I + I and I; — 1.
2. Deduce I; and I.
Solution:
1. Let us calculate I + I, and I; — Is:

> Let us calculate I; + I5:

I I
L+, = /()(xcosx)2d$+/0 (zsinz)?dx

11 1 II H3
= / 22dx = {:E?’ = —
0 3

o 3

> Let us calculate I; — I5:
m m i
L — I, = / (z cos x)?dx — / (zsinz)*dr = / 2% cos 2zdz.
0 0 0
By integration by parts twice, let us set

1
u=21>=du=2z, dv=cos(2r)=v= 5 sin(2z).

1 moon
L — 1, = {xz sin(23:)} —/ xsin(2x)dz,
2 o Jo
let us set
1
u=r=du=1, dv=sin(2z)=v= —icos(2x).
1 1 1 o m
L-1, = [:1:2 sin(Qx)] + |zzcos(2z)| — f/ cos(2x)dx
2 0 2 0 2 0

II

0

S

1 1 1
= [2x2 sin(2x) + 3% cos(2x) — 1 sin(2x)
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2. Deduce I; and I5:

I3 IT II
= [, —— 4 =
L+ 1o 3 1= % + 1
—
II IT IT
L—L=> _ =
PP h=%"3
Exercise 3. We set:
u u
H = /  cos(2z)d I:/ e~ cos*(x)dx et J:/ e~ ** sin’(x)dwx.
0 0
1. Calculate H, I +J and I — J.
2. Deduce I and J.
Solution: We set:
o n
H = / ? cos(2z)dz, [:/ e ** cos*(x)dr and J:/8 e~ ** sin’(x)dw.
0 0

1. Let us calculate H, I + J and I — J:

e Let us calculate H by integration by part, we set

1
U=e*=dU = -2, dV =cos(2r) =V = 3 sin(27).

—|— / sm 2:L'

—I—/ e~ %" sin(2x)dw.
0

ool

sm 2:10

- [
£ =

By integration by part, we set

1
U=e*=dU = -2 dV =sin(2r) =V = -3 cos(21).

—/ e~ ** cos(2x)dw
0
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e Calculate I + J:

e}

I+J = /0 e~ [cos®(x) + sin®(x)]dz

8 _
= / ey =
0

=

s
8

1 1
_26—256:|0 — 5(1 — 6_%)

e Calculate I — J:

/0 e~ **[cos?(x) — sin®(z)]dx

5 1
/86 T cos(2x)dr = H = ~
0 4
2. Deduce I and J:

3 1

[—"_z]_ (1_6 4) [:g—iei%
—

1 1 1 &
]— = — = — — —¢ 4

=1 T=57 1



CHAPTER

4
DIFFERENTTAL EQUATIONS

In this chapter we will learn how to solve the most basic cases of first-order and second-
order differential equations with constant coefficients.

4.1 Ordinary differential equations

4.1.1 Linear differential equations

Definition 4.1. Let I be an open interval of R, Aq, -+, A,, and f be continuous functions
in I. An equation of the form:

Ao(2)y(2) + Ai(@)y' () + - + Au(2)y" (@) = f(z), z €, (4.1)

is called a linear differential equation.

The associated homogeneous equation is:
Ao(@)y(z) + Ai(@)y'(z) + -+ An(2)y"(2) =0, =z €, (4.2)

The function y is the unknown in these equations.

We call a solution of the equation (4.1) any function y differentiable in I which verifies
the equality Ao(x)y(x) + Ai(x)y'(x) + - - - + Ap(x)y"(x) = f(x) for all x € 1.

Example 4.2.

e y/ —y* — 2 =0 is a homogeneous equation of the first order.

76
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o v + a2y + y® = 22 is a non-homogeneous equation of the second order.

o yi(x) = = and yo(x) = 5 are two solutions of the equation y" + y” = 0, then,
ys(x) = x + 5,y4(x) = 10x are also solutions.

e y = cosz is a solution defined in R of the differential equation y" + y = 0.

Proposition 4.3. If S, is the set of solutions of (4.2) and y, is a particular (obvious)
solution of (4.1), then, the set of solutions of (4.1) is given by:

S =A{y,+uyn suchthat y, € So}.
Proof: We have: y, is a particular solution of (4.1) and yj, is a solution of (4.2), then,
Ao(2)yp(x) + Ar(z)yp(2) + - - - + An(2)yy (z) = f(2),
and
Ao(@)yn (@) + A1 (2)yp(z) + - - - + An(2)ys (2) =0,

therefore

Ao(2)[yp(7) + ya(2)] + Ar(@)[yp(2) + yn(@)]" + - - - + An(2)[yp(2) + yn(2)]" = f(2).
Which implies that vy, + v, is a solution of (4.1).

Remark 4.4. To solve or integrate a differential equation is to find all of its solutions
when they exist.

4.1.2 Differential equations with separate variables

Let I and J be two intervals of R, f : I —+ R and ¢g : J — R two continuous functions.

A differential equation is called to have separate or separable variables if it is of the
form:

9y = f(z)
Solving: We have:
: dy
9wy’ =f2) = gly) = f(2)

where ¢ is a constant.

Finally, we obtain,
y=G"F(z) +

Where G is a primitive of g in J and F is a primitive of f in [I.
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Example 4.5.
1) Consider the following differential equation: y' = zy.

We remark that y = 0 is a trivial (obvious) solution. Assume that y # 0, therefore

/
1
Y — & which is a separate variable with f(x) =z and g(y) = —. We have:
) Y
d
Yy =xy <— & _ Ty
dx
d
— 9 _ rdx
Yy
L
<~ Iyl = 3% +c
= |yl =erte
e y= et
— y:Ke%““"Z, K = +e°.

Finally, the solutions are y(x) = Kez®”, K € R. Which are defined in R.

2) Solve y' = y?. We have:

dy
y =y ?:yz
x
d
— —g:da:
Y
— ——=T+c
Y
1
= y=-— , ceR.
T +c
3) Solve y' = 2% + 1. We have:
d
y =2 4+1 — Y2
dz

dy = (2* + 1)dx

!

1
<= y:§x3+x+c, ceR.
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4) Solve in I =]1, 00| the following differential equation:
zy'Inz = (3lnz + 1)y.
We can separate the variables x and y by dividing by yxInx,

31 1
zyInz=Blnz+1)y < yy: ;111;1?;

dy 3lnzx+1
= dx
rlnzx

)
1 1
= /dy:/(3+ )dx
Y r xlnz

< Inly|=3In|z|+In|lnz|+c

— Y= i€3ln\$|+ln\lnaj\+c — K€3ln|m|+ln\lnax|7 K = +¢¢.

4.1.3 Homogeneous differential equations in x and y

It is an equation of the form:

y=1(4). aro, (13)

X

where f : I — R is a continuous function.

Solving: We use this change of unknown z = Y which gives ¢y = z+xz'. Consequently,
x

(4.3) <= z+uz2' = f(?)

z+xj;=f(z)

!

zdr + xdz = f(2)dx

!

xdz = [f(z) — z]dx
— L =
dz dz
— /x:/f(z)—z
< Inlz|=¢(2)+¢,  ¢isaprimitive of f(z)—z

— g =+efB)Fe = Ke¢(z), K = =+e°,
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then, we determine y the solution of (4.3) using the relation y = xz.

Example 4.6. Solve zyy’ = y?> — 2. It is of the form y' = f <y) where
x

(0)-t-:

1
The change of unknown z = J implies to the equation z + xz' = z — —
x z
, 1 dz 1
ZHry =z2——- <~ z+x—=2——
z dx z
dz 1
= r—=—-
dx z
x 1
dx zdz
dx
= — = —zdz
<~ In|z|=—-=2"+c¢
e g =427
— = Ke 522, K = +e

Hence

y(x) = £y\/x(K — x).
4.2 First-order differential equations
A first order linear differential equation is a differential equation of the form:

a(z)y’ +b(x)y = f(x), or Y +bx)y=[f(z), (4.4)

where a,b and f are real functions defined on an interval I. (4.4) is called a non-
homogeneous differential equation (or with second member).

The following differential equation:
a(@)y +b(@)y =0, or ¢ +b(x)y =0, (4.5)

is called a homogeneous differential equation (or without a second member). (4.5) is called
the homogeneous equation associated with equation (4.4).
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4.2.1 Solving the homogeneous equation (4.5)
Let ¢ + b(x)y = 0. If y # 0, we have:

dy
"Ly =0 = —2Z—=_p
y +b(x)y I (z)y

d
= Y- —b(x)dx
Y

<= Inly| = —-B(z)+¢,  Bis a primitive of b(x)

— y=te Bt = e B K = +e°.
Remark 4.7. y = 0 is a trivial (obvious) solution of (4.5). Finally,
y(z) = Ke B@, KeR

is the homogeneous solution of (4.5).

4.2.2 Solving the non-homogeneous equation (4.4)

If y;, is the homogeneous solution of (4.5) and y, is a particular solution of (4.4).
Method of variation of the constant:

Let yn(z) = Ke B(® be the homogeneous solution of (4.5). We vary the constant
K, and the particular solution of (4.4) will be y,(z) = K(x)e 5?®). We have:

yo(z) = K'(z)e P®) — K(z)B'(x)e 2@
By replacing y,(z) and y,(x) in (4.4), we obtain:
(4.4) <= K'(2)e 2@ — K(2)B'(2)e 2@ 4 b(z) K (2)e P@ = f(x),
we obtain K (z) and finally, the general solution of (4.4) is given by:
Yg() = yn(x) + yp(2).
Example 4.8.

1) Solve the differential equation:
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Fory # 0,

Yy —y=0 — —Z=dx
<~ Inlyl=z+c

— y=Ke", K = +e°.
y = 0 is an obvious solution of (EH). Finally, the general solution of (EH) is
y(x) = Ke*, K € R. We vary the constant K and the general solution of (E) will
be y(x) = K(x)e”.
We have: y'(x) = K'(z)e” + K(x)e*. By replacing y(z) and y'(x) in (E), we obtain:
(E) <— K'(z)e" + K(z)e" — K(z)e® = €”

— K'(z)=1

— K(z)=z+d, deR.
Therefore the general solution of (E) is y(x) = (x + d)e”.

Solve the differential equation:

’y/ + QQZy — 23767‘%2 .......... (E)
The associated homogeneous equation is
y/ +2xy =0--c-vvnn (EH)

Fory # 0,

d

Y 4+2ry=0 <~ YW _ords
Yy
< Inly|=-2"+c

— y=Ke™*, K==

= 0 is an obvious solution of (EH). Finally, the general solution of (EH) is
y(z) = Ke ™, K € R. We vary the constant K and the general solution of (E)
will be y(z) = K(x)e ",

We have: i (z) = K'(z)e " — 22K (x)e*". By replacing y(x) and y/'(z) in (E), we
obtain:

(B) < K'(z)e™ —2K(z)e™ + 22K (z)e ™ =2z
— K'(z)=2
— K()=2"+d, decR
Therefore the general solution of (E) is y(z) = (x2 + d)e™*".
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3) Solve the differential equation:

Fory #0,

d 1
Yy ——y=0 < W e
T y

<~ lnly|=In|z|+c

— y=Kr, K = +e“.

y = 0 is an obvious solution of (EH). Finally, the general solution of (EH) is

y(x) = Kz, K € R. We vary the constant K and the general solution of (E) will
be y(z) = K(x)x.

We have: y'(z) = K'(x)x + K(z). By replacing y(z) and y'(x) in (E), we obtain:

(E) — K'(v)x+ K(z)— ;K(a:)x =z

— K'(z)=1

— K(z)=1z+d, deR.
Therefore the general solution of (E) is y(z) = (x 4+ d)x.

4) Solve in R* the differential equation:

x
I oy = —— .o E

R e (E)

The associated homogeneous equation is
2
Y4+ Sy =0 (EH)

Fory # 0,

2 d 2

o+ iy=0 = Z=_Zdg
x Yy x
< Inly|=-2Inlz|+c
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y = 0 is an obvious solution of (EH). Finally, the general solution of (EH) is
K

y(r) = —, K € R. Wewary the constant K and the general solution of (E) will be
T

K(x)
y(z) = PO
K’ 22K
We have: y'(z) = (z)z : ’ (x) By replacing y(x) and y'(x) in (E), we
T
obtain:
K'(x)2? —2zK(z) 2 K(x) T
E) <~ - =
(E) xt * r x? 2?2 +1
K'(r) —2K(z) 2K(z) =«
PO 2?2 +1
— K'(z)= v —p— 2
a4l 2 +1
L, 1 2
= K(x)ziw —§ln|a: + 1| +d, deR.

Therefore the general solution of (E) is

;22 —ilnf2® +1/+d 1 Iz +1|+d
x? 2 212 '

y(z) =

4.2.3 Bernoulli’s differential equation

Let f and g be two continuous functions on an interval I. An equation of the form:

v+ fla)y+gl@x)y®*=0, a€c€R a#0,1 (4.6)

is called Bernoulli’s differential equation.

We discard the cases @« = 0 and o = 1 for which the equation is linear. The function y

will be assumed to be positive if «a is non-integer and furthermore non-zero if « is negative.

To find the solutions of the Bernoulli’s differential equation, we divide by y“, then, we

change the unknown function z = y'=%. We will have:

v 1w
yOé

+g(z)=0

yal

and therefore,

This last equation becomes of z (where 2’/ = (1 — a)y

Yy~ + f@)y' +g(x) = 0.
—Oéy/)

Z,

+ f(x)z +g(x) =0,

l—«

which is a first order linear differential equation
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Example 4.9.

1) Let Bernoulli’s differential equation: y' + zy+xy* = 0. It is of the form (4.6) where
a =4, f(z) = g(x) = x. By setting z =1y~ for y # 0, we will have:

o 8xz=383p (E)
The homogeneous equation associated of (E) is

23z =0 ... (EH)

d
Y -3z =0 <= — =3zdr
z
3
— In|z| = §$2+C
— z:Ke%x2, K = +e®.
z = 0 is an obvious solution of (EH). Finally, the general solution of (EH) is
2(z) = Ke?*, K € R. We vary the constant K and the general solution of (E) will

3,2

be z(x) = K(x)e2™".

We have: 2'(z) = K'(z)e2® + 3K (z)e2™ . By replacing z(z) and 2 (x) in (E), we
obtain:

(E) < K'(z)e2” +3zK(z)e?” — 32K (z)e2*” = 3z

2

Therefore the general solution of (E) is z(x) = (—e‘gw + d) e37’ — _1 4 des®”,

Hence
1 3.2 1
=—1+de” <=yr)=—=3.
yg(x) y( ) —1—|—d€%m2
2) Let the Bernoulli’s differential equation: zy' +vy = y*Inz. It is of the form (4.6)
where o = 2, f(x) = 1 and g(z) = =22 By setting z =y~ pour y # 0, we will
have: ) |
P U (E).
x x
The homogeneous equation associated of (E) is
1
Py o (EH)
x
d 1
2 —=z2=0 f — Cdp
x z
< Injz|=hz+C
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z = 0 is an obvious solution of (EH). Finally, the general solution of (EH) is
2(z) = Kz, K € R. We vary the constant K and the general solution of (E) will
be z(x) = K(x)z.

We have: 2'(z) = K'(x)x + K(z). By replacing z(z) and Z'(x) in (E), we obtain:

1 1
() < K'(2)z+K(z)— ~K(2)v = ——"
x x
Inx
Inz
Inz .
Let us calculate /—?das (Integration by parts). We set:
wx) =Inzr < u'(z) = = V(z) = _L — v(x) = =
N s 2 o
1 1 11
/—n—;dx . —/——dm
x x xw
Inz 1

= +—+d, d e R.
r
Therefore the general solution of (E) is z(x) = (me + 14 d) r=Inzr+1+d.
Hence,

1

:lnx—i—dx—i-l'

=hr+dr+1=y
y(x) )

4.2.4 Solution verifying an initial condition

The data of an initial condition for equation (4.4) in the open interval I is the data

of a point xy of I and a real number y,. A solution satisfying this initial condition is a
solution y such that y(zo) = yo.

The initial condition allows us to determine the exact constant of the general solution

y, of equation (4.4), which shows the existence and uniqueness of the solution verifying
the initial condition.

Remark 4.10. There exists only one solution of equation (4.4) in I satisfying the initial
condition y(zo) = yo.

1
I
Example 4.11. Solve { y—y=s

y(1) = 0.
The general solution given by:

y(x) = (x + d)z, deR.
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We have:
Y1) =0<=1+d=0=d=—1.

Finally, the solution y which is verified the initial condition is given by:

y(@) = (z - .

4.3 Second-order differential equations

A second order differential equation is of the form:

a(z)y"(z) + b(z)y' () + c(x)y(z) = f(z), (4.7)

where a,b and ¢ are given functions, called coefficients of the differential equation and f
is called the second member of the differential equation. A solution of (4.7) is a function
y of class C? on an interval I verifying (4.7) for all z € I.

The general solution of equation (4.7) is written:

yg(x) = yh(m) + yp<x)7

where v, is the solution of the homogeneous equation associated of the equation (4.7) as
follows:

a(z)y"(z) + b(z)y' () + c(x)y(z) =0,

and y, is a particular solution of (4.7).

4.4 The second-order ordinary differential equations
with constant coefficient

Let a,b,c € R and f: I — R be a continuous function. The differential equation
ay” +by' +cy = f(z), (4.8)

is called a second-order differential equation with constant coefficients with a second
member. We associate it with the equation without a second member

ay” + by +cy = 0. (4.9)
Proposition 4.12. If y;, is a general solution of the homogeneous equation (4.9) and y,

is a particular solution of the nonhomogeneous equation (4.8), then, y, + yn is a general
solution of (4.8).
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4.4.1 Solving the homogeneous equation (4.9)

We seek the solution in the form y = €™, r € R.

T

Hence we have: ¢y = re™ = ry and y” = r?¢"™ = r?y, so the non-homogeneous

equation (4.8) becomes
y(ar® +br +c) = 0.

The equation
ar® +br +c =0, (4.10)

is called the characteristic equation of the differential equation (4.9).

Depending on the sign of A = b? — 4ac, we have the following results:

> If A < 0: the characteristic equation (4.10) admits two complex conjugate roots
rn=a—if et rg = a+if,a,f € R, then, the general solution of (4.9) is of the
form::
y(x) = (Cy cos fx + Cysin fz)e™”.

> If A = 0: the characteristic equation (4.10) admits a double root r then, the general
solution of (4.9) is of the form:

y(z) = (Crz + Cy)e™.

> If A > 0: the characteristic equation (4.10) admits two distinct real roots 1 # 7o,
then, the general solution of (4.9) is of the form:

y(z) = Cre™® + Che™".

Where C1, Cy are two real constants.
Example 4.13. Solve the following differential equations:

1) ¥ + 2y +y = 0, the characteristic equation is r*> +2r +1 =0 <= (r +1)* = 0.
We have: A = 0, therefore this equation admits a double root r = —1, the general
solution is of the form:

y(x) = (Crz + Cy)e ¥, C1,Cy € R.

2) y"—4y'+3y = 0, the characteristic equation is r>—4r+3 = 0. We have: A =4 > 0,
therefore this equation admits two distinct roots 1 = 1 and ro = 3, the general
solution is of the form:

y(x) = Cre” + Coe, C1,Cy € R
3) y' + 2y + 4y = 0, the characteristic equation is r* +2r +4 = 0. We have: A =

—12 < 0, therefore this equation admits two complex conjugate roots ri = —1 —iy/3
and ry = —1 4+ i\/3, the general solution is of the form:

y(z) = (Cy cos v3z + Cysin v/3z)e 2, C1,Cy e R
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4.4.2 Solving the non-homogeneous equation (4.8)

the general solution of (4.8) is written in the form y = y;, + y, where y, is the general
solution of the homogeneous equation (4.9) and y, s a particular solution of the equation
with right-hand side.

e The second member is the sum of two terms: A particular solution of
ay” + by +cy = fi(z) + fo(z)
is the sum of a particular solution of the equation
ay” + by’ +cy = fi(x)
and a particular solution of the equation
ay” + by’ + cy = fo(x).
e The second member is a polynomial of degree n: Let to be solved
ay” +by' + cy = P()

where P, is a polynomial of degree n. We are seeking for a particular polynomial
solution. We distinguish two cases:

> If ¢ # 0, we seek y, in the form of a polynomial of degree n.

> Ife=0andb#0, y, =2Q,(x) where @, is a polynomial of degree n.

Example 4.14. Let us solve the following equation:
' 42y —3y=a+2x 4+ 1 (E).
We have: y, = Cre® + Cae™3%, where C1, Cy are two real constants.
Since ¢ = —3 # 0, we seek a particular solution in the form:
Yp = aoxS + a1x2 + asx + as.
By replacing y,(v), y,(x) and y,(x) in (E) and identifying, we obtain:

1 2 20 61
ap = —35 a; = —5, Qg = — =

3’ 3 9’
The general solution is

1 2 20 61
y(x) = C1e” + Coe™* — gx?’ - §x2 — 357 + ~5
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e The second member is of the form e”* (m is a constant): In the search for
a particular solution y,, it is necessary to distinguish three cases according to the
values of m.

> m is not a root of the characteristic equation. We then seek a particular

solution in the form:
yp = Ke™.

> m is a simple root of the characteristic equation. We then seek a particular

solution in the form:
yp = Kae™.

> m is a double root of the characteristic equation. We then seek a particular

solution in the form:
2em:v

yp = Kz

Example 4.15.

1)

Let us solve the following equation:

We have: y, = (Cix + Cy)e**, where Cy,Cy are two real constants. We are
seeking for a particular solution in the form.:

. 2 2x
yp = Kx“e™,

because 2 is a double root of the characteristic equation. By replacing y,(7), y, ()
and y, (x) in (E) and identifying, we find K = %, therefore the general solution

1 1
y(x) = (Cro + Cy)e*™ + —a?e* = (Za® + Cro + Cy)e**,  Cy,Cy €R.

2 2
Let us solve the following equation:
y”_5y,+6y:2€3$+64x .......... (E)

We have: y, = C1e** + C1e3*, where C1,Cy are two real constants. We are
seeking for a particular solution y, = yp, +Yyp, where yy,, is a particular solution

of

y,/ —_ 5y/ _|_ 6y — 2631. .......... (El)
and y,, is a particular solution of
y” . 5y/ + 6y — e4x .......... (E2)

in the form: y, = Kixe* and y,, = K.e'. By replacing Yp: (2), 9, (z) and
yp(x) in (Ey) and identifying, we find Ky = §, then, replacing yp,(x), v}, ()
and y,, () in (Ey and identifying, we find Ko = 2. Finally, the general solution
18
1
y(x) = Cre** + C1e® + §xe3$2)e4‘”, 1,0y € R.
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e The second member is of the form sinmax (or cosmx, m is a constant): In
this situation, it is necessary to distinguish two cases in the search for a solution
particular.

> ¢m is not a root of the characteristic equation. We then seek a solution partic-
ular in the form:
yp = K cosma + Kysinma

and we determine the constants K; and K, by identification.

> 2m is a root of the characteristic equation. We then seek a solution particular
in the form:
yp = x(K; cosmx + Ky sinmx)

and as in the previous case, we determine the constants K7 and K, by identi-
fication.

Example 4.16.

1) Let us solve the following equation:
y//_|_4y/zcosx .......... (E)

We have: y, = C} cos2x + Cysin 2z, where Cy,Cy are two real constants and
we have: i is not a root of the characteristic equation, therefore

Yp = Kjcosx + Kysinw.

By replacing y,(x), y,(x) and y,(x) in (E) and identifying, we find K, = é and
Ky = 0. Finally, the general solution is

1
y(x) = Cy cos 2z + Cosin 2x + gcosx, C1,Cs € R.

2) Let us solve the following equation:
y” + Qy/ —=sin3r-----e-.n- (E)

We have: y, = Cycos3x + Cysin 3z, where Cy,Cy are two real constants and
we have: 31 is a root of the characteristic equation, therefore

yp = x(Kjcosz + Kysinx).

By replacing y,(v),y,(z) and y,(x) in (E) and identifying, we find K; = —
and Ky = 0. Finally, the general solution is

1
6

y(x) = C; cos 3z + Cysin 3x — %cos X, C1,Cy € R.
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e The second member is of the form P(z)e™ (where P is a polynomial and
m is a constant): We seek the particular solution in the form:

yp = Q(z)e™".

where () is a polynomial whose degree can be specified:

>

>

>

If m is not a root of the characteristic equation, then, deg (Q) = deg (P).

If m is one of the two roots of the characteristic equation, then,

deg (Q) = deg (P) + 1.

If m is a double root of the characteristic equation, then,
deg (Q) = deg (P) + 2.

Example 4.17.

1)

Let us solve the following equation:
y”_Qy/+y:(x+2)€x .......... (E)

We have: y, = (Ciz + Cs)e”, where Cy, Cy are two real constants and we have:
m = 1 is a double root of the characteristic equation, therefore y, = Q(z)e”
where Q(z) = az® + bx* 4 cx + d. By replacing y,(x),y,(x) and y,(z) in (E)
and identifying, we find a = %,b =1 and ¢c = d = 0. Finally, the general
solution s

1
y(zr) = <6x3 + 22+ Ciz + Cg) e’ C,,Cy €R.

Let us solve the following equation:
y// _ 4y/ _|_ 4y — (xQ _|_ 1>e$ .......... (E)

We have: y, = (Cix + Cy)e**, where C1,Cy are two real constants and we
have: m =1 is not a root of the characteristic equation, therefore y, = Q(z)e”
where Q(x) = ax® 4+ bx + c. By replacing y,(x),y,(x) and y)(x) in (E) and
identifying, we find a = 1,b =4 and c = 7. Finally, the general solution is

y(z) = (2 + 4z + 7+ Ciz + Co)e*,  C1,Cy € R.

4.4.3 Solution verifying initial conditions

Given two real numbers yy and y;. There exists one and only one solution y of the
differential equation such that y(zo) = yo and v/(z1) = yj.

The initial condition allows us to determine the exact constant of the general solution
y, of the equation (4.4), which shows the existence and uniqueness of the solution verifying
the initial condition.
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Remark 4.18. There exists only one solution of equation (4.4) on I satisfying the initial
condition y(zo) = Yo-

y// - 4y/ +4y — (ZL'2 + 1)690
y(0) =1,4/(0) = 0.

The general solution given by:

Example 4.19. Solve {

y(:c) = (172 +4x+ 7+ Cll’ + Cg)e:”, Cl, CQ € R.

y(0) =1 T+Cy=1 C,=—5
{?/(O):O <:>{01+11—|—02:0 — 02:—6.

Finally, the solution y which verifies the initial condition is given by:
y(z) = (2° — v+ 1)e”.
Exercise 1. Consider the following second-order differential equation:
y' =2y +y = (6x+2)e". (4.11)
1. Solve the homogeneous differential equation associated of (4.11).

2. Determine the constants « and 3 for that y, = (az®+ Bx?*)e* be a solution particular
of (4.11).

3. Determine the general solution of (4.11).
4. Find the solution to equation (4.11) verifying y(0) = 1 and y'(0) = 2.
Solution:

1. Resolution of the homogeneous differential equation associated of (4.11) is " —2y'+
y = 0.

The characteristic equation is 7> —2r +1 =0 <= (r — 1)> = 0. We have: A =0,
this equation admits a double root » = 11, the homogeneous solution is of the form:

yn(x) = (Cix + Cy)e”, Ch,C5 € R.

2. Determine the constants o and 3: We have: y, = (az® + 82?)e”, then,
Y, = [aa® + (3o + B)a* + 2Bz]e”

and
yl = [z’ + (6a + B)a* + (6a + 48)x + 20]e”.

By replacing y,(7),y,(z) and y,(z) in (4.11) and identifying, we find o = 1 and
B = 1. Therefore we will have y,(z) = (2 + 2%)e”.
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3. Determine the general solution of (4.11):

Yy (7) = yn(x) + y(z) = (2° + 2° + Cr1z + Cy)e”, 1,0y € R.

4. Let us seek for the solution to equation (4.11) verifying y(0) = 1 and '(0) = 2: We

have:
{y@:2‘:>{q+@=2
— | &=l
Ci=1
Finally,

yo(w) = (2" + 2° + z + 1)e”.

Exercise 2. Let f be a function defined by:

f(z) = reR—-{-1,0,1}.

(1 —2?)’
1. C’alculate/f(x)dx.

2. Solve the following differential equation:

656

/ __°
vy (1l —a2)

3. Solve the following differential equation:

y" — 2y — 3y = (8x — 8)e”.

Solution: Let f be a function defined by:

1

flz) = w0 —a2) reR—-{-1,0,1}.

1. Calculate /f(a:)dx: We have:

1 1 a b ¢

By identifying in this equation the coefficients of the same powers in z (after having
reduced to the same denominator), we find:
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[ fr = /i_'—;/(lix)_;/(l—i—lx)

1 1
= ln|m|—§ln|1—x|—§1n|1+x|+c

= In & +c, ceR
1 —2?|

2. Solve the following differential equation:

6.1‘

oL (4.12)

Yy —y=
e Let us solve the homogeneous differential equation: 3’ —y = 0:

d
y—y=0 = L
)

= Inly|=z+c¢
— yp=ke®, k==e"cR

T

e
: we apply the variation method of

e Particular solution of ¢’ —y = ———:
(1l —x?)

the constant, then,
Yp = k(z)e” =y, = K'(2)e” + k(x)e”.
By replacing y, and y, in (4.12), we find:

1

K@) =t 7 F@ = /x(li:p?)

1 —2?|
Then, y, = [ln <\/|1x|—z?|> + C} e’.

Finally, the general solution of (4.12) is

W (sl .
n +cle
11— a?|
— ln ’.Z'| +Cl
1 — 22|

Yg = yh+yp

= ke" +

e, Jd=k+celR




96 CHAPTER 4. DIFFERENTIAL EQUATIONS

3. Solve the following differential equation:
y' =2y — 3y = (Br —8)e™ v (E)

e Let us solve the homogeneous differential equation:

Y =2y =3y =0 (EH)
the characteristic equation given by: r? — 2r — 3 = 0 admits two real roots
ry = —1 and ry = 3 therefore y, = cie™® + c2e3*, where ¢; and ¢, are real
constants.

e Particular solution of equation (E):

We are seeking for a particular solution y, = ¢(z)e®. We have: a =1 is not a
root of (FH), then, diq = dip = 1.

Yp = (ax +b)e” =y, = [ax + (a +D)]e” =y, = [ax + (2a + b)]e”.
By replacing y,, y, and y, in (), we find:
l[ax 4+ (2a + b)|e® — 2[ax + (a + b)]e® — 3(ax + b)e® = (8x — 8)e”

2

a —_—
=>—4ax—4b—8:c—8=>{ b9

Then, y, = (—2z + 2)e”.

Finally, the general solution of (E) is:

Yg =Yn T Yp=cre” "+ cpe® 4 (=22 +2)e*. c1,c €R.



CHAPTER

5
FUNCTIONS OF SEVERAL VARIABLES

5.1 Topology of R”

5.1.1 Norm in a vector space

We call norm in a R-vector space E' any map N of E to R that satisfies:
> Ve e E,N(x)>0and N(z) =0« z =0.
> Vo e E,VA € R, N(\x) = |A|N(x).
> Ve e EVye E,Nx+y)<N(zx)+ N(y). (Triangular inequality).

N(x) is often denoted ||z||, which recalls the analogy with the absolute value in R or the
modulus in C.

Properties 5.1.
Ve e B,vy € E ||| = llylll < [l +[lyll-

Usual norms in R™: The three usual norms in R" defined for X = (xy, 29, - -, x,)
are:

() [[X1loo = sup{fa1], 2], - - -, [n]}.
(i) [1X1h = > Jail.
i=1

97
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(i) (X[l = | 37

5.1.2 Remarkable parts of R”

Balls: In R" with a norm, we call:
e Open ball with center w € R™ and r > 0, the set

B(w,r) ={X e R" || X —w|| <}

e Closed ball with center w € R™ and r > 0, the set

B(LL),T) = {X € RH,HX—MH < 7“}.

Bounded parts: A part D of R" is bounded if the set of reals || X — Y'||, where X and
Y are any vectors of D is bounded.

D is bounded if and only if, there exist a ball that contains it.

5.2 Generalities

A function f defined on a subset D of R? and with real values, corresponds to any
vector X = (x,y) of D a unique real f(X). The set

S = {(x,y,f(ﬁ,y)), (as,y) S D}

is the representative surface of f, it is the analogue of the representative curve of f for a
function of one variable.

Example 5.2.
1) The function f(x,y) = x> + xy + y* + 2 is defined in R
2) The function g(x,y) = /1 — (22 + y?) is defined inside the circle z* + y* = 1.

Let f be a function defined in D C R? with values in R and A = (ay,a3) € D. We
call partial functions associated to f at point A the functions:

x1 — f(x1,aq) and x9 — f(x2,as)

defined on an open interval containing a; and as.
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5.3 Limits, Continuous function

Let us define the notion of a limit of a function f(x,y) of two variables. Suppose that
the function f is defined at any point M (x,y) sufficiently close of My(a,b).

Definition 5.3. We call the number ¢ is the limit of f(x,y) when M(x,y) tends to

My(a,b) and we write

lim  f(z,y) = ¢, or i, flzy) =L

T—a,y—

If for any € given positive, there exists a positive § such that:
H('xay) - (a>b)H <0 = |f($,y> - f‘ <é.

Remark 5.4. The existence and possible value of the limit are independent of the standard
chosen in R?. We call the norms of R? are equivalent. When it exists, the limit is unique.

Suppose that the function f(x,y) is defined at the point My(a,b) and at all points of
MO (a, b)

Definition 5.5. The function f(x,y) is called to be continuous at the point My(a,b) if
lim f(z,y) = f(a,b), or lim f(z,y) = f(a,b).
M—)MQ

r—a,y—b
> If f is continuous at every point D, we call f is continuous in D.

> If f is continuous in D, then the partial functions associated with f at a point are
continuous in D.

Algebraic operations: As for functions of one variable, the sum, the product, the
quotient (when the denominator does not cancel) of two continuous functions are contin-
uous.

2,2
Example 5.6. For (z,y) € R* — {(0,0)}, we set f(x,y) = fo 5 The function f is
ey
defined in D = R? — {(0,0)} with values in R and (0,0) is adherent to D. We have:
lim 2%*=0 and lim  (2° +y%) =0.
(2,y)—(0,0) Y (way)ﬁ(ovo)( v)

So there is a problem.
1
For (z,y) € R?, (Jz| — |y|)* > 0 and therefore |zy| < §(x2 +9?), (we must memorize
the previous inequality which is frequently used in practice). Consequently, for (z,y) € D,

zy| _ 1
< — .
24y~ Q\xy\

|f(x,y)| = |zy|

1 1

Now, lim =|zy| = 0 because the function g : (x,y) — =|zy| is continuous in R? and
(2,4)—(0,0) 2 2

at (0,0) and therefore (x,y) = 0. The function f has a limit at (0,0) and this

lrmit is equal to O.

lim
(z,y)—(0,0) /
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5.4 Partial derivatives and differentiability of a func-
tion
Let (zo,y0) € D. The partial derivatives of f at (xg, o) are:

m f(xo+ h,y0) — f(20, Yo) f (o, y0 + k) — f(x0, o)

of _ of L
%(ivoyyo) = }111_>0 A and ?y(xo’yo) = ]1:1_{1(1) 2 .
: 1 L Of :
We say that f is of class C* on D if 9z and —— are continuous on D.
x

The gradient of f at (zo,yo) is the vector whose components are the first partial
derivatives.

Definition 5.7. If the partial derivative functions themselves admit partial derivatives at
(x0,Y0), these derivatives are called second partial derivatives of f at (xg,y0). We denote
them

0? o (0 0? o (0

%é(xoyyo) = o (8;;) (w0,10) and ayé(%,yo) = aiy <6Jyt> (20, Yo)-
0? 0 (0 0? o (0
(%({;;(9507?/0) = o (éj) (ﬂUo,Z/o) and ayafx(l’oayo) = 873/ (5;) (370,3/0)-

Similarly, we can define partial derivatives of order greater than 2 by recurrence.
We say that f is of class C*¥ on D if the partial derivatives of order k are continuous
on D.

We say that f is of class C! on D if partial derivatives of all orders exist and continuous
on D.

o0 f 0*f
0xdy or 0yox

ﬁ(x )_ﬁ(w )
aajﬁy 0, Yo _Gyax 0,Y0)-

Theorem 5.8. If

is continuous at (xo,Yyo), then,

Definition 5.9. We say that f is differentiable at (xq,yo) if there exist real constants A
and B such that

f(xo + hyyo + k) — f(wo,y0) = Ah + Bk + [|(h, k)|(h, k)
(h, k) = 0.

where lim ¢
(h,k)—(0,0)

0 0
In this case, we have A = ai(xo, Yo) et B = a‘;j(xo, Yo)-
Theorem 5.10. If f is differentiable at (zo,vo), then, f has partial derivatives at (zo, o).
If f is of class C in the neighborhood of (xg,%0), then, f is differentiable at (xo, o).
Both converses are false.
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Example 5.11. If for all (z,y) de R, f(x,y) = ze* V", then, for all (z,y) € R?, we
have:

af 2 2 2 2 2 2
a—(m,y) =" 4 a20e” Y = (227 + 1)e" Y,

x
and
8f 2 2

- (@,y) = 2aye” TV

dy

5.5 Double and triple integrals

In this section, we will only give some elements relating to the calculations of double
and triple integrals. Let us consider the set

A={(z,y) eR?:a <z <by(x) <y<i)}

where ¢ and ¢ are two continuous functions in [a, b]. Then,

//A f(z,y)dzdy = /ab (/ii::) f(z, y)dy) dr.

This is Fubini’s theorem, which defines the double integral using two simple integrals.
If f(x,y) =1, the double integral // dxzdy is the area of A.
A

Change of variables formula: Let f be a continuous function on a closed and
bounded domain D in bijection with a closed and bounded domain A by means of the
functions of class C', z = ¢(u,v) and y = ¥ (u,v), then,

//Df(l',y)dl’dy://Af(x(%l))’y(u?w)‘D(x7y)

dudv.
D(u,v) uaw

The determinant
D(ZL’, y) B ou v
D(u,v)|

‘ 87%0(“?”) 8790(167'0)

o) 0
T (w,0) 5o (u,0)

is called Jacobian.
Polar coordinates case:

//Df(%y)difdy://Af(pcosﬁ,psine)pdpde.

Similarly, we can define the triple integral

[:///Df(x,y,z)dxdydz

for a continuous function f on a closed and bounded domain D of R? by using simple
successive integrals.
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If f(x,y) =1, the triple integral // dzxdydz is the volume of D.
D

We can also define (as for double integrals) the formulas for change of variables.
Cylindrical coordinates case:

I:///Af(pcos&,psin@,z)pdpd@dz.
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