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Preface

This course in Analysis and Algebra is intended above all for students in the first
year LMD Sciences and Technology, as well as for students in the first year LMD Material
sciences and mathematics and computer science.

It covers the official syllabus of Analysis and Algebra, namely:

> Logic and Reasoning.

v

Sets, relations and maps.

> Real functions to a real variable.

v

Applications to elementary functions.

v

Limited development.

v

Linear algebra.

Each chapter puts in place the essential bases for approaching scientific studies, and
introduces a few new notions, which will for the most part be dealt with during this year.

This course is treated in detail with numerous examples. Most theorems and propo-
sitions are proved.

At the end of each chapter we propose corrected exercises.

Finally, errors may be found, please point them out to the author.

The author



CHAPTER

LOGIC AND REASONING

The purpose of this chapter is to specify certain rules of logic on which we will support
to justify the reasonings used in our demonstrations.

1.1 Logical elements

In this section, we will present the elementary notions of classical logic:

Definition 1.1. A logical proposition (statement) is any relation that is either true or

false.
e When the proposition is true (T), it is assigned the value 1.
e When the proposition is false (F'), it is assigned the value 0.
These values are called the truth values of the proposition.

It is customary for our a proposal using a capital letter P, @, R, ---
Thus, to define a logical proposition, it suffices to give its truth values. In general, we put
these values in a table which we will call Table of truths.

Remark 1.2. The fact that a proposition can only take the values 0 or 1 comes from a
fundamental principle of classical logic which is: the principle of excluded middle, namely
that a logical proposition cannot be true and false. at a time.
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Example 1.3.

a)
b)

)

«Paris is the capital of Francey is a true proposition.
« Three is an even numbery is a false proposition.

« The number x is odd» is not a proposition since it is impossible to decide whether
it is true or false until we know x.

1.1.1 Logical connectors

a)

The Negation —: denoted not P (—=P) or P, we call negation of a proposition
P a proposition that is true when P est false and false when P is true. It can be
represented as follows:

-P |1

Example 1.4.

> The negation of the propostion 2 > 0 is the proposition 2 < 0.
> 24+4=61is2+4F#6.

The conjunction A: denoted P and @ (PAQ), we call conjunction of propositions
P and () a proposition which is true when P and () are both true. Its truth table
is given by:

P\Q0]1 P J0[0[1]1
0 00 or Q O[1(0|1
1 01 PAQ|]0]0]|0]1

Example 1.5.

> 25 =8A4+4> 11 is a false proposition.
> 24+2=4AN2x3=06 is a true proposition.

The disjunction V: denoted P or @ (PVQ), we call disjunction of the propositions
P or () a proposition which is true if one of the propositions P or () is true. Its
truth table is given by:

P\QJ0]1 P [0]0[1]1

1 11 PvQ o111
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Example 1.6.

> \/242=4V45+3 =15 is a true proposition..
> 43 =8V 5+ 1="T1s a false proposition.

d) The implication =: denoted P = () and reads P implies (). The proposition
P = (@ is false when P is true and () is false and true in all other cases. Its truth
table is given by:

P\QJ0[1 P [0]0]1]1
0 |11 or Q |ol1lo]1
1 |01 P=Q 11|01

e) The Equivalence <: two propositions P ,Q) are equivalent if P = @ and Q = P
and we write P < (@), reads P is equivalent to (). The proposition P < () is a true
one when P and () are simultaneously true or false and false in all other cases. Its
truth table is given by:

P\Q |0 |1 P 0011
0 1 or Q 01|01
1 01 Pes@Q 110101

Example 1.7. Consider the propositions P: "I have my driver’s license" and Q): "I
am 18 years old".

We have: P = (@ is true, on the other hand () = P is false. So, we conclude
that these two propositions are not equivalent.

f) The converse: given P and @ two logical propositions, we call the converse of the
implication P = () the proposition () = P.

All the previous definitions can be summarized in the table below called table of truths:

PlQ|-P|-Q|PANQ|PVQ|P=Q|Q=P|P&Q
1111] 0 0 1 1 1 1 1
110] 0 1 0 1 0 1 0
0] 1] 1 0 0 1 1 0 0
0[0] 1 1 0 0 1 1 1
Properties 1.8. Let P,Q, R be three propositions. we have the following (true) equiva-
lences:
1. =(=P) <= P.
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(PAQ) <= (QAP).
(PVQ) < (QVP)
~(PAQ) = (=P)V (-Q).
~(PVQ) = (=P) A (-Q).
PAN(QVR)<—= (PANQ)V(PAR).

(commutative laws)

(commutative laws)

8. (P=Q) <<= (—Q = —P).

Proof:

1. The truth table of =(—P) is the following:

(De Morgan’s laws)!
(De Morgan’s laws )

PV(QAR) < (PVQ)AN(PVR).

P 0
-P |1
—(=P) |0

we see that it is identical to that of P.

2. In the following table,

(distributive laws).

(distributive laws).

PIQIPAQIQAP|PVQ|QVP
1] 1] 1 1 1 1
10| o 0 1 1
0[1] o0 0 1 1
0[0] 0 0 0 0

we notice that the propositions (P A Q) and (Q A P) have the same truth values,
therefore they are equivalent. Likewise for the propositions (P V @) and (Q V P).

3. We establish the proof of De Morgan’s rules by giving the truth values of the cor-

responding logical propositions.

PIQ|PAQ|PVQ|—-P|-Q|~(PANQ)|PV-Q|-(PVQ)|-PAN-Q
111 1 1 0 0 0 0 0
110 0 1 0 1 1 0 0
0] 1 0 1 1 0 1 0 0
010 0 0 1 1 1 1 1

! Also known as: duality laws.
’De Morgan Auguste: British mathematician (Madurai Tamil Nadu (India) 1806-London 1871).
He is the founder with Boole of modern logic.




CHAPTER 1. LOGIC AND REASONING

We see that the logical propositions =(P A @) and =P V =@ have the same truth
values, so they are equivalent. Similarly for —=(P V @) and =P A =Q.

4. In the following table, we notice that the propositions PA(QVR) and (PAQ)V(PAR)
have the same truth values.

PI[Q[R[QVR[PA(QVR [PAQ[PAR[(PAQ)V(PAR)
1[1]1] 1 1 1 1 1
1[1]0] 1 1 1 0 1
1[o|1] 1 1 0 1 1
1[0]0] 0 0 0 0 0
011 ]1] 1 0 0 0 0
o/1[o| 1 0 0 0 0
olo0[1 | 1 0 0 0 0
0j0l0| o0 0 0 0 0

therefore they are equivalent. Similarly for PV (Q A R) and (PV Q) A (P V R), we
have:

PI[QIR|QAR|PV(QAR)[PVQ|[PVR|(PVQ)A(PVR)
1[1]1] 1 1 1 1 1
1[1][0] o 1 1 1 1
1{o[1] o 1 1 1 1
1[ojlo] o 1 1 1 1
o111 1 1 1 1 1
0/1]0] o0 0 1 0 0
0/0[1] O 0 0 1 0
0/0[0] O 0 0 0 0

We deduce that PV (Q AR) <= (PV Q) A (P V R).

5. To show that the last proposition is true, it suffices to show that the propositions
P = @ and =) = —P have the same truth values. We have:

P Q -P —\Q P:>Q ﬁQ=>—\P
111 0 0 1 1
110 0 1 0 0
01 1 0 1 1
00| 1 1 1 1

This shows the veracity of our proposition.
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1.1.2 Quantifiers
Let P(zx) be a proposition defined on a set E:
(1) Universal quantifier denoted V, reads "for all" or "whatever":
Ve e E, P(x)

which is true when all the elements z of E verify P(zx).

(17) Existential quantifier denoted 3, reads "it exists at least":
dJre B, P(x)
which is true when we can find at least one element x in E such that P(x) is true.

Example 1.9.

o Vz € [1,+oo[;2? > 1 is true.

o Jv € R;x? = —1 is false (no squared real will result in a negative number).

e Ve eR, ,VneN: (1+a)">1 is true.
Properties 1.10.

1. Yz, P(r) <= 3, P(z).

2. 3z, P(x) <= Va, P(2).

3. Va, [P(x) A Q(z)] = [V, P()] A [Vz, Q(z)].

4. 3, [P(x) A Q)] = B, P(x)] A [V, Q(x)].

5. Y, [P(x) V Q(z)] = [V, P(x)] V [Vz, Q(z)].
) () ()

6. 3z, [P(x) vV Q(z)] = [Fz, P(x)] V [Vz,Q(z))].
Corrected exercise:

1. Write the following sentence using quantifiers:

(i) For any real number, its square is nonnegative: Vo € R,z > 0.
1) Foe any integer n, there exists a unique real such that exp(xz) equals n: Vn €
y g
N,3z € R/ exp(z) =
2. Write the negation of the following propositions:

(1)) Ve eR,Jy>0:2+y>10—- 3z € R,Vy >0:2+y <10,
(1)) IreRVy<0:24+y<8—=VreR Jy<0:z+y>38,
(iii) PAN(PVQ)— PV (PAQ).
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1.2 Method of mathematical reasoning

There are several types of mathematical reasoning, we will deal with the most used
in this part:

1.2.1 Direct reasoning

We want to show that the proposition P = () is true. We assume that P is true and
we show that () is true. This is the method you are most used to.

Example 1.11. Show that if a,b € Q then a4+ b € Q.

Proof: Take a € Q,b € Q. Recall that the rational numbers () are the set of real
numbers written 2 with p € Z and g € N*.
q

/
Then a = b for some p € Z and some ¢ € N*. Similarly b = p—/ with p’ € Z and
q q
q € N*.
Now,
p. v _pd+a

atb="—+— ;
¢ q qq

The numerator pg’ + ¢p’ is indeed an element of Z, the denominator ¢q’ is an element of
/!

N*. So a + b can be written as a + b = p—” with p” € Z,q¢" € N*. Thus a +b € Q.
q

1.2.2 Reasoning by contraposition

Reasoning by contrapositive is based on the following equivalence (see the Properties
1.8):
P=Q+ Q=P

Instead of showing that the implication P = (@) is true, the reasoning by contrapositive
consists to showing that the () = P is true.

Example 1.12. Let n € N. Show that if n? is even then n is even.

Proof: We assume that n is not even. Then we want to show that n? is not even.
Since n is not even, it is odd and therefore there exists £ € N such that n = 2k + 1. Then
n? = (2k+1)> =4k* + 4k + 1 = 20+ 1 with £ = 2k* + 2k € N. Thus n? is odd.

Conclusion: we have shown that if n is odd then n? is odd. By contrapositive this is
equivalent to if n? is even then n is even.
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1.2.3 Contradiction reasoning

To prove that a proposition P is true, we assume that it is false and we leads to a
contradiction.

a b
E le 1.13. Let a,b > 0. Show that i =——th =b.
xample et a,b > ow azf1+b T+ a en a
b
Proof: By using the proof by contradiction, we prove that @ _ 0 and a # b.
1+06 1+a

b

As lj—b 1+ then a(l1+a) = b(1+b) so a+a® = b+b? thus a®> —b* = b—a. It leads
a

to (a —b)(a+b) = —(a—b). As a # b then a —b # 0 and therefore dividing by a — b

we obtain a + b = —1. The sum of two positive numbers cannot be negative. We get a
contradiction.
. ..oa b
Conclusion: if = then a = b.
140 1+4a

1.2.4 Reasoning by counterexample

To prove that the proposition Vo € E,| P(x) is false, it suffices to find an zq of E such

that P(zy) is true.

Example 1.14. Show that the following proposition is false "FEvery positive integer is sum
of three squares'. (The squares are 0%,12,22,3% -+ For example 6 = 12 + 1% 4 22).

Proof: A counterexample is 7: squares less than 7 are 0, 1,4 but with three of these
numbers we cannot get 7.

1.2.5 Inductive reasoning

Many results are expressed in the form VYn € N, P(n). A proof by induction allows
us to show that such a proposition is true.

The methodology consists of:
(1) Checking that the property P(0) is true.
(77) Proof that if the property P(n) is true then P(n + 1) is true.

The property P(n) assumed to be true is called the induction hypothesis induction
hypothesis.

" 1
Example 1.15. Show that for all n € N*, Z k= n(nz—i—)
k=1
. i = n(n+1)
Proof: For n > 1, Let P(n) denote the following proposition: Z k= —

k=1

We will prove by induction that P(n) is true for all n > 1.
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1(1+1
e For n =1 we have 1 = (1+1)

. So P(1) is true.
e Fix n > 1. Suppose P(n) is true. We will show that P(n + 1) is true i.e.,

&, (n+)(n+2)

;k: 5 .
We have:
n+1 n
Yk = Y k+(n+1)
= n(n;_l)ﬂL(nﬁLl)
_ n(n+1)+2(n+1)
2
 (n+1)(n+2)
— > )

Thus P(n + 1) is true.
Conclusion: by the principle of induction P(n) is true i.e.,

“ 1
Vn > 1, Zk:m
k=1 2
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2

SETS, RELATIONS AND MAPS

2.1 Set theory

Definition 2.1. We call set E any collection of objects satisfying the same property, each
object is an element of the set E.

Remark 2.2.
v’ To define a set:

(1) Either we know the list of all its elements, we then say that the set is given by
"Extension”.

(19) FEither we only know the relations which link the elements and which allow us
to find them all, we then say that the set is given by "Compréhension .

v’ We put the objects that make up the set between two braces.

v’ If the number of these objects is finite, we call it cardinal of E and we note it
card(E), if E has an infinity of elements, we say that it has infinite cardinality and
we denote Card(E) = oco.

v There exists a set, called the empty set and denoted O, which contains any element,

so Card() = 0.

v A set containing a single element is called "Singleton', so with a cardinality equal
to 1. We write 3! x and for read it "There is a unique z".

17
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Example 2.3.

(1) Let A = {1,3,a,y,,2}. A A is defined by extension because we know all its
elements. The cardinality of A is equal to 6 (Card(A) = 6).

(i) Let B be the set of first-year students in the Science and Technology common core.
We do not know all these students but we can find them, so B is a set given by
comprehension.

(1i1) Let E be the set of integers that divide 20, E = {1,2,4,5,10,20}.
(iv) Some important sets are the following:

> N={0,1,2,3,---} the set of natural numbers.

> Z=A{--,-3,-2,-1,0,1,2,3,-- -} the set of integers.
> Q the set of rational numbers.

> R the set of real numbers.

> C the set of complexr numbers.

2.1.1 Operations on sets

Let F and F' be two sets. We notice:

e Membership: xr € E, means that the element x belongs to E. If x is not an
element of F, we say that x does not belong to F and we write = ¢ E.

e Intersection: the intersection of two sets E and F' is the set of their common
elements and we write:

ENF={x/z € Eandz € F}.

If ENF = (), we say that E and F are disjoint.

e Union: the union of two ests F and F' is the set of their elements counted only
once and we write:
FEUF ={x/r€ FEorxecF}.
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e Inclusion: F isincluded in F' if every element of F is an element of F' and we have:
FECF<«=Ve,xe FE=uzecF.
We also say that E is a part of I’ or that E is a subset of F.

e Equlity: F and F' are equal if E is included in F' and F' is included in F and we
writing:

E=F < (ECF)N(FCE)
— Vr,(re E<=zecl).

e Complement: Let E be a set and A a subset of E, (A C E). We call complement
of A'in E the set Cy of elements in E which are not in A and we write:

Ca=FE\A=FE—-A={z/xcEetxd¢A}
The set £ — A is called difference of two sets.

(A (B

e Symmetric difference: We call symmetric difference of two sets £ and F' and
we denote by EAF the set defined by:

EAF =(E—-F)U(F - E).
Properties 2.4. Let E, F and G three sets, then the following relations are true:

x (ENF)CEANENF)CF)and EC(EUF)ANF C(EUF).

x ENF=FNEand EUF =FUE. (Commutativity)

x (ENF)NG=EN(FNG) and (FUF)UG=EU(FUG). (Associativity)
(ENF)UG = (FUG)N(FUG) et (FEUF)NG = (ENG)U(FNG). (Distributivity)
E—(FNG)=(E-F)U(E-G) and E— (FUG)=(E—-F)Nn(E-G).
SiF CFE and G CE, then Cy'“ = CLUCY and CL°° = CE N CY.

x* EN0=0 and EUD=E.
EN(FAG)=(ENF)A(ENG).
EAQ = E and EAFE = 0.

*

*

*

*

*
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2.1.2 Parts of a set

Definition 2.5. We say that a set E is included in a set F', or that E is a part of the
set F', or that E is a subset of F if every element of E is an element of F. We denote
E C F and we have:

ECF<<Vefzre E=x€l).

The set of all parts of a set E is denoted by P(E).
Example 2.6. Let E = {a,b,c}, s0 P(E) = {0, {a}, {b}, {c}, {a,b}, {a, e}, {b, ¢}, {a, b, e} ).

Remark 2.7. The empty set and E are elements of P(E).

2.1.3 Partition of a set
Let E be a set and A a family of subsets of E. We say that A is a partition of F if:
(1) Every element of A is not empty.
(77) The elements of A are pairwise disjoint.
(737) The union of the elements of A is equal to E.
Example 2.8. Let £ = {1,a,(,3,b,¢,d,c, 3,7}, then F = {{a,~v},{d, o, 5},{c, 1}, {3, ¢}, {b}}
s a partition of the set E.

2.1.4 Product set (Cartesian product)

Definition 2.9. Let E and F be two non-empty sets, we denote by E X F the set of pairs
(z,y) such that x € Eandt y € F is called Cartesian product of* of E and F defined by

ExF={(x,y)/r € Eand y € F}.
By definition, we have:
V(z,y), (@ y) € ExF, (z,y)=("y) = (x=2)A(y=1y).
Example 2.10. Let E = {1,5,0} and F = {a, o, (, /\, B}, then
ExF = {(1,a),(5a),(da),(1,a), (5 «a), (0 «a),(1,4£),(5,),
(0,0, (1,4),(5,4),(0,4),(1,4), (5. 4), (0, &)}

!DESCARTES René: French philosopher, physicist and mathematician (The Hague 1596-
Stockholm 1650). He created the algebra of polynomials, with Fermat he founded analytic geometry.
Stated the fundamental properties of algebraic equations and simplified algebraic notation by adopting
the first letters of the alphabet to denote constants and the last letters to denote the variables. Published
"The Discourse on Method", which is a reference for logical reasoning. Also discovered the principles
(rules) of geometric optics.
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and

FxFE = {(a,l),(a,1),(E,l),(A,1),(Q,l),(a,5),(a,5),(€,5),
(A,5),(#,5), (a,0), (o, 0), (¢,0), (A,00), (4, 0)}.

Remark 2.11. Ex FF=F x E if and only if E = F.
Properties 2.12. Let E, F,G and H be four sets, then the following relations are true:
1. EXF=0=FE=0orF=40.
2. EXxXF=FxE<=FE=0orF=0orE=F.
3. ExX(FUG)=(ExF)U(EXxGq).
4. (FUG) X F=(ExF)U(GxF).
5. (ExF)N(Gx H)=(ENG)x (FNH).

6. (Ex F)U(Gx H)# (EUG) x (FUH).

2.2 Binary relations in a set

Definition 2.13. A binary relation is a set of ordered pairs. A binary relation on a set
E is a set of ordered pairs of elements of E.

Definition 2.14. Let E be a set, x and y two elements of E. If there is a link that links
x and y we say that they are linked by a relation R, we write xRy or R(z,y) and we read
"r is related with y".

Example 2.15. E =R, Vx,y € E, 2Ry < |z| — ly| =z — y.

Definition 2.16. Given a binary relation R between the elements of a non-empty set E,
we say that:

1. R is Reflexive <= Vz € E; (zRx).
2. R is Transitive <= Vz,y,z € E; (¢Ry) A (yRz) = zR=.
3. R is Symmetric <= Vz,y € E; 2Ry = yRx.

4. R is Antisymmetric <= Vz,y € E; (2Ry) A (yRz) = = = y.
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2.2.1 Equivalence relations

Definition 2.17. We say that a binary relation R in a set E is an equivalence relation
if it is reflexive, symmetric et transitive.

Let 'R be an equivalence relation in a set E.

e We call equivalence class of an element x € E denoted z,& or C,, the set of
elements y of E/ which are in relation R with z. We write:

t={y € E,yRi}.

e We define the quotient set of E by the relation R the set of equivalence class of
all the elements of £, denoted E,z and we have:

E/R:i’,$€ E.

Example 2.18. In R, we define the binary relation R by
r,y ER IRy <= 2> —y> =2 —y.
e Let us show that R is an equivalence relation:

(a) Ve e R,2? —2? =2 — 2 = 0= 2Rx = R is reflexive.
(b) Vz,y € R,

TRy —= ' —yi=2—y

= - -2 =—(y—x)
= Y -t=y—=z
—

YRz,

donc R so symmetric.
(¢) Vx,y,z € R
TRy <= 2>~y =z —y (2.1)

and
YRz <= y* — 2 =y — 2 (2.2)

(21)+(22) <= PP+ -P=r—y+y—z
<~ xz—z2:x—z

<— 1Rz,
so R 1is transitive.

From (a), (b) and (c), we have R an equivalence relation.
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o Let us specify the class of a for all a for each a in R:
a = {xeR,zRa}
= {zeR2*—d*=2—a}
= {zeR (z—a)(x+a)=2—a}
{reR,(x—a)(x+a—-1)=0}
= {reRr=aouzr=1-a}
= {a,1—a}.

2

2.2.2 Ordering relation

Definition 2.19. We say that a binary relation R in a set E is an ordering relation if it
is reflexive, transitive and antisymmetric.

Let R be an ordering relation on a set E.
e We say that R is total ordering or linear ordering if:

Ve,y € E, 2Ry V yRx.

e We say that R is partial ordering if it is not total ordering, that is:
dx,y € E, neither xRy N neither yRux.
Example 2.20. Let E = {a,b,c}, we denote by P(E) the set of subsets of E. In P(FE),
we define the binary relation R by:
VA,B € P(E),ARB < A C B.
o Let us show that R is an ordering relation:
(a) Let A € P(E), then it is clear that A C A hence ARA i.e., R is reflezive.
(b) Let A,B € P(F),
ARB N BRA < ACB N BCA
— A=0D,
so R is antisymmetric.
(¢) Let A,B,C € P(E)
ARB N BRC <= ACB AN BcCC
— AcCC(C,

so R s transitive.
From (a), (b) and (c¢), we have R an ordering relation.

e [s this total ordering?
We have E = {a,b,c}, so P(E) = {0,{a},{b},{c},{a,b},{a,c},{b,c},{a,b,c}}.
The order of this relation is partial ordering because 3A = {a} € P(E),3B = {b} €
P(E) : A is not included in B and B is also not included in A.
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2.3 Maps and Functions
Definition 2.21. Let E and F two sets.

v’ We call function from set E to set F' a relation from E to F of which to any
element x of E we correspond to at most one element y of F.

v' We call map from E to F' a relation from E to F whose to every element x of K
we correspond to one and only one element y of F.

x 18 said antecedent, E the starting set or antecedants set, y is said the image, F the
ending set or images set.

Example 2.22.

f:R R and ¢g:R—{1} — R
x

—>
— f@)= v o) = 5

In this example g is a map but f is a function and is not a map because the element 1
does not have an image in R.

2.3.1 Characteristic of a map

> In general, we schematize a function or a map f by:

f:F — F
r — y= f(x).

I'=A{(z,f(2)),x € B} = {(z,y) e EX F:y= f(x)}.
is called the graph of f.
> Two maps are equal if their starting sets are equal, their ending sets are equal and

their values are equal.

2.3.2 Composition of maps

Definition 2.23. Let E, F and G be three sets and f : E — F,g : F — G two maps.
We denote by g o f the map from E to G defined by:

Vo e B, (go f)(z) = g(f(x)).

This map?® is called composed of maps f and g.

2g o f is a map because for x,2’ € E if x = 2/, then f(x) = f(2') because f is a map and since g is a

map, then g(f(x)) = g(f(2')), so (go f)(z) = (go f)(z').
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Example 2.24.

R — R, and g:R, — [=1;1]
r — f(z)=2? x +— g(z)=sinz,
then,
gof:R — [-1;1]
z +— (g0 f)(@) = glf(2)] = g(a?) = sina?.
Remark 2.25.

(7) In general, go f # f o g: noncommutative.

(1) fogoh= (fog)oh = fo(goh): the operation "composition of maps" is associative.

2.3.3 Restricting and extending a map

Let E; be a subset of F and f: E — F a map. The map g : E; — F such that
Vo € By, g(x) = f(z) is called the restriction of f in E; and we write g = f/F; and we
also say that f is the extention of g in F.

Example 2.26.

f:R — R and g [-11/2;11/2] — R
r —> f(z)=sinz r — g(z)=sinz

In this example, we have: g is the restriction of f in the part [—11/2;11/2] or f is the
extention of g in R. We write: g = f/[—11/2;11/2].

2.3.4 Injectives, surjectives, bijectives maps

Definition 2.27. Let f : E — F' a map. We say that:

(a) f is injective any element of F' has at most one element of E,
Vo, € B, f(21) = f(22) = 21 = 29,
or in an equivalent way (the logical negation):

Vay, w0 € E w1 # 29 = f(21) # [(22).

(b) f is surjective every element of F' has at least one element of E,

Vye F,3z € E:y= f(z).

(c) f isbijective if it is injective and surjective, i.e., if every element of F' has a unique
element in E by f,
Vye F;3'x e E:y= f(x).
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Example 2.28. Let

f:R — R and ¢g:R — R
r — flz)=2*+1 r — g(x)=2r+1

Study the injectivity, the surjectivity and the bijectivity of f and g:
> f is not injective because f(—1) = f(1) = 2 does not imply —1 = 1.
> f is not surjective because x> + 1 = —3 does not admit a solution.
> f is not bijective because f non injective.

> g is injective because

g(z)=g(y) = 20+1=2y+1

= 2r=2
— z=y.
—1
> g is surjective because y = 2x + 1 = x = y2 i.e., Vy € R;dx € R such that
y—1
r="—
2

> g s bijective because g is injective and surjective.
Properties 2.29. Let f: E — F and g : F — G be two maps, then we have:
1. (f surjective) N (g surjective) = g o [ surjective.
2. (f injective) N (g injective) = g o f injective.
3. (f bijective) N (g bijective) = g o f bijective.
Proof: We have: go f : E — G.

1. Assume that f and g are surjectives and show that g o f is surjective. Let z € G, g
being surjective, there exists y € F such that z = g(y), since y € F and f is
surjective, then there exists © € E such that y = f(x), therefore z = g[f(x)] and
we deduce that:

VzeG,Jx € E:z=(go f)(x),

which shows that g o f is surjective.

2. Assume that f and ¢ are injectives and show that g o f is injective. Let x1, 29 € F,
then:

x1# o = f(x1) # f(xe) because f injective
= g[f(x1)] # g[f(x2)] because g injective
= (9o f)(z1) # (g0 f)(x2),

which shows that g o f is injective.

3. From 1. and 2., we deduce that if f and ¢ are bijectives, then g o f is bijective.
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2.4 Direct image and reciprocal image
Definition 2.30. Let f : E — F a map, AC E and B C F.

e We define the direct image of A by the map f the subset of F' denoted by f(A):
fLAy={ye Fvz e A,y = f(x)} ={f(x), s € A} C F.
Example 2.31. Let

f:R — R

v — f(z) =27

and A = [-2,1]. We have:

f(A) = {f(z),x € A}
= {2%,xe[-21]}
= [0,4].

e Ve define the reciprocal image of B by the map [ the subset of E denoted by
fU(B):
f'(B)={x€E, f(z)e B} CE.

Example 2.32. Let

f:R — R

v — f(z)=2"

and B = [0,4]. We have:

FUB) = {zeR f(x) € [0,4]}
= {r eR,z* €]0,4]}
= {reR,0<2? <4}
= {zeR2*-4<0}
{r eR,(x—2)(z+2) <0}
[—2,2].

o Let f be a map bijective, then there exists a map denoted by f=* which defined by
f1:F—E,
y=fla)=az=[f"y),

called reciprocal map of f.
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Proposition 2.33. Let f: E — F, A, BC FE and M,N C F, then

1
2
3

4

5

. F(AUB) = f(A) U f(B).
. FANB) C f(A)n £(B).

CFMUN) = F M) U FI).
PN = FH M) A FU).

JNCRM) = Cuf (M),

Proof:

1

. Let y € F, then

y € f(AUB) dre (AUB):y= f(x)

(Jre Av3z e B):y= f(z)
(JreA:y=f(zx))vV(E@Bxe B :y= f(x))
y € f(A) vy e f(B)

y e (f(A) U f(B)),
f(A)U f(B).

11117

which shows that f(AU B)

Let y € F', then

ye f(ANB) <= dre ANB:y= f(z)

< (Jx€e AANTreB):y= f(x)

< (JzeA:y=f(x))N(FreB:y= f(z)
— ye(f(A)Ayef(B)

— ye(f(A)N[f(B)),

which shows that f(ANB) C f(A) N f(B).

Let x € E, then

(f(z) € M)V (f(z) € N)
(e [THM)V(ze fTHN)
z € (fHM)UFHN)),

which shows that f~'(M UN) = f~}(M)U f~}(N).
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4. Let x € E, then

re fT{(MNN) f(z) € (MNN)
(f(z) € M)A (f(z) € N)
(z € fTHM) A (z € fTHN))

€ (f M) N fTHN)),
which shows that f~* (M N N) = f~Y(M)n f~4(N).
5. Let x € E, then

T € f_l(CFM) f(l') S OFM

(f(z) e F) A (f(z) ¢ M)
(z € E)A(x ¢ f71(M))
T € CEf_l(M),

which shows that f~'(CrM) = Cpf~1(M).

11t

Exercise 1. Is the following relation reflexive? Symmetric? Antisymmetric? Transitive?
in R.

TRy <= (cosz)? + (siny)? = 1.
Solution:

> R is a reflexive relation because:

(cosz)? + (sinz)? = 1 = 2Rx.

> R is a symmetric relation because:

TRy <= (cosx)®+ (siny)® =1
< 1-(sinz)’+1—(cosy)®=1
< —(cosy)? — (sinz)* = —1
<= (cosy)®+ (sinz)® =1
— yRx.

> R is not an antisymmetric relation because:

TRy (cosz)? + (siny)? =1
A\ = A
y (cosy)? + (sinx)? =1

&

X

which does not imply that z = y.
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On the other hand, for example: if x = 0 and y = 2II:
(cos0)? + (sin 2I1)2 = 1
A
(cos2IT)? + (sin0)? = 1
which implies that 0 # 2I1.

> R is a transitive relation because: Vz,y,z € R,

TRy (cosx)? + (siny)? =1
A\ = A
yRz (cosy)? + (sin 2)? =
= (cosx)®+ (siny)? + (cos y)? + (sinz)? = 2

)+
= (cosz)’+ (sinz)* =1
= IRz

Exercise 2. We consider the map:

fR-{2} — F
T+95

v — f(z)= S _

with F a subset of R.

Determine F' so that the map f be bijective and give the inverse map of f.

Solution: showing that f is bijective amounts to examining the existence of a solution
to the equation y = f(z), for all y € F.

Let y € F', then,

T +5
= <= =
y=f(z) y=
— ylr—-2)=z+5
— yr—xr=2y+5>5
— z(y—1)=2y+5
2y +5
— =2 py
y—1
which shows that: —
¥y eR— {1}, 3z = yy_l; y=f(x).
2y +5

To show that f is bijective, it remains to see if x =

e R—{2}7
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We have:
2y +5
y+1 =2 = 2Yy+5=2y—2
y —
<= 5 = —2 which is impossible,
2045

which shows that T € R — {2}, hence:
y J—

2y +5
Vye R—{1},3 z = yy—+1 eR-{2} y=f(v)

So f is bijective if F' =R — {1} and the inverse of f is:

ffTR-{1} — R-{2}
2045

y o= ST =

Exercise 3. Let the map f : R — [5, +o0o[ defined by:
f(z)=(2*-8)*+5, VzeR
We define in R the relation R by:
Ve,y € R, 2Ry < f(z) = f(y).
1. Verify que R is an equivalence relation.
2. Calculate 0 and 2.
Solution: let the map f: R — [5,400| defined by:
f(z) = (2> -8)>+5, VreR.
We define in R the relation R by:
Vr,y € R, 2Ry <= f(z) = f(y).
1. Verify que R is an equivalence relation:

(a) Vo € R, f(z) = f(x) = 2Rz = R is reflexive.

(b) Vz,y € R,
tRy <= f(z)= f(y)
= f(y) = f(z)
<— yRux,

so R is symmetric.
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(¢) Vx,y,z € R,
1Ry < f(z) = f(y)

and
YRz <= f(y) = f(2)

= [f)=[f(2)

— xRz,

so R is transitive.
From (a), (b) and (¢), we have R an equivalence relation.

2. Calculate 0 and 2:

0 = {ze€R,2R0}
= {zeR f(z) = f(0)}
= {zeR,(2* -8)*+5=28+5}
= {r R, (2* —8) = £8}
= {reR,z*=0Va*=16}
{~4,0,4}.

2 = {reR,rR2}
= {zeR f(z) = f(2)}
= {reR, (2* -8’ +5=(—4)*+5}
= {r R, (2* —8) = +4}
= {reR, 2> =4Vva*=12}
= {£2,+2V3}.
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3

REAL FUNCTIONS WITH ONE REAL
VARIABLE

3.1 Definitions and Properties

Definition 3.1. a function of a real-valued real variable is a map f : E — R, where E is
a subset of R. In general, E is an interval or a union of intervals. We call E' the domain
of definition of the function f. We denote the set of these functions by: F(E;R).

We call graph of a function f the geometric locus of the points M (z,y) where v € E and
y = f(x) and we write:

Gy ={(z.y) v € By = f(x)}.

3.1.1 Arithmetic operations on functions

Let f: E— R and g : F — R be two functions defined on the same subset E of R.
We can then define the following functions:

(7) the sum of f and g is a function f + g : E — R defined by
(f+9)(x)=f(z)+g(x) forall z€FE.
(17) the product of f and g is a function f x g : E — R defined by
(f xg)(x) = f(x) x g(x) and (af)(z) =af(x) forall € E, a€R.

33
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112) the rational of f and g is a function = defined by
h i 1 of f and f / defined b
g

/ iG] or all x x
(g)<:c>—g(x) for all z € E, g(x) 0.

3.1.2 Upper, lower and bounded functions
Let f: E — R, we say that:
e fis bounded above (upper) in F if there exists a constant M € R which satisfies:
Ve e FE; f(x) < M.

e fis bounded below (lower) in E if there exists a constant m € R which satisfies:

Ve € E; f(x) > m.

e f is bounded in F if it is bounded above and below at the same time.

3.1.3 Increasing, decreasing functions
Let f: E— R, we say that:
1. f is increasing in F' if and only if:
Ve € By < xg = f(21) < f(x2)

and it is non-decreasing if instead of < we have <.

2. f is decreasing in F if and only if:
Vayxe € Byxy < xg = f(21) > f(x2)

and it is non-increasing if instead of > we have >.

3. f is constant in FE if and only if:
Vay, o9 € Byxy # 19 = f(11) = f(22).
4. a monotone function (resp. strictly monotone) is a function which is either
increasing or decreasing (resp. strictly increasing or strictly decreasing).

Proposition 3.2. A sum of two increasing (decreasing) functions is an increasing (de-
creasing) function.

Example 3.3.
v’ The square root function \/z : [0, +oo[— R is increasing.

v The exponential function exp : R — R and logarithm In :]0, 00— R are non-
decreasing.

v The absolute value function |z|: R — R is neither increasing nor decreasing. On
the other, the function |z| : [0, +00[—> R is increasing.
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3.1.4 Parity and periodicity

A set E € R is said to be symmetric with respect to the origin if: x € F = —x € E.
Let f: E — R be a function defined on this interval. We say that:

(a) fisevenifVe e E, f(—x) = f(x).
(b) fisoddifVx e E, f(—x) = —f(x).
(c¢) fis periodic in E of period T if and only if:
T >0,Ve e E; f(x+T) = f(x).
Graphic interpretation:

(1) f is even if and only if its graph is symmetric with respect to the y axis.
(17) f is odd if and only if its graph is symmetric with respect to the origin.

(7i1) f is periodic of period T if and only if its graph is invariant under the translation
of vector T, where i is the first coordinate vector.

Example 3.4.
1. The function defined on R by x — x**(n € N) is even.
2. The function defined on R by x — 2?1 (n € N) is odd.
3. The function cos : R — R is even and sin : R — R is odd.

4. The sine and cosine functions are 2m-periodic and the tangent function is w-periodic.

3.2 Limit of a function

Let a € R. Throughout this chapter, we will say that a function f with domain of
definition Dy is defined in the neighborhood of a if there exists a real A > 0 such that we
are in one of the following three cases:

> DfNa—h;a]\{a} =[a— h;a[ ie., fis defined in a neighborhood to the left of a
and possibly undefined at a.

> DyNa;a+ h)\ {a} =]a;a + h] ie., fis defined in a right neighborhood of a and
possibly undefined at a.

> DyNja—h;a+h]\{a} =[a—h;a+h]\{a} ie., fis defined in a neighborhood of
a and possibly undefined at a.
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3.2.1 Limit of a function at a point

Definition 3.5. Let a,f/ € R and let f be a function defined in the neighborhood of a.
The number € is said to be the limit of f when x tends to a and we write glclgr}l fx) =10

Ve > 0,30 > 0,Vz € Dy, |z —a| < a = |f(z) — ] <e.

We also say that f(x) tends to ¢ when x tends to a.
Example 3.6. lirr(l)(?)x +1)=1.
T—

‘v’e>0,§|a:§>0,‘v’x€Df,|x—0|<§:>|(3x+1)—1|<5.

3.2.2 One-sided limits
Definition 3.7. Let a,/ € R and let f be a function defined in the neighborhood of a.
1. We say that f has £ a left-hand limit at a if the restriction of f in D] —oo;al has
¢ a limit at a. In this case, this limit is unique and we denote it lim f(x) = ¢,
Tr—a~

Ve>0,3a>0,Vr € Dyja—a<z<a= |f(z)—{| <e.

2. We say that f has € a right-hand limit at a if the restriction of f a DsN]a;+o00]

admet £ a limit at a. In this case, this limit is unique and we denote it lim+ flz) =1,
Tr—a

Ve>0,3a>0,Vr € Dy,a<z<a+a=|f(x)—{| <e.

Example 3.8.

f:R = R

P dr +5 s1 2 <O,
]l 2z+1 siax>0.

We have: lirgl f(z) =5 and lilr(r)l+ flz)=1.
=07 T—
In this case we say that f hasn’t a limit at 0.

Proposition 3.9.
lim f(z) = ¢ <= lim f(z)= lim f(z)="/(.

T—a T—a~ r—a™t

3.2.3 Uniqueness of the limit
Theorem 3.10. Let f be a function defined in the neighborhood of a € R.

(2) If f has a limit £ at a, it is unique, we then denote lim flz)="¢.

(id) If f is defined at a and has a limit at a, then lim f(x) = f(a).
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3.2.4 Sequential characterization of the limit

Theorem 3.11. Let f be a function defined in the neighborhood of a € R and let { € R.
The following propositions are equivalent:

() tim f() = £
(it) For every sequence (u,) in Dy has a limit a for all n, then, f(u,) has a limit (.

Method: to show that a function f hasn’t a limit at a, it suffices to find two sequences
(u,) and (v,) have a same limit at a such that f(u,) and f(v,) have different limits.

1
Example 3.12. The function x — sin — hasn’t a limit at 0: let
x

1 d 1
Up = = an Up = ————.
IT + 21In

II

Then,
flug) — 1, fv,) —0

o1
have different limits, hence, hH(l) sin — does not exist.
T—r €T

Theorem 3.13. Let f and g be two functions defined in the neighborhood of a € R and
let £,0" € R. If lim f(z) =¢ and glcl_rgg(x) =/{'. Then,

1. lim[f(z) + g(z)] = £ + £

2. limf ()g(a)] = €0
im M :ﬁ /
T I )

Proposition 3.14. (Composition of limits).

Let f be a function defined in the neighborhood of a € R and g be a function defined in
the neighborhood of b € R and let ¢ € R.

If lim f(z) =b and ilir’l)g(x) =/, then, glcigé(gof)(x) =/.

3.2.5 Passing to the limit

Let f and g be two functions defined in the neighborhood of a € R and let ¢, ¢/, m, M €
R.

(2) If lim f(z) = and lim g(z) = ¢ and if f < g in the neighborhood of a, then, ¢ < ¢'.
1) If lim f(x) = ¢ and f < M in the neighborhood of a, then, ¢ < M.
r—a

(i7) If lim f(x) =/ and f > m in the neighborhood of a, then, ¢ > m.
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3.2.6 Pinching Theorem, Decrease Theorem and Increase The-
orem

Let a,/ € R and let f, g and h be three functions defined in the neighborhood of a.

Theorem 3.15. (Pinching Theorem)
If lim h(z) = ¢, lim g(x) =0 and h < f < g in the neighborhood of a, then, [ has a limit
at a and this one is worth (.

1
Example 3.16. Study the limit of f(x) = xsin — at 0. We have: Ya € R*,
T

x, 1f v <0,

.1 r<sini<-—
—1<sgin— <1<« - z .
<z if x>0

T —x < sin

H\»—AI/\

1
Using the previous theorem, we get lig%)xsin —=0.
x x

Theorem 3.17. (Decrease Theorem)
If c!:ll}}z h(z) = 400 and h < f in the neighborhood of a, then, f has a limit at a and this
one is worth +0oo.

Theorem 3.18. (Increase Theorem)
If }El_rillg(l’) = —oo and f < g in the neighborhood of a, then, f has a limit at a and this
one is worth —oo.

Example 3.19. Study the limit of f(z) = % at +o00. We have: Vx € R,
sin x

1 1
—1<sinz<1=1<24sinr<3=-< —<
37 2+sinx
T

T
> Ifr el —00,0/— - > ———
f ] o [ 3~ 2+sinx

and using the previous theorem increase, we get:

x
lim f(z) =—o00 because lim — = —o0.
T—r—00 T—r—00

x

T
I |0 _ < —
> If 2 €]0, +oof 3 2+sinx

and using the previous theorem decrease, we get:

: .
xganoof(x) =400 because xEIEOO 3= +00.

3.3 Continuous functions

Definition 3.20. Let a be a real number and f a function defined in the neighborhood of
a. We say that f is continuous at a if f is defined at a and lim f(z) = f(a), ie.,

Ve > 0,3a > 0,Vz € Dy, |z —a| < a=|f(z) — f(a)] <e.
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Example 3.21. f(z) =3z + 1 on R, f is continuous at xy = 2:
V€>0,3a=§>0,Vx6Df,|x—2| <§;» Bz +1)— 7] <e.

Definition 3.22. Let a be a real number and f a function defined in the neighborhood of
a. We say that:

(1) f is left continuous at a if lim f(x) = f(a), i.e.,

r—a—

Ve >0,3a>0,Vz € Dy,0<a—z<a=|f(z)— fla)| <e.

Example 3.23. Let f(z) =v/3—z;  Djy=]—o00,3.
f is left continuous at a = 3 because lirgl f(z)=0= f(3).
z—3~

(13) f is right continuous at a if im f(z) = f(a). C’est a dire:

r—a™t

Ve >0,3a >0,V € Df,0 <z —a<a=|f(z)— fla)] <e.

Example 3.24. Let f(z) = V1 — 2?; Dy =[-1,1].
f is right continuous at a = —1 because lim f(x)=0= f(—1).

r——17F
Example 3.25. The function:

f:R — R
3z if x <1,
r — flz)=¢ 2 st x =1,
3r—1 if x> 1.

f is not left continuous at 1 but it is right continuous at 1 because:
lim f(x) =3+# f(1) et lim f(z)=2= f(1).
x—1~ z—1+

In this case f is not continuous at 1.

Proposition 3.26. f is continuous at a if and only if f is left continuous and right
continuous at a.

3.3.1 Continuous of composed functions

Let f: I — I'"and g : I’ — R be two functions continuous at a and f(a)
respectively. Then, gof : I — R is continuous at a.
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3.3.2 Continuous over an interval

Let f: I — R. We say that f is continuous on I (I denotes an interval) if f is
continuous at any point of I.

We denote C'(I;R) or C°(I;R) the set of continuous functions on I with values in R.
Example 3.27. Let a € R, we define the function:

f:R — R

224 (a®?—1)? six <0,
T f(x):{x?’ ( ) si x> 0.

f s continuous on R if:

Tim f() = lim f() = £(0).

We have: lirgl f(z) = (o® —1)* and lir(lgl+ f(z) = 0, then, by identification, we get:
z—0~ T—>
(a* —1)? =0, which gives o = +1.

3.3.3 Operations on continuous functions
Let f and g be two functions continuous at a. Then,
x VYo, 8 € R: af 4+ g is continuous at a.

* f g is continuous at a.

% = is continuous at a if g(a) # 0.
9

x| f| is continuous at a.
Remark 3.28. f is called discontinuous at a if:
(a) f is not defined at a.
(b) the limit exists but different from f(a).

(c) the limit does not exist.

3.3.4 The Intermediate-Value Theorem

Theorem 3.29. Let f be a continuous function on interval [a;b]. For any real k
between f(a) and f(b), there exists xo € |a,b] such that f(xo) = k, and if moreover f is
strictly monotone, then, the xq is unique.

1
Example 3.30. Show that Inz — — = 0 has a unique solution on |1,2].
T

1
Let f(x) =lnx — —. We have:
T
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(7) f is continuous on [1,2].
(17) f(1) =—1 and f(2) ~0,19.
the IVT, implies 3z €]1,2[: f(zo) = 0.

1
Uniqueness: f'(z) = — + —;, hence f is non-decreasing. Then, the solution xq is
x

unique.

3.3.5 Extension by continuous

Let f be a function in the neighborhood of a but not defined at a. We say that f is
extendable by continuous at a if f has a finite limit ¢ at a. The extension f of f defined
by:

f<x>:{£(x) if r#a,

if r=a
then, is continuous at a.

Example 3.31. Find an extension by continuous to R of the following function:

23+ 52 +6
floy = ZE2ES b= )
. . 23 +bHrx+6 8 L
We have: xlggf(:c) = xlinhﬁ =3 The extension f of [ defined by:
345 6
- T TorTo —: v if x# -1,
f(z) = ] z° +1

3.4 Derivative and differentiability of a function

Definition 3.32. Let f be a function and a € Dy. We say [ is differentiable at a if:

lim M exists and finite.
Tr—a xx — Q

This limit is called the derivative of f at a and denoted f'(a), or L(a). Another writing
of the derivative at a:

- flat+h)—fla)
lim - = f'(a).

h—0
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Example 3.33. Let [ be a function defined by:

f:R —- R
v = f(x) =2

Find the derivative of f at a of R. We have:

- f(z) — f(a)
/ —
fla) = lim ——
i 3 —ad
= lim
r—=a 1 — Qq
. (z—a)(2® + ax + a?)
= 1
v T—a

= glclgré(:L“Q + ax + a*) = 3a’.

3.4.1 Left-hand Derivative, Right-hand Derivative
We define the left-hand derivative of f at a by

@) - @
"(a) = 1 :
fola) = Jim =4
Similarly, we define right-hand derivative of f at a by:
o f@ = 1@
/ JR—
fd(&) N xlirtrzl‘*' Tr—a ’

and
[ is differentiable at a <= f;(a) = fi(a) = f'(a).
Example 3.34. Let [ be the function defined by:

fR - R

_1=2x if x <0,
v ﬂ@_{x+1 if x>0

is f differentiable at 07

We have:
vy f@) = £(0)
fg(O) N xlif(r)l* X
— lim (1—-2z)—1
z—0~ xr
= lim — = -2,

z—=0~- T
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et
. f(z) = f(0)
/ —
d(O) - $11>I(r)lJr T
— im (x+1)—1
z—0t T
= lim T 1.
z—0t X

Finally, f is not differentiable at 0 because f,(0) # f3(0).

Definition 3.35. f is differentiable on I if it is differentiable at every point of I and the
map:

eI - R
x = f(z)

is called the derivative function of f.

3.4.2 Geometric interpretation of the derivative

Let f be a differentiable function at a and (G) the graph representing of f. The
equation of the tangent (7') of the graph (G) at M(a, f(a)) is

(T) 2y = f(a)(z — a) + f(a),
where f’(a) represents the slope of the line tengent to the graph(G).

3.4.3 Operations on derivatives

Let f and g be two differentiable functions at a. Then af,a € R, f + g, f X g are

differentiable at a, as well as S if g(a) # 0. Moreover, we have the formulas:
g

o (af)(@) = af(2).

o (f+9V(@) = 1) +(2).

o (f % g)(@) = f'(@)gla) + F(2)g (@),
. (f) oy L@)o() — [ )y’ @),

g lg(=)]?

Theorem 3.36. Derivative of a composed function.

Let f : 1 — I' and g : I' — R be two differentiable functions at a and f(a)
respectively. Then, gof : I — R is differentiable at a and we have:

(gof)'(a) = f(a) - g'Lf (a)].
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Proof: We have:

(gof)'(a) = lim

_ i I @] — glf(a)]
_ i @] —glf(a)] f(z) ~ fla)
e f(z) = f(a) r—a
i W 0@ )= )
Tz—a f(x) — f(a) ra T —a .
= f(a) J[f(a).
Example 3.37. Consider the functions f and g defined by:
fR — Ry and g: R, — [_1;1]
r — f(z) =2’ r — g(z)=sinz,
then,
gof:R — [-1;1]
z +— (go f)(x) =sinz?
and

(go f)(z) = fl(x) g[f(@)]

= 2zxcosz?

Theorem 3.38. Derivative of a reciprocal function.

If f is differentiable at o, then, f~' is differentiable at f(xq) and we have:

—1y\/ o 1
Y0 = 5y
Proof: We have:
ey e ) = 0 )
(Y ) = Jim I
= lim !
Yy—Yo — Yo
<f_1)(i/) — (/") (wo)
= T@ @)
. T — 2o
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Example 3.39. Consider the function f defined by:

where

%
—~
a¥

@M—t(b&‘,_

3.4.4 Higher order derivative

Let f : I — R be a differentiable function on I, then, f’ is called the derivative of
order 1 of f. If f’ is differentiable on I then, its derivative is called the derivative of order
2 of f. We note it f” or f*

f2 — I (f/)/'

In general, we define the derivative of order n of f by:

=", Yn>1,f=f

We say that f is of class C! on I if f is differentiable on I and f’ is continuous on I.

We say that f is of class C" on I and we write f € C"(I) if f is n'* differentiable on
I and f™ is continuous on I.

f is called to be of class C*™° on [ if it is class C",Vn € N.

3.4.5 n'" Derivative of a product (Leibniz formula)

Theorem 3.40. Let f, g : [a,b] — R n'* differentiable, then f - g is n'" differentiable and
we have:

n!

Vo € la,b]; (f-g)"(x) = Zi: Cr " (x)g"(x) where C} = m
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Proof: if n =1, we have:

(f-9)@)=(f-9)(z) = ];Céfl"“(x)g’“(x)

= Cyf' ()¢ (x) + CL fO(x)g' ()
= f(x)g(x) + f(2)g'(z).

Example 3.41. Calculate (23 sindx)3. We have:

3
sindz)® = > Cp(2®)* F(sindx)
k=0
= Cp(2°)*(sin4x)? + CF (2°)*(sin 4x)"
+  C3(2*) (sin 42)* 4+ C3(2*)°(sin 42)3,

(a

continue - - -

3.4.6 Derivability and continuous
If f is differentiable at xq then, f is continuous at zy. The converse is false in general.

Example 3.42. f(z) = |z|, = € R. f is continuous at xo = 0 but it is not differentiable
at xg = 0 because f,(0) = —1 # f3(0) = 1.
3.4.7 Fundamental theorems on differentiable functions
Theorem 3.43. (Rolle’s Theorem).

Let f : [a,b] — R be a function verifying:

1. f is continuous on [a,b],

2. f is differentiable on ]a,b],

3. f(a) = f(b).
Then, 3c €la,bl: f'(c) = 0.

Rolle’s theorem tells us that there is a point ¢ at which the tangent is parallel to the
T axis.

Example 3.44. To show that the equation sinx + cosx = 0 has at least one solution in
the interval 0,11], we use the function f(x) = e*sinx — 1 which is continuous on [0;11],
differentiable on ]0,11[ and f(0) = f(II) = —1.

So by the Rolle’s theorem 3¢ €]0; 11 such that

f'(c) =0=e°sinc+ e‘cosc= 0= sinc+ cosc=0.



3.5. HOSPITAL RULES 47

Theorem 3.45. (Lagrange’s Theorem or finite increments).
Let f : a,b] — R be a function satisfying:
1. f is continuous on [a,b],
2. f is differentiable on ]a,b.
Then, Jc €]a,bl: f(b) — f(a) = (b—a)f'(c).
Proof: Consider the function ¢ : [a,b] — R defined by:

Vz € [a,0], g(x) = f(z) = fla) = —=F———
The function g¢ is:

e Continuous on [a,b] and differentiable on ]a,b[ because it is the product and the
sum of the functions continuous on [a, b] and differentiable on ]a, b|.

* g(a) =g(b) = 0.
So by the Rolle’s theorem, Jc €]a, b[: ¢'(c) = 0. We have:

70 =0 = flo-T0I0_
— 9= 10-J0

— 3eea,bl: () - f(a) = (b—a)f(c).

Lagrange’s theorem tells us that there is a point ¢ €]a,b[ in which the tangent to the
graph is parallel to the line joining the two points (a, f(a)), (b, f()).

3.5 Hospital Rules

(1) Let f,g: I — R be two continuous functions on I, differentiable on I — {z} and
verifying the following conditions:

> Jim f(2) = Jim g(e) =0,

> ¢'(z) #0,Ve € I —{xo},

then,
!
lim J'(z) =/ = lim @:K
% g (a) 5 g(a)
Example 3.46.
. sinz . CcOosST
lim = lim =1.
z—0 g z—0 1

The converse is generally false.
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1
Remark 3.47. The Hospital Rule is true when x — +o0o. Let’s x = o

I

lim ~—+% = lim

r——+00 g(l‘) e (1) o x—t —1 ’ (1)
g\7 9\ 7
t 2 t

0
lig% f(z)d (x) = 9 and f', g' verify the conditions of the theorem, then we can apply

once again the Hospital’s rule.

(13) Let f,g: 1 — R be two continuous functions on I, differentiable on I — {zo} and
verifying the following conditions:

> lim f(z) = lim g(z) = 400,

Tr—xTQ T—T0
> ¢'(z) # 0,V € I — {xo},
then,
/
TGN T A CO )
T—xQ g/(x) T—T0 g x)
The previous remark is true in this case.
Example 3.48.
n n—1 -1 n—2
lim A lim ne = lim M
r—4o00 et r—4oco0 e T—4-00 et
o lim n(n—l)(n—?)---xo_o.
T—+00 e

Exercise 1. Let a be a non-negative real, consider the function f defined by:

1
>4+ - if ©<0,

— a
fla) = sin(ax)

—Vz st 0<zx<a.

1. Determine the domain of definition of f.
2. For which value of o the function f is-it continuous at xq = 0.

3. For the value of a found in question 2., show that there exists at least one real ¢ in
the interval |0, o[ solution of the equation f(x) = 0.
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Solution: Let o be a non-negative real, consider the function f defined by:

1
x2+x+& if ©<0,
fl@) =19 s
sin(ax) —Vr  if0<z<a.

T

1. Determine the domain of definition of f:

D¢ =] — 00;0]U]0, ] =] — 00, .

2. For which value of « the function f is-it continuous at zy = 0:

f is continuous at v <= lim f(z) = lim f(z) = f(0).

z—0~ z—0t
We have: ] ]
lim f(z) = lim 2* + 2+~ = —
x—0~ r—0~ [0 (6%
and
lim f(2) I sin(ar) JE
im f(z) = lim — VT
z—0+ z—0t xT
= lim « sin(az) —Vx
z—0t [e%8

a.
By identification, we get: — = «a, which gives a = 41, since a be a non-negative
Q@
real, then, o = 1.
3. Show that Je €]0, af solution of the equation f(z) = 0:

_ sin(ax)

a:17 f(l’)— _\/E

T

Let us apply the Intermediate-Value Theorem to f on |0, 1[:
e f is continuous on [0, 1].
e f(0O)=1>0and f(1) =sinl —1<0.
The IVT, implies 3¢ €]0, 1[: f(c) = 0.
Exercise 2. Consider the map:
FfiR* — R

v fl) =1 sin(2x)'

X

1. Calculate f(—II) et f(II). The function f is it injective? justify.
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2. Calculate lim f(z).

3. Deduce that the function [ is extendable by continuous at xq = 0. Let g be the
extension by continuous of f, write the expression for g(z).

4. Show that the equation g(x) =0 has at least one real solution in the interval [0,11].

5. Study the differentiability g at xo = 0.

Solution:
fiR* — R
in(2
v o fl@)=1-— sin( :U)
x
sin(—21T) sin(21T)
1. We have: f(—II)=1— 0 - lLand f(II) =1 — T 1. (Remark that

the map f is even).
The map f is not injective because —II # IT and f(—II) = f(II).

o o .
2. lim f(z) = lim l1 _ sin( x)] — lim [1 - 28m2( x)] — 1, because limSI?t ~ 1.

r—0 z—0 x x—0 x t—0

3. The limit of f(x) at zyp = 0 exists and is finite so the function f is extendable by
continuous at this point. Its extension g is defined by:

oo ={ 1020

4. Let us show that the equation g(x) = 0 has at least one real solution in the interval
[0, I1]:

(i) The function g is continuous on [0, II].
(1) g(0)g(I) = g(0)f(II) = =1 <0.
By the Intermediate-Value Theorem: Je €]0,I1[; g(¢) = 0.

5. Differentiability of g at o = O:

2 .
— 2r — 2
lim 7g(x) 9(0) = lim — 2% — iy e G sin x),
=0 x—0 0 T 0 22

the direct calculation leads to the indeterminate form %, we can apply the Hospital’s
rule because the functions x — 2z — sin(2x) et z — z? are differentiable at 0.
We have: ) o 5 o )

lim 22 — sin(2z)] i 2T cos(2x)

z—0 [3;'2]’ xz—0 2r
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0
also gives the indeterminate form o Let us apply once again the Hospital’s rule:

p— / 1
lim [2 — 2 cos(2z)] _ lim 4sin(2x) _o
z—0 [21}]’ z—0 2
So,
o) —e0)

x—0 x—0

Therefore the function g is differentiable at 0 and ¢'(0) = 0.
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4

APPLICATIONS TO ELEMENTARY
FUNCTIONS

4.1 Power function
Definition 4.1. The power function of exponent a,(a € R*):

T2t =xzXIT X - X2T

a times

is a continuous map on |0, 4+00| and strictly monotone (increasing if a > 0 and decreasing

ifa<0).
1

It is differentiable on |0,4o00| of derivative:: © — az®'.

We have:
+00 a <0,
hH(l) =<1 a=0,
i 0 a > 0.
and

0 a <0,
lim z=¢ 1 a=0,
T—+00

400 a>0.

Let’s look at the function x — za on RY is the reciprocal function of f 1 x — x% on
R+,

52
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4.2 Logarithmic function

Definition 4.2. There exists a unique function, denoted In :]0, +0o[— R such that:

1
In'(z) = —, for all z >0 and In1 = 0.
x

Proposition 4.3.
(1) In is a continuous, non-decreasing and defines a bijection of |0, +oo| on R.
(12) The function In is concave and Inx < x — 1 for all x > 0.
(1ii) Moreover this function In satisfies for all a,b > 0:
> In(a x b) =lna+1Inb,
> In—=—Ina,
a

> Ina™ =nlna,Vn € N.

(1v) Three limits must be known:

In(1
lim Inx = —o0, lim Inx =400, lim M =1.

z—0+ T—r+00 z—0 €T

Remark 4.4. Inx is called the natural logarithm or also natural logarithm. It is charac-
terized by Ine = 1. We define the logarithm to base a by:

1
log, z = ﬂ, so that log,a = 1.
Ina
For a = 10 we obtain the decimal logarithm log,, which verifies log,; 10 = 1, hence

log,,(10)™ = n. Therefore, we have the equivalence:

z = 10Y <= y = logy, .

4.3 Exponential function

Definition 4.5. The reciprocal bijection of In :]0,+oco[— R is called the exponential
function, denoted exp : R —]0, +00].

For x € R, we also denote e for expx.
Proposition 4.6.
(1) exp : R —]0, +00[ is a continuous, non-decreasing.

(1) The exponential function is differentiable and exp’xz = expx, for all x € R. It is
convex et expx > 1+ x.
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(1ii) Furthermore this function In satisfies for all a,b > 0:

> exp(lnz) =z for all x > 0 et In(expx) =z for all x € R.

> exp(a+b) = expa) x exp(b), exp(a —b) = Z);I;((Z))
> (expz)" = exp(nx).
(tv) Three limits must be know:
—1
lim expxr =0, lim expx =+o0, lim KPTT 2y
T——00 T—-+00 z—0 Xz

Remark 4.7. The exponential function is the unique function which satisfies:
exp’(z) = exp(z) for all x € R and exp(l) =,
where e = 2,718 - - - is the number which satisfies Ine = 1.

We call the exponential function to a(a > 0), the function denoted exp, defined on R
by:
Vo € R :exp,(z) = (@ = 42,

Power and comparison: by definition, for x > 0 and o € R : * = exp(alnx), let’s
compare the functions In z, exp x with z:

Inz exp T
lim xlnx =0, lim zexpr=0, lim — =0, lim = +400.
rz—0+ T——00 rz—+oo r—+oo g

x* (a>1)

Figure 4.1: Compare %, Inx and exp x functions.
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4.4 Hyperbolic functions and their inverses

The four hyperbolic functions are defined as follows:

> hyperbolic sine:

sh:R — R
r +—— shx = c-°
2
> hyperbolic cosine:
ch:R — R
e* +e "
r — chx = —

> hyperbolic tangent:

th:R — ]—1,41]

shr e*—e™®
r — thx = = .
chx ex + e ®

> hyperbolic cotangent:

coth : R* — | — o0, —1[U]1, +o0[

chx er + e "
r +—> cothxy = = .
shr e*—e %

The functions are defined on R except cothz which defines on R — {0}, continuous, dif-
ferentiable and satisfy the following properties:

1. The function z —— shx is odd and non-decreasing on R, lim shx = Foo, its
r—T o0
derivative is (shx) = cha.

Its reciprocal function, denoted x —— argshx is also continuous non-decreasing
from R to R with lim argshx = Foo:

T—F00
y = arg shx <= x = shy.

Another expression of the function arg sh, we have:
ch*y — sh?’y =1 = chy = \/1 + sh?y = V1 + 22
d
On the other hand, if x = shy, then, d—x = chy and
Y

1 1 1

= = A R.
chy 1+sh?y 1+ 22 ve

(arg shz) =

So
chy + shy =€ =z + V1 + 22,
which implies:
argshr =y =1Ine’ =In(z + V1 + 22).
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2. The function x — chx is even and non-increasing on R~ and and non-decreasing

on RT, lim chx = Foo, its derivative is (chx) = shz.
r—T o0

Its reciprocal function, denoted x —— argchx is also continuous non-decreasing
from |1, 400 to R* with EIJP arg chx = +o00:
X o

y = arg chx <= x = chy.

d
On the other hand, if x = chy, then, di = shy and

1 1 1
Yo > 1.

shy - vehry — 1 - Vaz -1 -

Another expression of the function arg ch, we have:

ch*y — sh?y =1 = shy = \/ch?y — 1 = Va2 — 1.

(argchz) =

So
chy + shy =¢e¥ =x + Va2 — 1,

which implies:
argchr =y =Ine’ =In(x + Va2 —1).

Here are the graphs of these functions:

o chx
shx
argshx

argchx

Figure 4.2: sha and chx functions. Figure 4.3: arg shz and argchz inverse
functions.

3. The function x — thx is odd and non-decreasing on R, l_lgl thx = F1, its deriva-

tive is

(th) () =1 —th®z =

ch?z’
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Its reciprocal function, denoted x —— argthx is also continuous non-decreasing
from | — 1,+1[ to R with lim argthx = —oo and lim argthx = 4o0:

z——11 T—+1—

y = argthr <= x = thy.

d
On the other hand, if x = thy, then, dg:j =1 —th%y and

1 1
thx)' = = :
(arg the) 1—th?y 1—2x?

Another expression of the function argth, we have:

eV —e™Y 9 1+
= [ = s
e¥+e Y 1—x
which implies:
1 1+
argthr =y 5 n -

4. The function x — cothx is odd and non-increasing and bijective from R* to | —
00, —1[U]1, +o0[, lim cothe = F1 and lim cothz = Foo, its derivative is
z—Foo z—1F
-1

— 2. _
(coth) (z) =1 — coth’z = e

Its reciprocal function, denoted x — arg cothx is also strictly continuous increasing
from | — 1, +1] to R,
y = arg cothr <= x = cothy.

We can show that:
1+

1—z|

1
arg cothx =y = 3 In
Here are the graphs of these functions:

argthe

Figure 4.4: thx function. Figure 4.5: argthz inverse function.
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4.5 'Trigonometric functions and their inverses

Definition 4.8. The function y = sinx is an odd function of period 211. This function
is continuous and defined on R and verifies the following relations:

> —1<sinz <1,
> sin(—x) = —sin(z),

> sin(Il + z) = Fsin(x),

Al
> sin (2 + a:) = cos(z).

Its derivative which is deduced by a rotation in the opposite trigonometric direction on the
circle (clockwise direction) is equal to:

(sin(x))" = cos(x).

Definition 4.9. The function y = cosxis an even function of period 211. This function
s continuous and defined on R and verifies the following relations:

> —1<cosx <1,
> cos(—x) = cos(x),

> cos(Il + z) = — cos(x),

II
> COS (2 + x) = Fsin(z).

Its derivative which is deduced by a rotation in the opposite trigonometric direction on the
circle (clockwise direction) is equal to:

(cos(x))" = —sin(z).

Remark 4.10. The Sinus and Cosine functions represent the coordinates of the point M
belonging to the trigonometric circle. These functions verify the following relations:

cos?(x) + sin®(z) = 1.

Definition 4.11. The function y = tanx = SInx
cos X

is an odd function of period 11. This
I1

function is continuous and defined on R — {(Qk + 1)57 ke Z} and verifies the following

relations:

> tan(—z) = — tan(z),
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> tan(Il + z) = £ tan(z),
II 1
>tan | —+ x| = F—.
2 tan
Its derivative is equal to:

N S an®(z
(tan(x)) = o2 (2) 1 + tan®(x).

1
Definition 4.12. The function y = cotanx = - is an odd function of period 11. This

an
function is continuous and defined on R—{kIl, k € Z} and verifies the following relations:
> cotan(—z) = —cotan(x),

> cotan(Il + z) = £cotan(z),

IT
> cotan (2 + 9:) = Fcotan(z).

Its derivative is equal to:

(cotan(x)) = S7(2) = —(1+ cotan®(x)).

We call reciprocal circular functions the following four functions:

|

—II 1I

1. Arcsine function is a reciprocal function of the sine function on the interval [2 5
) —II 1I
arcsin: [—-1,1] — |—,—=
2 72

r +—— arcsincz,

and verifies the following relations:

: —1I 1T .
> ifz e 5y | sz =y & a = arcsing,
> sin(arcsinz) =z, Vo e [—1,1],
—II II
> arcsin(sinz) =z, Vz € - 2],

> cos(arcsinz) = /1 — 22, Vz € [-1,1].
It is odd, continuous, differentiable on | — 1, 1] and non-decreasing, its derivative is

1
V1—22

(arcsin(z))" =
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2. Arccosine function is a reciprocal function of the cosine function on [0, I1]:

arccos : [—1,1] — [0, 1]]

T F— arccosz,
and verifies the following relations:

> if z € [0,11] : cosz =y < = = arccosy,
> cos(arccosx) = x, Ve [-1,1],
> arccos(cosx) =z, Vz € [0,11],
> sin(arccosz) = 1 — 22, Vo € [—1,1].
It is continuous, differentiable on | — 1, 1[ and non-increasing, its derivative is:
, —1
(arccos(x)) = Vit

o . . . —IT 11
3. Arctangent function is a reciprocal function of the tangent function on EREll

—IT 1I
arctan :] — oo, +oo[ — |—, =
2 72
r +—— arctanwz,

and verifies the following relations:

> ifx €

IT
5 ,zlztan$:y@x:arc‘cany,

> tan(arctanz) =z, Vo € R,

—IT 11
> arctan(tanz) = x, Vz € ] TR l
It is odd, continuous, differentiable and non-decreasing, its derivative is:

1

(arctan(l'))/ = W

4. Arccotangent function is a reciprocal function of the cotangent function on |0, I1[:
arccotan :] — oo, +oo[ — ]0,11]
T +—— arccotanz.

It is continuous, differentiable and non-increasing, its derivative is:

1
1+ 22

(arccotan(zx))’ =

Here are the graphs of these functions:
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Figure 4.6: sinxz and her inverse arcsin z. Figure 4.7: cosz and her inverse arccos z.

] ‘
| : :
3 3 3 3 -
= ! :
| 4 % ¥
| | | |
‘ | ‘ 1/ =y s S S
| | | | _E
: | | | T
| ! : :

Figure 4.8: tan z function. Figure 4.9: arctan x function inverse.

Exercise 1. By using the definition of the derivative of a function, calculate the following
limits

. arctanxr — —
lim M, lim 4
z—0 T z—>1 x—1
Solution:
e Let f(x) =cosy/z = f(0) =1, then,
1 — _
z—0 €T z—0 z—0

Its derivative is:

1 1 sin+/x 1
N : oy — - _ -
f'(x) 2ﬁ81n\/§:>f(0) 2361210 N
Then,
lim 1 —cos+/x 1
z—0 x 2
11 :
e Let g(x) = arctanz = g(1) = 7 which give
arctanr — —
—g(1
lm 4 — iy SO 79N gy
z—>1 r—1 z—1 x—1
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Its derivative is:

1 1
/ _ / _ T / _ =
g(@) =1z =9 1) = lim g(2) = 5.
Then,
arctanr — —

1

lim ——— 4 =

z—1 x—1 2

Exercise 2. Cualculate the derivatives of the following functions:
[(@) = (sine+ (@ +22),  g(a) = ()™, z € R.
Solution: We use the usual derivation rules in each case:

(i) Let u(z) = sinz + In(4 + 22), so f(z) = (u(z))7, then,

Fo) = S @) () = 2t ),
which implies,
f(z) = i <COS$ + 4+$2> (sinaj +1In(4 + x2)>_% '

(i7) The function g can be written g(z) = (cha)®** = @ with v(z) = cos?z In cha.
Then, ¢'(x) = v'(x)e’™. We have:

h
V(x) = (—2 cos  sin z In cha 4 cos® :st> :
chx

So
g (z) = (—2 sin 22 In cha 4 cos? a:th:v) (cha)e"®.
Exercise 3. Let f be the function defined on R by:

1
f(z) = %arctan () if x #0,

= x
0 if x=0.

1. Show that f is continuous at x = 0.

2. Determine the right derivative f3(0) and the left derivative f;(0) of f at x = 0. Is
the function f differentiable at x =07

Solution:
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1. For all z € R, we have:

1 I || 1 ||
arctan <>‘ < — = |f(x)| = T arctan ()‘ <=
x

2 x 2’

then, limof(x) =0 = f(0). Consequently the function f is continuous at z = 0.
T—

1 II
2. When x — 07T, arctan <) — 5 then,

T
v o J@)—=f0) 1 (1)
Jal0) = Mim == = gy i, avctan ()
1

The right derivative of the function f is f;(0) = 3

1 IT
Likewise, when x — 07, arctan (> — —5 then,

T
f3(0) = lirré_ Jw = I}I lin%_ arctan (i) :

1
The left derivative of the function f is f,(0) = ~3 As f3(0) # f,(0), the function
f is not differentiable at z = 0.

Exercise 4.

1. Write a function of x the two functions: cos(arcsinz) and sin(arccos z).

2. Solve the equation on R:

arcsin x = arcsin 5 -+ arcsin 5

3. Show that:
arccos r + arcsinz = 5
Solution:
1. We have:
cos?y +sin?y = 1 = cosy = +/1 — sin?y,
since
—3 < arcsinz < by = cos(arcsinx) > 0,
= cos(arcsinx) = \/1 — sin?(arcsinz) = V1 — 22.
Likewise,

siny = +4/1 —cos?y = sin(arccosz) = \/1 — cos?(arccos )

— sin(arccosz) = V1 — 22 because : 0 < arccosz < II.
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2. Solve the equation on R:

4 3
arcsin x = arcsin — -+ arcsin —.
5 5
We have:
sin(a 4+ b) = sina cos b + cos a sin b.
: . 4 .3 ) . : .4 .
arcsinz = arcsin R + arcsin R = sin(arcsin z) = sin | arcsin R + arcsin R

. .4 .3 AN .9
= I = s (arcsm 5> COS (arcsm 5> -+ cos (arcsm 5) sin (arcsm 5)

N 4\/1 9+\/1 163
Tr= = - — — -z
5 25 255

3. Show that: arccosx + arcsinx = 7 We pose:

I S
V122 V122

= f(x)=C, Cisaconstant, but f(0) = 1;

=0

f(x) = arccosz + arcsine = f'(x)

— f(z) = arccosz + arcsinz = 3

Exercise 5. Let’s show the following inequality:
x

V1—a?2

Solution: We apply the finite increment theorem to the function arcsinz on [0;x] C
[0;1]. Then, there exist a constant ¢ €]0; x| such that:

vV €]0;1], arcsin r <

£) = 10) = (2 = 0)'(e) = /'(e) = ——,
but,
1 1
N < N because ¢ < ;
which implies:
arcsinz < <

V1—a%



CHAPTER

5

LIMITED DEVELOPMENT

5.1 Taylor formulas

A function f is continuous on [a,b] C R and differentiable at xy €]a, b[ can be written
in the neighborhood of xg:

f(z) = fzo) + (x — z0) f'(20) + (. — x0)e(),

with le e(z) = 0. This amounts to saying that f is approximated by a polynomial of
T—xT0

degree 1:
z+— P(x) = f(xo) + (z — z0) f'(wo).

The error committed R(z) = (x —x)e(z) tends to 0 when z tends to z,. Taylor’s formula
generalizes this result to functions n differentiable which can be approximated (in the
neighborhood of () by polynomials of degree n. More exactly,

FP(x0) +- -+ (:Jc—n!m())”f(n)(%> +Ry(20, 2).

(x — m)?
2!

Py, ()
P,(z) is a polynomial of degree n at (x — x¢) which approximates f with a precision R,

and R, (g, ) is called remainder of order n. Various forms of R,(x¢,x) exist, the most
classic form is the following:

65
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5.1.1 Taylor formula with integral remainder

Theorem 5.1. Let f : [a,b] — R be a function of class C" ' and let x, xq € [a,b]. Then,

2

(x — z0) (x — x9)
1!

2!
_ n z f£(n+1)
NI +Mf<n><xo> + /m fn!(t)(x —t)"dt.

n!

flx) = flwo)+ f(zo) + £ (o)

Example 5.2. The function f(x) = € is of class C"™' on R for alln. Let us fiz xy € R.
As f'(x) = e*, f"(x) = €*,- - - then, for all x € R:
(x — x0)2€xo (x — x0)™ z et

+o b e+ | —(z— )"t

T __ X0 o
e =€’ +(x—x9)e” +
( ) 21 n! zo 1!

5.1.2 Taylor formula with Lagrange remainder

Theorem 5.3. Let f : [a,b] — R be a function of class C" ™' and let z, xy € [a,b]. There
exists a real ¢ between xog and x such that:

2

F@) = floo) + E) gy ¢ B0 g

1! 2!
_ n _ n+1
L +<~"0n!ﬂﬂo> £0) () + @(niol))' £ (),

Example 5.4. Let xo,x € R. For all integer n > 0, there exist ¢ between xy and x such
that:

2 n n n+1
(z — xo) ex0+_”+(l’—$0) 620+(5E—9€0) 610+($—930)+ ¢
2! n! n! (n+1)!

et =e" + (r—1x0)e™ +

5.1.3 Taylor Mac-Laurin formula

When 2y = 0 in the Taylor-Lagrange formula, we pose ¢ = 0z,0 < 6 < 1,¢ €]0, x|
and we obtain

In—i—l

1) 1)!f(n+1)(9x).

2
f(@) = FO) + 57/(0) + S /P (0) + -+ 0 (0) +

Remark 5.5. The Taylor Mac-Laurin formula is often used in the calculation of approx-
imate values.
Example 5.6. Using the Mac-Laurin formula of order 2 to the function x — €*, show
8
that we have 3 <e< 3. We have:
22 28

T -1 il v Oz
e +x+2+6e,
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and for x =1,

IS =-+
e= 5 66, i.e., €= e’.

Using the fact that 0 < 6 < 1, we obtain:

8<5+169<5+1

— < =+ = — + —e.

3 2 6 2 6
Hence

< —f-l = g <5

e< —+ —e —e < —

2 6 6 2

= e<3

8
Finally, 3 <e<3.

5.1.4 Taylor Young formula

We will restrict the hypotheses by assuming only that f(™(z,) exists.

Theorem 5.7. Let f : [a,b] — R and xq € [a,b]. Suppose f™(xq) exists (finite), then,
Vo € \(xp),
(x — x0)?

f'(xo) + Tf@)(mo) 4t

(x_nf:())nf(") (o) +0(x —x0)",

where o(x — x¢)" = (x — xo)"e(x) with lim e(z) =0.
T—To

Remark 5.8. The Taylor Lagrange formula gives a global study of the function on the
interval, while the Taylor Young formula gives a local study of the function in the neigh-

borhood of xg.

The Taylor Young formula is useful for calculating limits.

Example 5.9. Let f:] —1,+oo[— R,z — In(1 + ), f is infinitely differentiable. We
have: f(0) =0 and

/ _ 1 " _ —1 " _ 2
f/(O) _ 1’ f”((]) _ _17 f”/(O) -9
Then,
2 .3 , '
In(l4+z)=x— §+§ + 2°e(x), avec il{}l})e(x) =0

is a limited development of order 3 of In(1+ x) in the neighborhood of xy.
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5.2 Limited development

5.2.1 Limited development in the neighborhood of zero

We have seen that in a neighborhood of zy we can approximate f(z) by a polynomial
P, of order n so that f(z) — P,(x) = o(z — 2¢)". This when f(™(z) exists.

Now, we will see that such a polynomial can exist even if f™ does not exist and even
if f is not continuous at xg.

Definition 5.10. Let f be a function defined in the neighborhood of zero. We call that f
admits a limited development of order n in the neighborhood of 0 if there exists an open
I of center O and the constants ag,ay,- - -, a, such thatVx € I,x # 0

f(r) = ay+a1x+ -+ apx™ + 2 e(x) with lime(x) =0

z—0
= ap+ax+---+ax” +o(z").
P, (z)

o P(x)=ay+ ax+-- -+ a,z" is the reqular part of limited development.

o o(z") = x"e(x) with lir% e(z) =0 is the remainder.
T—r
Example 5.11.

1. f(z) =1+ %x + 322 + 23 Sin%,x € R* is a limited development of order 2 in the
neighborhood of 0.

If [ admits a limited development of order n in the neighborhood of 0, then, lir% f(x)
z—
exists. Indeed, f(z) = ag + a1z + - - - + a,a™ + x"(x), hence lin% f(z) = ag. This
z—
does not mean that f is continuous at 0 because f(0) may not exist.

2. f(z) = i,a: # 0 does not admit a limited development in the neighborhood of 0
because liLI(l) f(z) = 0.

If f admits a limited development of order n in the neighborhood of 0 and ag = f(0),
then, f is differentiable at 0. Indeed, Vx # 0, f(x) = f(0)+ a1z + -+ a 2" +2"e(x)
with hg(l) e(z) =0.

M =a;+ax +---+ anilxnfl + xnflg(x) with ilir(l) E(:L‘) =0.
So hmw =q; = f/(o)

z—0 z—0

Proposition 5.12. (Uniqueness). If f admits a limited development of order n in the
netghborhood of 0, then, this limited development is unique.
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Proof: Suppose that f admits two limited development of order n in the neighborhood
of 0, i.e.,
fx)=ao+arx+- - +a2" + 2" (x) with lig%]gl(x) =0

and
f(z) =bg+ brx + - - + ba™ + x"ey(x) with lig(l) go(x) = 0.

Which give
(ag —bo) + (a1 — b))z + - - + (an — by)z" = 2" [e1(x) — £2(2)].
Passing to the limit when z — 0, we have: ag = by, hence
(ag — b))z + -+ (an — by)z" = a"[e1(x) — e2(x)].
If x # 0, we obtain
(ay —b1) + (ag — bo)w - - - +(a, — by)x™ ' = 2" ey (z) — eo()].

Passing to the limit when © — 0, we have: a; = b;. In this way, we have a, = b,, Vn.
Hence the uniqueness of the limited development.

Theorem 5.13. If f™(0) exists, then the limited development of f is

n

f(z) = f(0) + %fl(o) + gf@)(o) +-o Iff(")(O) + 2"e(x) with lirr(l)e(x) =0.

n! z—

Corollary 5.14. If f(0) exists and f admits a limited development of order n in the
neighborhood of 0, then,

CL():f(O), ap =

ol 77l
Proof: It is thanks to the uniqueness of the limited development.
Example 5.15. (Limited development obtained by division according to increasing power).

f) = 1

= 14z+2>+- - +2"(2)

such that e(z) = | L 0 when — 0.

— X

We can deduce f™(0), indeed,

f(z) = f(0) + %f’(O) + :jf(g)(o) +- :Z:f(")(()) + z"e(z) with lime(z) =0,

z—0

FM(0)

and by identification, we have: Yk : 0 < k < mn, i

=1.
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Remark 5.16. The existence of a limited development does not imply the existence of
derivatives. Indeed, let

1
glz)=1+z+2°+- - +z"+2" sin—,
T

it is clear that g admits a limited development of order n in the neighborhood of 0 but it
is not differentiable at O since it is not defined at 0.

5.2.2 Limited development of usual functions at the origin

Throughout this subsection, € denotes a zero limit function at 0.

2 .1'3 "
e :1+x+§+§+---+m+xe(a€),
1 2 n_n n
1_1::14—1’—1—1' + (D) 2" 4 2"e(x).
et (L) 4 o)
=1l—x+=x —1)"z z'e(x).
1+=z
>t 2" 2n+1
ch$:1+a+1+---+<2n)!+x e(x).
CL'3 x5 x2n+1 ont2
Sh$:$+§+ﬁ+"‘+m+fﬂ €($)
> at (_1)n$2n 2n+1
) x3 1.5 (_1)nx2n+1 onto
2 .TS xn
ln(l—l—x)::v—?+§+---+(—1)”+1Z+x”5(x).

a(a
QA+z)*=14+ax+ ———2"+---+

1 1 1.3 1-3-5 1-3-5---(2n—1)
=1—== 2 3 . 1)" n n )
1+a 2" T Taaet T (=1) 2.4-6---(2n) +a"e(@)
1 1 1.3, 135, 1-3-5---(2n—1)

T i
= 2T oat e gt Tt e a6 )
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5.2.3 Limited development in the neighborhood of z; and of
infinity

Definition 5.17. We call that f defined in the neighborhood of xo admits a limited de-
velopment of order n in \/(xo) if the function

F:xv+—— F(x) = f(zo+ x)
admits a limited development of order n in \/(zo). We have:
F(z)=ao+ a1z + - -+ aa” + x"e(x),

50
flzo+x)=ap+a1x+ -+ apz" + 2"(x),

i.e.,
fy) = a0+ ar(y —20) + - - + anly — 20)" + (y — 20)"e((y — 20)),
or in an equivalent way:

f(@) = a0+ ai(zx —x0) + - + an(x — 20)" + (2 — 20)"e((z — 20)).

Finally, we return from the neighborhood of xy to the neighborhood of 0 by the change of
variable z = x — xg.

Likewise the limited development in the neighborhood of the inifnity is done by the

change of variable y = —.
x

Definition 5.18. We call that a numerical function admits a limited development of order
n in \/(+00) if there exists a polynomial P of degree less than or equal to n such that we

have in \/(+00),
fo-r(2) o)

(i) The limited development of x — €* in \/(1). We put u = x — 1, so in \/(0) we

Example 5.19.

have:
" 2 u3 u™ .
(& :1+U+§+§+"‘+H+O(u )
By consequently,
—1)2 —1)3 — 1"
e”_1:1+(x—1)+<x 5 ) +(:1:'3!) —I—---—l—(xn!) +o(u(z — 1)")
Finally,
(x—1)* (z—1)° (z —1)"

T —e|l4 (-1
e ell+(z—1)+ 5 + i p
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(i7) The limited development of x — €* in \/(4+00): the limited development of v — €*
1
in the neighborhood of the inifnity, it suffices to put y = —. We have:
x

2 .CL’S n

T _ 1 T Zz n

SO

7 WU I I SO S
ey = — _— _— o .. ol — .
y o 2y* 3y nly" y"

5.2.4 Operations on limited development

1. Limited development obtained by restriction: If f admits a limited develop-
ment of order n in the neighborhood of 0, then, Vk < n, f a limited development of
order k. Indeed, we have:

flz) = ap+amz+---+a,z" +2"e(x) with lin%) e(z) =0
T—
= ap+ a4+ apr® + ap 2+ apea T
+apz" + x"e(x) with li_% e(z) =0
= a0+a1x—|—---+akxk

= 4 aap1r + apgox® + -+ apa"F 4+ 2" R ()]
such that e3(2) = [aj11@ + Qg2 + - - - + a2 F + 2" Fe(x)] — 0 when z — 0.
2. Algebraic operations on the limited development:

Theorem 5.20. If f and g admit limited development of order n in the neighborhood
of 0, then, f+ g, f X g admit limited development of order n in the neighborhood of

0 and = admits a limited development of order n if lin% g(x) #0.
g T—r

> Sum and product: We suppose that f and g are two functions which admit
limited development of order n in the neighborhood of 0:

fx) =ap+ax+-+a 2" +2""e1(x), g(x) = bo+brx+ - +bya" + 2" "ex ().

Properties 5.21.

o f+ g admits a limited development of order n which is:
(f+9)(z) = f(x)+g(z) = (ap+bo)+ (a1 +b1)x+- -+ (an+by)x" +2"e(x).

Example 5.22. Let h(z) = In(1 + ) 4+ cosx. We have:

2 3 4 2 4
In(1+ x) :x—%—l—%—%—l—x‘lel(x), cosx = 1—%+%+x452(x).
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Then,

N 22 ot
h($> = {L’—?—F?—Z—Fl‘sl(%)—i-l—a—Fj
55
= 1+$—$2+%—1$4+$46(ﬂf),

+ zteq(z)

is a limited development of order 4 of h in the neighborhood of 0.
e [ X g admils a limited development in the neighborhood of O of order n
which is:

(f x g)(x) = f(x) x g(x) = Tu(x) + 2"e(x),

where T,,(x) is the polynomial (ag+ayx+---+a,z™) X (bg+byz+---+b,a™)
truncated to order m. (truncated a polynomial to order n means that we
only keep monomes of degree < n.)

Example 5.23. Let f(x) = sinz.cosx. We have:

e
sinx =z — 3 + 2% (z),
2

cosx =1— % + 2%e(7).

Then,

flz) =2z — §x3 + 23e(z).

> Division: Here is how to calculate the limited development of a quotient f/g.
Let

flz)=ap+arz+- - +aa”+2"e(x),g(x) = bg+brx+ -+ byz" + 2" eg(x).
We will use the limited development of H% =1l—-u+u?—ud4---.
(a) If by = 1, we put u = byx + b,2™ + x"ey(x) and the quotient is written:

f

f:f.lzf
9 9

1
1+u

Example 5.24. Limited development of tanx in the neighborhood of 0 of
order 5. We have:

ZL‘S 5 [EQ 4

sinx =z — 5 + 570 + 2% (x), cosz=1-— 5 + % + 2%e5(7).
S
By putting u = 5 + 21 + 2%e5(z). We will need to

2 4 2 4
u? = (‘2 topt w*”ez<z>> =L e (e), W= ale(a)



74 CHAPTER 5. LIMITED DEVELOPMENT

So,
1 1
_ 1 2 .3, .3
— T u+u® —u’ + uey(x)
2 4 4 2
5)

= 1+%—%+%+x5€2(x):1+%—ﬂ$4+$552($)-

Finally,

t o I3+ v + 2% (z)
anxy = SInx =\ — — — X e1\T
COS T 6 120 !

2 5 3 2
X <1 + % - ﬂx‘l + x5sg(x)> =+ % + 1—5x5 + 2% ().

(b) If by is arbitrary with by # 1, then, we return to the previous case in

writing:
11 1
g(z) by, b by ne(x)’
9(z) b01+—1x+---+—x”+$g($)
bo bo bo
1
Example 5.25. Limited development of 5 1 T in the neighborhood of 0 of
x
order 4:
1+ 1 1
- (1 S
2
T 2\ 3 4
a3 G () () e
(+x)< 2+(2) 5) T3 + o(z*)
1+:17 x2+$3 x4+(4)
= —4+-—— — +o(z").
2 4 8 16 32

(c) If by = 0 then, we factor by z* (for a certain k) in order to reduce to.
sin T

Example 5.26. If we wish to calculate the limited development of .
shx

in the neighborhood of O of order 4, then, we write:

3 o at 4
sin z x—?)!+5!+0(x5)_95<1 3!+5!+0($)
shr 3 2P s 2 2t A

$+§+5+0(I) x<1+?)!+5!+0(x)
2 4 1
= 1—x——|—x—+0(x4) X
3! 5! . r? ! A
+§+E+O(ZE)
ot
- - 11— 4+ 4
2—1—18—1-0(95)
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> Limited development of a composite function:

Theorem 5.27. If f and g admit limited development of order n in the neigh-
borhood of 0 and if g(0) = 0, then, fog admits a limited development of order
n in the neighborhood of 0.

Remark 5.28. The reqular part of f o g is obtained by replacing in the reqular

part of f, the reqular part of g keeping that the powers are less than or equal
to n.

Example 5.29. Let h(x) = ™. We put f(u) = e and g(x) = sinz. We
have g(0) =sin0 = 0,

" u? ol 5
e =1+u+§+§+o(u ),
3
sinxzm—%+o(m3),

SO

(fog)(w) = ™"

5.2.5 Derivation of limited development

We have seen that the existence of limited development does not require the existence
of the derivative. So we cannot say anything regarding the limited development of the
derivative.

Theorem 5.30. Let f be a differentiable function in the neighborhood of 0 and admits a
limited development of order n in the neighborhood of 0:

f(z) = P(z) + 2"€¢(x) with lime(x) = 0.

z—0

If the derivative f' admits a limited development of order (n — 1) in the neighborhood of
0, then,

f(x) = Q(z) + 2" 'n(x) with QICILI(I) n(x) = 0.

such that
Q(x) = P'(z).
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1
Example 5.31. Let f(z) = T We know that:

flx)=1+24+ 2>+ - 4+ 2"+ 2"(x) with lim e(x) = 0.

z—0

Therefore

1 1N,
1-22 (1—:;;) =@
= 1420+ +na" '+ 2" Y a)n(x) with liir(l) n(x) = 0.

5.2.6 Integration of limited development

Theorem 5.32. Let f be a numerical differentiable function in the interval I =] — «, af,
a > 0, its derivative is f'. If f' admits a limited development of order n in the neighbor-
hood of 0,

fl(w) = ap + a1 + agx® + - - - + apz™ + z"e(x) with lim e(x) = 0,

r—0

then, f admits a limited development of order (n + 1) in the neighborhood of 0,

_ a o Q42 3 An  p41 n+l1 . . _
f(x) = f(0) + apz + 57 + 37 + +7n+1$ + 2" () with ilir(l)ﬁ(I)—O,

here x™n(z) = /JC t"e(t)dt.
0

Example 5.33. We have:

1
T2 =1—x+2*+ -+ (=1)"2" + 2"€(z) with glﬂig%e(:v)zo,

by consequently,

2 3 4 —1)
1n(1+x):ln1+x—x—+£—£+---+( )

n+1 n+1
2 "3 4 nrls T

n(x) with hi% n(x) = 0.
5.2.7 Generalized limited development

If f defined in V(0) does not admit a limited development in \/(0) but z® f(z),a > 0
admits a limited development, then, we can write in \/(0) for = # 0,

zf(x) = ap+ a1z + - - - + apa” + 2"e(z) with lime(z) =0,

z—0

hence 1
f(z) = s [ag + a1z + -+ - + a,a™ + x"€e(z)]

it is a generalized limited development of f in \/(0).
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Example 5.34. Let f defined by
1
o=

f does not admit a limited development in the neighborhood of 0 because lir% f(z) = +o0,
T—>

but we have:

of@) =

= l+z+a2>+ - +2"(x).

By consequently,
1
f(x) = - {1+x+x2+--~+x"e(x)}

is the generalized limited development of f.

5.3 Applications

The limited development are very useful in finding the limits of functions and the
study of indeterminate forms.

Example 5.35. Let

2?2 28
In(1 — — = —
n(l+z)—a+ 7 3

(sinx)4

fz) =

By using the Young’s formula to order 4 to the function x — g(x) = In(1 + z), calculate
liH(l) f(z). We have:
x—

Lo 7 ) 7 ) L 4
g(x) = 9(0) + 13'(0) + 579%(0) + 5799 (0) + 379(0) + o(2)",

i.e., T -
1n(1+x)=0+$—§+§—ﬂ+xe($), with }jlg(l)e@):().

By consequently,
xt 4
—— + 2'€(x)

fla)=—4

(sinx)?

Y

which admits as a limit _T when x tends to 0.
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Example 5.36.

> Find the limit when x tends to 0 of the following function:

sinx — xcosx

fz) =

(1l —cosz)

We have:

1.3

T 3
sing =2 — + o(z?)

and
2

cosx =1-— % + o(z?).

By consequently,

Finally, )
lim f(z) = =.

z—0 3

> Determine the limit, when x tends to +1 of the following function:

2

flz) = S /% Jup B

z—1

1
We have an indeterminate form 400 — oo. We saw that by putting y = —, we come
x

back in the neighborhood of 0, we find:

o) = f (;)

After calculations we find:

Finally, )
lim f(x)=Ilimg(y) = 3

T—+00 y—0

Exercise 1. Calculate the following limits:

(a) 2
I e —cosx
o0 2
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(b) . ,
lim n(l+x)—sinz
z—0 €T

9

(c)
cost — /1 — 22

iy
Solution:
(a) We have:
e =1+z —i—a%—o(x)
and ) .
T 4
cosz =1 2!—1—4!+0(a: ).
Hence
z? 3 o 2
e’ —cosx = —a° + o(z?).
By consequently,
. e —cosz 3
lim ————— = —.
z—0 2 2
(b) We have:
2?28
In(l+2)=2— "=+ =+ o(z?)
2 3
and
: z’ 3
smx:x—g—i—o(x ).
Hence
72

In(l+x) —sinx = -5t o(z?).

By consequently,
In(l1+x) —sinx

lim =0.
z—0 €T
(¢) We have:
2 ot
cosx = 1—5—1—54—0@4)
and ] ]
Vi—22=1- §x2 — §x4 + o(z).

Hence

4

cosz —V1—a2= %o(x4).

By consequently,
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Exercise 2. Calculate the following limit:

lim vVz2+3z+2+ .

T——00

Solution: We have:

3 2
Vet+3z+2+x = [z [\ /1+-+—5 -1
Z T

By consequently,

-3
lim \/x2+3:1;—|—2+$:7.

Tr—r—00
Exercise 3.

1. Let g be the function defined by

g(x) =1+
Calculate the limited development of the function g of order 2 in the neighborhood
of zero.
2. Let f be the function defined by
T+ 3
fla) =

Show that in the neighborhood of infinity, we have:
1 /1
f(z) :ax+ﬁ+7+5<>.
r x \x

3. Interpret this result geometrically.

Solution:

g(z)=V1+z, flx)==x x;r?)'

1. Calculate the limited development of the function g of order 2 in the neighborhood
of zero:
9"(0)

glx) = ¢g(0)+4'(0)x + ?ﬁ + 2%¢(x)

1 1
= 1+ 2%~ §x2 + 2%e(z).
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2. Calculate the limited development of the function f in the neighborhood of infinity:

fl@) =«

Then,
3 9
a=1 f=3, v=-3
3. Interpretation geometrically:
3
Y=+ B

is a graph asymptote equation (Cf).



CHAPTER

§

LINEAR ALGEBRA

6.1 Algebraic structures

The notions which follow are of interest on a terminological and structural level before
tackling the study of vector spaces.

6.1.1 Laws and internal composition
Definition 6.1. We call internal composition law (i.c.l) in a set E, any map:
*:ExE — FE
(a,b) — ax*b.
A subset F of E is said to be stable with respect to the law * if:
Va,b € F,axb € F.
We note it: axb, a/Ab or alb, ---

Example 6.2. Addition and multiplication are internal composition laws in N, Z,Q, R
and C but subtraction is not internal in N.

Definition 6.3. Let E and Q be sets. We call external composition law (e.c.l) in E any
map:

1:OxF — F
a-r — olx.

82
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In this general framework, the elements of 2 are called operators and we say that E is
provided with a composition law external to operators in 2.

Remark 6.4. The law can be written multiplicatively using a point.

Definition 6.5. Let x and o be two internal composition laws in E, we say that:

1.

Commutativity: x is commutative if: Ya,b € E,axb=bx*a.

Example 6.6. Intersection and union are commutative internal composition laws
in the set of parts of a set.

Associativity: x is associative if: Ya,b,c € E,(a*xb)xc=ax (bxc).

Example 6.7. The composition of applications is an associative internal composi-
tion law.

15 not

On the other hand, the law of composition x defined in Q by: xxy = T

associative.
Distributivity: x is distributive with respect to e if:

Va,b,c € E;ax(bec)=(axb)e(axc) and (bec)xa= (bxa)e(c*a).
If, moreover, the law x is commutative, it suffices to show one of the two equality.

Example 6.8. Multiplication is distributive with respect to addition in C.

. Neutral element: e € E is a neutral element of the loi x if:

Va € E,axe=exa=a.

If, furthermore, the law x is commutative, it suffices to show that: Ya € E;axe = a
or exa=a.

Example 6.9. 1 is a neutral element of multiplication in R.

Proposition 6.10. If the neutral element exists then it is unique.

Symmetric element (inverse): Let x admits a neutral element e. Two elements
a and a' are symmetric for the law % if: axad = a xa = e.

Example 6.11. The symmetric of a in Z provided with the addition is: —a.

Proposition 6.12. If the law * is associative, then, if the symmetric element exists,
1t 18 unique.
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6. Regular element: We say that « is a reqular element for the law x if it satisfies:
Va;b € E;(axa=bxa)=—=a=1>b and Va;b € E;(axa=a*b) = a=0.

If, moreover, the law x is commutative, it suffices to verify one of the two implica-
tions.

Example 6.13. In C provided with the addition, every element is reqular.

7. Stable part: A parte A is said to be stable of E for the law x, if
Va;b e A;axb e A.

Example 6.14. The set of even natural integers is stable for addition, on the other

hand the set of odd integers is not stable for addition because: 3 + 5 = 8 which is
even.

Example 6.15. Let I be a set and E = P(F'). We consider in E the internal composition
laws N and U, then, it is very easy to show that:

> N and U are associative.

> N and U are commutative.

> (0 is the neutral element of U.
> F' is the neutral element of N.

Example 6.16. Let E = {a,b,v}, we define a i.c.l in E by:

*|la|bl|y
alal|bly
blb|v|a
Y|v|ja|a

i.e.,!
axa=a, axb=>b, axvy=r,
bxa=b, bxb=~, bxvy=a,
yxa=r, Yy*b=a, yx7vy=a.

We remark that:

(1) a is the neutral element of *.

(17) All elements of E are invertible such that:

> a is the inverse of a.

> 7y is the inverse of b.
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> b and v are reciprocals of 7.
Conventions: given a law of internal associative composition in a set E:

e If the law is denoted +, its neutral element is denoted Og or 0, and we denote it

a = —a.

e [f the law is denoted multiplicatively, its neutral element is denoted 1z or 1, and we
denote it a’ = a1

6.1.2 Group structure

Definition 6.17. We call a group any non-empty set G provided with an internal com-
position law x such that:

(1) * is associative.
(17) * has a neutral element e.
(1i1) Every element of G is symmetrizable.

If moreover x is commutative, we say that (G,x) is a commutative group, or Abelien'
group.

Example 6.18. (Z,+) is a commutative group.

Example 6.19. We define the operation x by:

r+y
1+ay

Ve,y €]l — 1,1, z*xy=
Show that (| — 1,1[, %) is an Abelien group.

1. % is an internal composition law in | — 1,1[:

Ve,yel— L1z < 1Ayl <1 <= |z|ly| = |zy| < 1
— 0<l+ay<2.

'ABEL Niels Henrik: Norwegian mathematician (Ile de Finnoy 1802-Arendal 1829). Algebraist,
he created the theory of elliptic functions. He died of tuberculosis
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So,

[z +y

11+ zy|

|z +y| < |1+ xy|

lz+yl <1+4+xy because 1+ xy >0

—(14+zy) <z+y<l+ay
r+y—1—2y <0
r+y+1+ay>0
r(l—y)+y—1<0
r(1+y)+y+1>0

(x—1)(1—-y) <0
(*){ ot D19 >0

Tty
14+ 2y

Vm,ye]—l,l[:‘ <l =

[N A

Since —1 < x,y < 1, then,
1-—y>0)A(x—1<0)et (1+y>0)A(z+1>0),

(1—=y)(z—1) < 0] and [(14+y)(z+ 1) > 0],

hence, we deduce that (x) is true for all z,y €] — 1,1[, and therefore,

T+y
Ve,y €| = 1,1]: [z xy| = <1,
o €= Lk oyl =L
which shows that x is an internal composition law in | — 1,1].

2. x is commutative: according to the commutativity of addition and multiplication in

R we have:
rT+y Y+

l+ay 1+4yx

Ve,y el — L1 zxy =
which shows that x is commutative.

3. * is associative: let x,y,z €] — 1,1[, then,

Tty

(T+y)+z 14y
1+ (x*y)z 1+37‘|’?/
14+ 2y
(r4+y)+z2(1+2y) z+y+z+ayz

(1+ay)+(x+y)z 1+ay+azt+yz

(xxy)*z

z
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et on a:

y+z
v+ (yxz) _ Ty
1—|—x(y*z)_1+xy+2

1+yz
r(I+y2)+(y+2)  z+y+z+ayz
(1+y2)+a(y+z) 14+zy+zz+yz’

rx(y*xz) =

by comparing the two expressions we obtain:
Ve,y,z €] — L1, (xxy)xz=x*x(yx*2)
hence, we deduce that x is associative.

4. * admits a neutral element: let e € R, then,
e is a neutral element of x <=V €] — 1,1[, exxr=z*xe=rz,

as x* 18 commutative and

T+ e
Txe=x < ==z
1+ zxe
<~ x+e:x+m26
= e(l-2°)=0

<— e=0Vax==1.

We deduce that e = 0 €] — 1, 1] is the neutral element of *.
5. Every element of | — 1,1] is symmetrizable: let x €] — 1,1[ and x € R, then,

, x+a
TxT =e <— =0
14+ xx!
— zr+4+2 =0

/
— T = —a,

as x is commutative, we deduce that every element x €] — 1, 1[ is symmetrizable and
its symmetric is ¥’ = —x €] — 1,1].

From 1., 2., 8., 4. and 5. we deduce that (]| — 1, 1[,*) is an Abelien group.
Exercise 1. On R — {1} we define the law x as follows: x*y =z +y — y.
(i) Verify that x is an internal composition law.

(13) Show that (R — {1}, %) is a commutative group.
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(17i) Solve the equation: 2x 3 *x x5 =5 * 3.

Solution:

(i) Verify that * is an internal composition law: let us show that: Vz,y € R — {1},
then, zxy e R — {1} <= x+y —ay # 1.

If

r+y—a2y=1 —= z+y—zy—1=0
= (1-2)(y—1)=0
— x=1Vy=1, -contradiction.

Then, x is an internal composition law.

(77) Show that (R — {1}, ) is a commutative group:

(a)

Let us show that x is commutative, Vo,y € R — {1} : x xy = y x .

Let z,y € R — {1},
TxYy=r+y—xYy=yYy+r—Yyr =y *xx.
Then, x is a commutative law.
Let us show that * is associative, Vz,y,z € R — {1} : (z *y) x 2 = z * (y * 2).
Let z,y,z € R —{1}:

(@ry)rxz=(@+y—ay)rxz = (@+y—ay)+z—(r+y—ay)z
rT+y+z—xy—x2—Yyz+ 1Yz,

and

rx(y*xz)=x*x(y+z—yz) = 2+ {y+z—yz)—az(y+z—yz2)
= TH+Y+z—aYy—22—Yz+ Y.
By identifying the two results, we obtain, (x xy) x 2 = x % (y x 2).

Then * is an associative law.

Let us show that = admits a neutral element, 3e € R—{1},Vx € R—{1},z*xe =
e*x = x. Since x is commutative then it suffices to show that: z xe = z.

We have:

rrke=rxor+e—rve=re(l-x)=0%se=0because v € R — {1}.
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(d) Let us show that each element z € R—{1} admits a symmetric element denoted
27! such that: 2 x27! = 27! x2 = e = 0. Since % is commutative then, il
suffices to solve the equation:

x
rxr ' =0srt+r -z l=0c2+r'1l-2)=02"'= :

which is well defined because x € R — {1}.
Conclusion: (R — {1}, ) is a commutative group.

(7i1) Solve the equation: 2 x3 xx x5 = 5% 3, (by using the notion of the symmetry
element):

2¥3*%T*xD=0%3 < x:2*2*5*3*i

<~ zx=2.

6.1.3 Subgroups

Definition 6.20. Let (G,*) be a group, we call subgroup of (G,*) any non-empty subset
G’ of G such that the restriction of x to G' makes it a group.

As x is associative in GG then, its restriction to G’ is also associative, consequently
G # () is a subgroup of (G,*) if it is stable with respect to x and to the inversion
operation, i.e.,

> G # 0.

> Va,be G axbe G.

>Vae€G atled.
It is clear that if (G, *) is a group, then, (G’, *) is a subgroup of G.
Properties 6.21. Let (G,*) be a group and G' C G, then,

G #0,

.
G’ is a subgroup of G < { Vabe G, axbled

Proof:
1. Let (G',x) be a subgroup of (G, x), then,

(i) * has a neutral element in G, therefore G’ # ().

(i1) Let a,b € G, as G’ provided with the restriction of  is a group, then b~ exists
in G’ and as G is stable with respect to « we deduce that a xb~! € G'.

G #0,

Va,be G, axbleq. LU

2. Conversely, let G’ be a subset of G such that: {

show that G’ with the restriction of * is a group.
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(i) As G' # () then, it exists a € G’ and according to the second hypothesis we

will have:

e=a*xaled,

which shows that the restriction of x admits a neutral element e in G’.

(77) Let a € G', as e € G, then, according to the second hypothesis we will have:

a

loexaled,

which shows that every element a of G’ is invertible in G’ with respect to the

restriction of * to G'.

(77i) The restriction of * to G’ is an internal composition law, because for all a and
bin G', from (ii) we have: b=! € G’ and by using the second hypothesis, we

deduce that:

axb=ax(b ) ted.

(iv) The restriction of * to G’ is associative, because * is associative in G.

Example 6.22. Let (G, %) be a group and G' = {x € G;Vy € G,x xy =y *x}, then G’

s a subgroup of G.
Indeed,

(1) If e is the neutral element of x, then, e € G’ because:

Vx € G,

(17) let x,y € G', then,

V2eG, (zxy ') xz

which shows that xxy~' € G'.

(zxx)xy?

zx(wxy™t)

EkxXT =Tk k€=2T.

wry ) x (277
rx(y Pk (z7H)TY)  because x is associative
*x (27t xy)!
*x(yxz )"t because y € G’
S (Ca T
*(zxy™")
(xxz)*y ' because x is associative

because x € G’

because * 1is associative,

From (i) and (ii), we deduce that G’ is a subgroup of G.
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6.1.4 Quotient groups

Let (G, *) be a group and G’ a subgroup of G. We define a binary relation R on GG
by:
Va,b € G,aRb <= axb' € G

Properties 6.23. R is an equivalence relation on G.
Proof:
(i) R is reflexive, because: Vo € G, as G’ is a subgroup of G, then, zxz™! =e € G’, s0

Ve € G,r2Rx.

(77) R is symmetric, because: Vx,y € G,

TRy <= x+y el
— (zxy ) ted
— yxz led
— yRux.

(731) R is transitive, because: Vz,yz € G,

TRy N yRz zxy teG@ Ayxzted

(xxy Nx(yxz ') €G  because G is a subgroup

rxzlted

—
=
= aox(y 'xy)xz ' €G"  because x is associative
—_—
— zRz.

From (i), (é¢) and (7i7), we deduce that R is an equivalence relation.

We denote G/ the quotient set G/x. We define on G/g x G/ the operation @& by:

V((l,b) € G/G” X G/G/,a@i):a*b.

6.1.5 Group Homomorphisms

We consider (G, e) and (H,*) be two groups, with e and €’ their respective neutral
elements

Definition 6.24. A map f : G — H is called homomorphism of groups from G to H if:
Va,be G, flaeb)=f(a) f(b).

> If f is bijective, we say that f is an isomorphism (of group) of G on H. Then, we
say that G is isomorphic to H, or that G and H are isomorphic.
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> If G = H, we say that f is an endomorphism of G, and if moreover f is bijective,
we say that f is an automorphism (of group) of G.

Example 6.25. Given the groups (R, +) and (R*,-), then, the maps:

f:(R+) — (R et g:(R*) — (R,+4)
r — f(z)=expx r — g(z)=In|z|

are homomorphisms.

Definition 6.26. Let f : G — H be a homomorphism of groups. We call the kernel of
f the set:

ker f = f7(e') = {a € G; f(a) = €'},
and the image of [ the set:
Jmf = f(G) ={f(a),a € G}.

Properties 6.27. Let f: G — H be a homomorphism of groups, then,

(i1) Ya € G, f~1(a) = f(a™1).

6.1.6 Ring structure

Definition 6.28. We call a ring any set A provided with two laws of composition * and
)\ such that:

1. (A, %) is an Abelian group (we denote O or 04 neutral element of x),
2. A is associative and distributive with respect to *.

If moreover \ is commutative, we say that (A, x, \) is a commutative ring.

Definition 6.29. We call subring of (A, x, \), any subset A" of A such that provided with
the restrictions of the laws x and )\ is ring.

If A is a unit ring and 14 € A’, we say that A" is a unit subring.

Exercise 2. Let (R,+,:) be the ring of real numbers. We define two new laws x and e
on R as the following:

V(r,y) ER?* axy=x+y—2 rxey=uxy—2x—2y+6.
1. Show that (R, %) is an Abelian group.

2. Show that (R, *, ®) is a commutative ring.



6.1. ALGEBRAIC STRUCTURES 93

Solution:

1. Let us show that (R,«) is an Abelian group:

(@)

Let us show that % is commutative, Ve, y € R: xxy =y x x.

Let z,y € R,
rxy=x+y—2=y+r—2=y*z.

Then, * is commutative law.

Let us show that * is associative, Va,y,z € R: (zxy) x 2 = z x (y * 2).
Let z,y,z e R:
(xxy)rxz=(x4+y—2)*z=(r+y—2)+z2z—-2=x+y+2z—4,
and
zx(yxz)=zx(y+z—-2)=x+y+2z—-2)—2=c+y+2z—4

By identifying the two results, we obtain, (z xy) x z = = * (y * 2).

Then, « is an associative law.

Let us show that x admits a neutral element, dJe € R,V € R,xxe =exz = .
Since x is commutative, then, it suffices to show that: x x e = x, indeed,

rxe=rSrte—2=re—2=0&¢e=2.

Let us show that each element 2 € R admits a symmetric element denoted z~!

such that: x x 27! = 27! x 2 = e = 2. Since % is commutative then, it suffices
to solve the equation:

rxr =20+ —2=20r4+a =4 =412,

which is well defined because x € R.

Conclusion: (R, ) is a commutative group.

2. Let us show that (R, %, e) is a commutative ring:

(@)

Let us show that e is commutative, Vz,y € R: z ey =y e x.

Let z,y € R,
rzey=ay—2x—2y+6=yr—2y—2x+6=yeux.

Then, e is a commutative law.
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(b)

Let us show that e is associative, Va,y,z € R: (rey)ez=xe(ye z).
Let z,y,z € R:

(xoey)ez = (zy—2x—2y+6)ez
= (ay—2x—2y+6)z—2(ry —2x —2y+6) —22+6
= ayz —2xz —2zxy — 2yz +4r + 4y + 42 — 6,

and

re(yez) = ze(yz—2y—2z+06)
= 2(yz—2y—2246)—2x—2(yz—2y —22+6)+6
= xyz —2xz —2xy — 2yz+4xr+ 4y + 4z — 6.

By identifying the two results, we obtain, (rey)ez =1z e (yez).

Then e is a associative law.

Let us show that e is distributive with respect to x,
Ve,y,z e Rize(yxz)=(zeoy)x(rez)et (yxz)oex = (yox)x(zex).
Let z,y,z € R:
re(yxz)=xe(y+z—2)=wy+axz—4r —2y — 2z + 10,
and
(xoy)x(rez) = (zy—22—2y+6)*(xz—2x—22+6)
= xy+axz—4x — 2y — 22 + 10.

By identifying the two results, we obtain, z e (y x z) = (z e y) x (v ® 2). Let
x,y,z € R:

(yxz)ox = (y+z—2)eox
(y+2z—2)r—2(y+2—2)—2x+6
= ay+axz—4x — 2y — 22 + 10,

and

(yox)x(zo02) = (yr—2y—2x+6)* (220 — 22— 22+ 6)
= (yr —2y—2x+6) + (22 — 22 — 22+ 6) — 2
= yr+zxr —4r —2y — 22410
= xy+xz—4xr — 2y — 22 + 10.

By identifying the two results, we obtain, (y x z) e x = (y @ x) x (z @ ). Then,
e is distributive with respect to *.

Conclusion: (R, x, ) is a commutative ring.



6.2. VECTOR SPACE 95

6.1.7 Field

Definition 6.30. An element x € K is invertible with respect to the law /\ if there is an
element y € K such that:

cNy=yANzxz=¢, (€ isthe neutral element with respect to \).
Definition 6.31. We say that (K, *, \) is a field if:
1. (K, *, A\) is a ring.
2. Any element distinct to e (operation x) is invertible for the law /.
If moreover )\ is commutative, we speak of a commutative field.

Example 6.32. (R, +, X) is a commutative field, but (Z,+, x) is not a field.

6.2 Vector space

The vector space structure is involved in a large part of mathematics: it provides a
fundamental link between algebra and geometry. It will be used in linear algebra, analysis
and geometry.

In this section, K will designate a commutative field, in practice K =R or C.

Definition 6.33. We call K-vector space any set E provided with an internal law denoted
+ and an external law defined by:

KxE — FE

Q,r — X

such that:
(1) (E,+) is an Abelian group,
(ii) Y(a, B) e K2 Vz € E, (a + B)r = ax + fx,

(iv) VY(a, B) € K2, Vz € E,a(Bz) = (aff)z,

)
)
(i17) Vo € K,V(x,y) € B alz +y) = az + ay,
)
(v) Vo € E, 1z = x.

Remark 6.34.

o We will abbreviate vector space to v. s and K-vector space to K-v.s.

o The elements of a K-v.s will be called vectors, the elements of K will be called
scalars.
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Example 6.35. Let K =R, E = C, then, (C,+, X) is a R-v.s because:
> (C,+) is an Abelian group.

> As (C,+, X) is a commutative field, then x is distributive with respect to addition,
we deduce that conditions (i) and (iii) are true for a, 5 € R.

> Likewise, as (C,+, X) is a field, then, x is associative. So,
Vo, € C,Vz € C, (a x f) X z = a(f x x),
hence,
Va,B € RVz € C,(ax f) xx=a(f xx), because R C C.
Finally, we have: Vx € C,1 X z = .

Proposition 6.36. (Calculation rules)
Let (E,+,-) be a K-vector space. Then,

o Vi€ E,0x-7=0, (0isthe neutral element of + in (E,+)).
e VacK,a-0=0.
e Vac K\V¥ e F,a(-7%) = (—a) - Z=—(a-T).

e ar=0g s a=0o0r7=0.

6.2.1 Vector subspace

Definition 6.37. Let E be a K-vector space and F a subset of E. We say that F is a
vector subspace of E if and only if:

(i) F#0, (0eF),
(ii) Ve,y e F,o+y € F,
(iti) Va e K,Vx € F,a-x € F.

Example 6.38.

1. Let E=R3 F = {7 = (1,9y,2) € R®: x +y = 1} is not vector subspace of E
because 0 = (0,0,0) = (z,y, z) € R3, so,

0cFer+y=1<0+0=1, impossible

hence, we deduce that 0 ¢ F.
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2. Let E=R3 F ={7= (z,y,2) € R3: 2+ 2y — 2 = 0} is a vector subspace of E.
Indeed,

> let 0 = (0,0,0) and (z,y,2) € R, then, z +2y —2=04+2-0—0 = 0, so,
0eF.
> let ¥ = (z,y,2) and § = (2',y,2") € F, then, T+ y=(x+ 2",y +y,2+2) =
(u,v,w) and
reF=x+2y—2=0 / / no_
rers it = ) - ) =0
u+2v—w=20
rT+yekF.

Il

> let a € R, then,

relF=ar+2y—2)=0=arfecl.
Hence, we deduce that F is a vector subspace of R3.

Exercise 3. Which of these sets are vector subspaces of E = R?
1. Fi={(z,y,2) e R3: x+ 2y = 1};
2. Fy={(z,y,2) e R3: x4 42 = 0};
3. F3={(z,y,2) eR3:x +y=—22};

4. Fy={=(2,9y,2) e R®: x4+ 22 =0}.

6.2.2 Linear combinations

Definition 6.39. Let E be a K-vector space and B = {2,23, - -, 2,y C E. We call
linear combinations of T1,T3,+ - +, T, any vector ¥ = a1T1 + Qoly + -+ - + @, &, with
o1, Q2,*+ -, Qp € K.

Example 6.40. In R?, we have: (1,2,3) = (1,0,0)+2(0,1,0)+3(0,0,1) = €1 +2¢3 + 3€3,
then, ¥ = (1,2,3) is a linear combinations of €1, €3, €3.
y=(5,2,—4) = 5é1 + 263 — 463 is a linear combinations of €71, €3, €3.

In general, V¥ = (x,y, z) € R3 1 4 yés + zé3, therefore any element of R? is a
linear combinations of the vectors ( 0,0),é5 = (0,1,0),e3 = (0,0,1).
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6.2.3 Intersection and the union of two subspaces

Proposition 6.41. Let E be a K-vector space and F, F' two vector subspaces of E, then,
F N F'is a vector subspaces of E, indeed,

(1) let 0 € E, as F and F' are two vector subspaces of E, then, 0e F et0eF', hence,
we deduce that 0 = F N F”.

(1i) let 2,4 € FNOF', then, (Z,y € F) and (¥,y € F'). As F and F' are two vector
subspaces of E, then, [(Z + y) € F| and [(T + ) € F'], hence, we deduce that
(Z+9) € FNF'. two vector subspaces of E, then, aZ € F and of € F'], hence, we
deduce that aX € F N F’.

From (i), (i1) and (iii), F' N F’ is a vector subspaces of E.

Remark 6.42. The union of two vector subspaces is not always a vector subspace.

For example, let E = R* F = {(z,y),x = 0}, F' = {(z,y),y = 0}. we have: F and
F' are two vector subspaces of R? but F'U F' is not a vector subspace of R? because

FUF ={(z,y) eR*, 2 =0V y=0},
= (1.0),7=01))e FUF and 2+ 4= (1,1 FUF'. Hence, we deduce that F U F’
(1.0),5=(0,1) y : ,

is not a vector subspace of R2.

6.2.4 Sum of subspaces. Direct sum

> Sum of subspaces: if F' and G are two vector subspaces of E then, the sum of F
and G is defined by:

F + G ={x € E such that ¥ = 17 + 25 with £1 € F and 73 € G}.

> Direct sum: we say that the sum F + G is direct, or that I’ and G are supplemen-
tary with respect to F, if the decomposition ¥ = 27 + 75 of any one element of F in
sum of two elements of F' and G is unique. We note F = F & G, otherwise we have:

E=F+@G
E=F®dGE<—< A
FNG={0g}

Example 6.43. In R3, the following two vector subspaces:
F=A{(z,y,2);x=y=2} and G ={(x,y,0),z,y € R}
sont supplementary. Indeed,

1. We have: R® = F + G because:
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(i) FCR* and GCR®* = F+G CR®.
(ii) VP e R}, 7 = (1,y,2) = (2,2,2) + (r — 2,y — 2,00 e F+ G =R} C F + G.

2. (i) We have: Op € F and Op € G because F' and G are two vector subspaces of
E=0€ FNG={0g} C FNG.
(i) fr e FNG=2Z€e€ F, 7€ G=17=(v,z,2), ¥ = (2,y,0) = o =y and
r=0=7=(0,0,00=FNG C {0g}.

6.2.5 Family of vectors of a vector space

1. Linked families: a family {z;}i<i<, of vectors of a K-vector space (E,+,-) is
linked or linearly dependent if it exists ay, s, - -, a, € K not all zero such that,
0T + Qg + -+ - + ATy = OE

Example 6.44. In E = Ry[x] (the vector space of polynomial functions of degree
less than or equal to 2 and with real coefficients), the functions fi, fo, f3 defined for
allz € R by:

@) =22 +1, fola)=2>—1, f3(z)=2"

are linked. Indeed, let oy, s, a3 € R such that:

Oél—l-OéQ—FOZg:O,

041f1+042f2+063f3—0:>{ ay — o =0

hence oy = ap = —%, therefore there are an infinity of solutions (—%, —%, a3)
with g arbitrary real for ezample, (1,1, —2).

2. Free families: a family {x;};<;<, of vectors of a K-vector space (E,+, ) is free or
linearly independent if for all aq, g, - - -, v, € K|

a1 tasrs+ - +apx, =0 = a1 =ay=---=q, =0.

Example 6.45. In R? the vectors 1 = (0,1,3), 25 = (2,0,—1) and x5 = (2,0,1)
are free because:

20&2"‘0&3:0
Vaq, oo, a3 € R, aqwy + aorg + azry3 =0 — a; =0
3a1—a2+a320
= a1+ ay+a3=0.

3. Generating family: a family of vectors {xy, 2, -+, x,} of K-vector space (E,+, )
is said to be a generating of E or generates E if every element x of E is a linear
combination of (xy,z9,- - -, x,) i.e.,

Ve € E,day,an, - - -, a, € K such that x = ayx1 + anxs + - - - + axy,.
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Example 6.46. In R? the two vectors xy = (2,3) and x9 = (—1,5) is a generating
family because: ¥(x,y) € R? Jay, as € R tel que:

(x,y) = oqr+agry = aq(2,3) + as(—1,5) = (201 — ag, 307 + Say
5T +
a1 =
T =201 — Qy 13
= 3a1 + S« —
Y =om 2 o — -3z + 2y
? 13
therefore (au, ap) erists for all (z,y) € R
4. Basis: a family of vectors {xy,zs,- - -, x,} of K-vector space (F,+,-) is a basis of
E if it is both free and generating.
Example 6.47. By = {(1,0,0),(0,1,0),(0,0,1)} is a basis of R®. Indeed,
(1) By is free because:
a(1,0,0) + 5(0,1,0) +~(0,0,1) = (0,0,0) = (&, 5,7) =(0,0,0)
= a=p=v=0.
(i1) By is generating of R? because:
Y(z,y,2) € R? (z,y,2) = £(1,0,0) + y(0,1,0) + 2(0,0,1).

5. Dimension of a vector space: the finite dimension n of vector space E is the
maximum number of vectors that a free system extracted from E can contain and
we note dim E = n, by convention we set: dim({0g}) = 0.

In other words the dimension of a vector space E is the number of vectors which

form the basis of E. If the number of elements of a system free of F is not increased,

we say that F is of infinite dimension.

Remark 6.48. If F is a vector subspace of a vector space E of dimension n then,
FCFE—dmF <dimkFE.

Example 6.49. dim(R?) = 2.

6. Rank of a system of vectors: we call rank of a system of p vectors (z1, za, -, ;)
of £ with dim £ = n, the dimension r of the vector subspace (x1, 22, - -, z,). In

other words, r is the maximum number of vectors that a free system extracted from
the given system can contain.
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6.2.6 Subspace generated by a set

Definition 6.50. Let A be a part of a vector space E. We define the vector subspace
generated by a set A, the smallest vector subspace containing the set A. We note it S(A).

Example 6.51. If A is a vector subspace of E then, S(A) = A, S(0) = {0g}.
Exercise 4. In R3, we consider the following subsets:
Ey={(a+bb—3a,a) € R*a,b e R} and E, = {(c,—2c,c) € R*c € R}
with Ey is a vector subspace of R3.
1. Show that E; is a vector subspace of R3.
Determine a basis By of Fy and a basis By of Es.

Deduce dim E; and dim Es.

> e

Show that R? = B, + Es.
5. Deduce whether the sum is direct or not.

Solution:
By ={(a+bb—3a,a) € R*a,b € R} and E, = {(c,—2c,c) € R} c e R}.
1. Let us show that E, is a vector subspace of R3:

(2) (070,0) - E1 > E1 7é @

(ZZ) Va:l,xQ € B, — 21 +xy € E17
Let T1,To € E1 — I = (CLl + bl,bl - 3@1,&1) and T = (CLQ + bg,bg - 3@2,&2)
— I+ Ty = [(&1 + ag) + (b1 + bg), (bl + bz) - 3(&1 + CLQ), (a1 + ag)] € El.

(iii) Vo € F1,Va € R = ax € F?
Let v € Fy and « € R = az = (a + b,b — 3a,a) = ax = (aa + ab,ab —
3aa, aa) € Ey.

Conclusion: E; is a vector subspace of R3.

2. Let us determine a basis B; of E; and a basis By of Es:

> x € FE = x=(a+b,b—-3a,a) =a(l,-3,1)+b(1,1,0) = By = {(1,-3,1);(1,1,0)}
generates E7, but

a(1,-3,1) + 8(1,1,0) = (0,0,0) = a = 3 =0,

then, the two vectors of By are linearly independent. Which implies that
By ={(1,-3,1);(1,1,0)} is a basis of E}.
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> x € By = = (¢, —2¢,c¢) = c¢(1,-2,1) then By = {(1,—2,1)} generates Es,
but
a(l,—2,1) = (0,0,0) = a = 0.

Which implies that By = {(1,—2,1)} is a basis of Es.
3. Deduce dim F/y and dim Es:

dimFE; =2 and dimFE;=1.

4. Let us show that: R? = E, + Ej:

* By CR3and By C R = E, + F, C R3.
* Let u € R} = u= (z,y,2) = (a+b,b—3a,a) + (¢, —2¢,c)

r=a+b+c a=x—y—32
= y=b—3a—2c = =r—z
z=a-+c c=—x+y+4z

= u = (z,y,2) =20 —y—4z, 20+ 3y + 8z, —y — 3z)
+ (—x—l—y—|—4z,2x—2y—827—x+y+4z)
€ Ei+ E,.

Hence, R? = E, + E.
5. Deduce that R? = E, @ Es:

e dim F; = 2 and dim Ey = 1, therefore dim F; + dim Fy = dimR? = 3 or we
have: R3 = E, + E,.

e E1NE, ={(0,0,0)} because F; and E, are two vector subspaces. Additionally,
ifue FyNEy = u=(a+bb—3a,a) and u = (¢, —2¢,c)

at+b=c a=20
- b—3a=—-2c = ¢ b=0
a=-c c=0

R3:E1—|—E2 19) d1mE1+d1mE2:d1mR3
Ey N Ey,={(0,0,00} " | ExnEy=1{(0,0,0)}

The sum is direct R? = E; @ Es.
Exercise 5. Let
By, ={(a,b,c) €R*a=c}, Ey={(a,b,c)cR*atbtc=0} and FE3 = {(0,0,c);c € R}.

1. Show that E;;i = 1,2,3 are vector subspaces of R3.
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2. Show that RS = El + EQ,R?) = EQ + E3 and RS = El + Eg.
3. In which case the sum s direct?

Solution:
By ={(a,b,c) € R*a=c}, FEy={(a,bc)€R*at+b+c=0} and E5 = {(0,0,c);c € R}.
1. Let us show that Ej;i = 1,2,3 are vector subspaces of R?: for F; by example,

(Z) (0,0,0) e b — F; 7é 0.

(Z’L) Vul,uz EF — u+us € E17
Let uy,ug € By = uy = (21,41, 21) and ug = (22, Y2, 72)
= Uy + Uz = (T1 + o, y1 + Y2, 21 + 2 € E.

(13i) Yu € Ey,Ya € R = au € E,?
Let u € Ey and @ € R = au = (a,b,a) = au = (aa, ab,aa) € E.

Then, E, is a vector subspace of R3.

The same applies to the last two cases.
2. Let us show that R? = B, + E,,R3 = B, + E5 and R? = E, + Ej:
> Let us show that R? = F; + E»?
We have: F; C R? and By C R? = E, + E, C R3.
fueR = u=(z,y,2) = (o, 5,a) + (1,n,—T — 1)

r=oa+T
:(a‘|‘7'73+77>04—7'_77):> y:6+77
z=a—T—1

r+y+=z
o=

Just take for example, § =0 = ¢  _ r—y—-—z

2
n=y
Hence,
r+y+z xrH+y+z
u:(x7y7z) 2 707 2
rT—y—z rT—y—z
+< g Y, — g —y>€E1+E2.

> Let us show that R3 = Fy + E3?

We have: E; C R? and B3 C R? = E, + E; C R3.
IfueR = u=(z,y,2) = (z,y,2) + (0,0,z — x) € Ey + Es.
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> Let us show that R3 = E, + E3?

We have: E3 C R? and Es C R} = Es+ E5 C R3.
Ifu€R3:>u: (x,y,z):(:L’,y,—x—y)—l—(0,0,ery—l—z) €E2+E3'

HGHCG, RS = E1 + EQ,RS = E2 + E3 and RS = E1 + E3.
3. In which case is the sum direct?

(7) It is enough to check if we have £y N Ey = {(0,0,0)}?
o (0,0,0) € E\ N Es.

u€ by (a,b,a) a=-a—b
I ju:{(c;b,—a—b) :>{b——2a
UGEQ s Yy - .

So, for example, (1, —2,1) € EyNEy = E1NEy # {(0,0,0)}, which implies
that the sum is not direct.

(77) It is enough to check if we have Ey N E3 = {(0,0,0)}?
° (0,0,0) S E2 N E3.
u € E2
e [fue EhyNnEy= < and =>u= (a,,—a —b) =a=b=c=0
(0,0,c¢)
u € Fs
= u=1(0,0,0) = E>N E3=1{(0,0,0)},
which implies that the sum is not direct.
(73) It is enough to check if we have £y N E3 = {(0,0,0)}7
e (0,0,0) € E1 N E;3
u €k (a,b,a)
e [fue BFi1NE;= ¢ and :>u:{(” =a=b=c=0
u € Fs
=u=(0,0,0) = F1NE3=1{(0,0,0)},

which implies that the sum is not direct.

6.3 Linear map

Definition 6.52. Let E and F' be two vector spaces in K and f : E — F is a map. We
say that f is a linear map if and only if

> V(z,y) € B f(x +y) = f(x) + f(y),

> VaeK, Ve € E, flax) = af(z).
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This is equivalent to saying:

Va,8 € K, V(z,y) € B°, f(ax + By) = af(x) + Bf(y).
We denote by L(E, F) the set of linear maps from E to F.
Example 6.53.

e The map f : R — R defined by: f(x) = x + 4 is not linear because f(x + y) =
r+y+4# fx)+ fy).

e The map from g : R? — R defined by:
g9(z,y) = |z -yl

is not linear because g(X +Y) # g(X) + g(Y).

o The map h : R? — R? defined by:
Mz, y, 2) = (x —y,y + 22)
is a linear map because:
> Y(z,y,2), (2,y,2") € R3, we have:
Wz, y,2) + (&9, )] = hlz+a'y+y,2+7)

(x+2' —y—v,y+y +22+27)

(x —y,y+22)+ (&' — o,y +22)
= h(z,y,2)+h(z',y, 7).

> Va € R, we have:

hla(z,y,2)] = hlax,ay,az) = (ax — ay, ay + 2az)
= oz —y,y+2z) =ah(z,y, z).

o The map k : R? — R* defined by:
k(z,y) = (x — 2y, 2z, y,y — x)
is a linear map because:
> Y(z,y), (2',y) € R?, we have:

kl(z,y) + ()] = k(z+2"y+y)
= (v+2' -2y—2y 20+ 20",y +y ,y+y —a—2)
= (v —2y,2x,y,y —x)+ (2’ — 2y, 22", ¢,y — ')
= k(z,y) +k(,y).
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> Va € R, we have:

k’[Oé(ZE,y)] = k’(O{ZE,Oéy) = (CE,I’ - 20497204357@97049 - a$)
- Oé(.%‘ - 2y72x7y7y - ZE) = Oék?((l},:y)

Remark 6.54.
x If f is a linear map, then, f(0g) = Op.
x If E=F, the linear map f: E — F is called endomorphism.
x If f is bijective and linear from E to F, it is called isomorphism.

x If f is a bijective endomorphism then it is an automorphism.

6.3.1 Kernel of a linear map

Definition 6.55. Let E, F' be two K-vector spaces and [ be a linear map from E to F.
Then, to find the kernel of f, we solve the equation f(x) = 0p. So,

kerf = {l’ € E7f<l'> = OF}>
which is a vector subspace of E.

Example 6.56. The map [ from R? to R? defined by:
[y, 2) = (z —y,y + 22)
s a linear application. Then the kernel of f is
ker f = {u € R®) f(u) = Og2}.
Let uw = (z,y,z) € R®. We have:

u € ker f <= f(u) = (0,0) <= (v —y,y + 2z) = (0,0)

e Ty =0 Yy (11 1)
y+22=0 z——% w=Yy{sH5h 92/

1
and therefore ker f is the vector subspace generated by the vector (1, 1, —2) noted,

ker f = Vect{(l, 1, —;)} :
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6.3.2 Image of a linear map

Definition 6.57. Let E, F be two K-vector spaces and [ be a linear map from E to F.
The image of f is the set of all images of the elements of £ by f. So,

Jmf ={f(u),u € E}.

Moreover if {eq, e, -+, e,} is a basis of E, then, Jmf = Vect{f(e1), f(e2), -, f(en)} i.c.,
the subspace generated by the vectors f(e1), f(es), -+, f(en)-

Example 6.58. Let E be a R-vector space of dimension 3, B = {;, 7, l;} a basis of E and
f the endomorphism of E defined by:

Jmf = Vect{

6.3.3 Rank of a linear map

Definition 6.59. Let E, F' be two K-vector spaces and f be a linear map from E to F.
The rank of a linear map f is the dimension of the image of this map. We have:

rg(f) = dim(Jmf),
moreover if E has finite dimension, we have the rank theorem:
dim F = rg(f) + dim(ker f).

Example 6.60. Let f : R? — R? be a linear map defined by: f(z,y) = (4z—2y, 62 —3y).
Then, we have:

Jmf = {f(v,y);z,y € R} = {(4r — 2y,62 — 3y); 7,y € R}
= {22 —-9)(2,3);7,y € R} = a(2,3); 7,y € R}
= Vect{(2,3)},

the vector (2,3) is a basis of Imf and therefore rg(f) = 1.
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6.3.4 Injectivity of a linear map

Let E, F be two K-vector spaces and f be a linear map from E to F. Note that f is
injective is injective if and only if:

Vay, 29 € Byxy # 19 = f(21) # f(x2),0r f(21) = f(22) = 21 = 2.
But for linear maps, it is enough to show that ker f = {Og}. In fact we have:
f is injective <= ker f = {0g}.
Example 6.61. Let f be a linear map from R? to R? defined by:
floy) = (& -y, z+y)
Then, f is injective because:

u=(x,y) €ker f <= f(u) =0
— (x—y,x+y)=1(0,0)

{ VT e = y=0.
therefore ker f = {(0,0)} and consequently f is injective.

6.3.5 Projector

Let f be an endomorphism of a K-vector space. We will say that f is a projector, if we
have: fo f = f or Jmf and ker f are supplementary and that Vx € Jmf, f(z) = z, we
will say that f is the projection on Jmf parallel to ker f.

Example 6.62. Let f : R? — R? be the linear map defined by:

f(z,y) = (4o — 2y, 62 — 3y).
Then, we have:
(fof)w) = [f(f(w)=flz,y) = f(4z — 2y,6x — 3y)
= (4z —2y,62 — 3y) = f(u),

and therefore f is a projector.

6.3.6 Symmetry

Let f be an endomorphism of a K-vector space. We will say that f is a symmetry, if we
have: fo f = Idg or ker(f — Idg) and ker(f + Idg) are supplementary. We will say that
f is the symmetry of E with respect to ker(f — Idg) and parallel to ker(f + Idg).
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Example 6.63. Let f: R? — R? be the linear map defined by: f(z,y) = (y,z). Then,
we have:

(f o N)w) = f(f(u)) = fly, x) = (z,y),

and therefore f is a symmetry.
Exercise 6. Let the following map:
f:R® — R?
(x,y,2) — flz,y,2) = Bx,v+2y—22,3x — 3y +3z)
1. Show that f is a linear map.
2. Determine a basis of ker f.
3. Calculate dim(ker f) and dim(Jmf).
4. The map f is it injective ?
Solution: Let the following map:
f:R* — R3
(x,y,2) — f(x,y,2) = Bz, +2y — 22,3 — 3y +32)
1. Let us show that f is a linear map:
> Y(z,y,2),(2,y,2) € R3 we have:
fllz,y,2) + (@ v, )] = fla+a'y+y,z+7)
(42’ —y—yy+y +2+2)
= (@-yy+t2)+@ -y y+7)
= f(xa Y, Z) + f(xla y/7 Z/)'

> Va € R, we have:
fla(r,y,2)] = flax,ay,az) = (ar — ay,ay + az)
= alr—y,y+2) =af(zr,y,2).
Then, f is a linear map.

2. Determine a basis of ker f:

ker f = {(x,y,2) € R®, f(z,y,2) = Ops }.
r—y=20
y+z2=0

=Y,

Fa,y,2) = (0,0,0) < {
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therefore (z,y,2) = (y,y, —y) = y(1,1,—1) with y € R.

Since (1,1,—1) € ker f, then, {(1,1,—1)} is a generating part of ker f and us
(1,1,—1) # Ogs, then, {(1,1,—1)} is free and therefore is a basis of ker f.

3. Calculate dim(ker f) and dim(Jmf):

> dim(ker f) = 1.

> We know that dim(R3) = dim(ker f) + dim(Jmf), therefore, dim(Jmf) =
dim(R?) — dim(ker f) =3 — 1 = 2.

4. The map f is it injective ?

f is not injective because (ker f) # Ogs.
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