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Abstract

This thesis focuses on studying linear and nonlinear dynamic systems on time scales or both. The
aim of the study is, on one hand, to find the exact solution for the non-population conserving STR
model on time scales, and on the other hand, to investigate the uniform stability of the SIC A
model also on time scales. We introduce a fractional order SIR model and SICA model and we
prove the existence and the positivity of solution.

Key words: Time Scales, dynamic equations on time scales, deterministic epidemic model, model
SIR ,... existence of solution, SICA model for HIV transmission, permanence, almost periodic
solution, uniform asymptotic stability, numerical simulations, fractional order model, existence of

solution.
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Notations

&n(-)
R = R(R) = R(R,T)
R* = R*(R) = R*(R,T)

Time scales.
Real numbers.
Integers.
Natural numbers.
Nonnegative integers.
hz;z € Z, where h is a fixed real number.
Uy [k(a+b),k(a+0b) + al.
Rational numbers.
Irrational numbers.
Complex numbers.
Forward jump operator.
Backward jump operator.
Graininess function.
Delta derivative of f at t on T.
Usual forward difference operator.
Set of rd-continuous function.
Set of differentiable functions whose derivative is rd-continuous.
Circle plus (addition) on T.
Circle minus (subtraction on T).
Cylinder transformation.
Set of all regrissive and rd-continuous functions.

Set of all regrissive and rd-continuous functions such that



L+ pu(t)f(t) >0, for all t € T.
Addition on R.
Subtraction on R.
Product on R.

Exponential function on time scales.



Introduction

The historical trajectory of employing mathematical models to understand and predict the dy-
namics of disease transmission can be traced back to the pivotal year of 1766 and the work of
Daniel Bernoulli. Indeed, Bernoulli’s work laid a foundational understanding of the application of
mathematical principles in describing the intricate patterns of disease spread [20].

Fast forward to the year 1927, a crucial milestone emerged with the seminal publication of Ker-
mack and McKendrick [27]. In their groundbreaking work, they introduced the SIR (Susceptible—
Infected—Recovered /Removed) model for epidemics. This pioneering model not only provided a
conceptual framework for comprehending the transmission dynamics of infectious diseases, but
also set the stage for the development of numerous subsequent models. In fact, SIR type models,
with their compartmental classification of individuals into different classes, became a cornerstone
in the field of epidemiology, offering a versatile and widely adopted template for modeling various
contagious diseases [2].

Since then, the field has witnessed a burgeoning array of mathematical models, each tailored
to address specific nuances and challenges associated with different diseases. The continuous
evolution of these models reflects the ongoing commitment of researchers to refine and enhance
our understanding of epidemic dynamics, ultimately contributing to more effective strategies for
disease control and prevention [1J.

Let N(t) = S(t) + I(t) + R(t) denote the total population at time ¢. The classical and more
standard SIR epidemic model assumes that there are no births or deaths during the period under

study, based on the assumption that these are on a much slower time scales and can therefore be



ignored. The combined dynamics is then given mathematically by

¢

: _ S®I(¢)
S<t) =-A N({)

I(t) = A0 — 51(0),

where A > 0 is the infection rate and v > 0 is the rate for which infected individuals recover.
Clearly, model SIR assumes the total population under study to be constant: (S(t) + I(t) + R(t))" =
0. Some of its limitations stand out immediately: for diseases such as Ebola [3], 40] or COVID-19
[T2, [46], where death rates are not negligible, then we do not have a constant population and model
SIR ceases to be valid.

In [12], Borkar and Manjunath propose a variant of SIR, called the SIR-NC model, that, unlike
the standard SIR model, does not assume the conservation of the population. Surprisingly, by
incorporating a nonzero death rate into the model, thus being more suitable to diseases like Ebola
or COVID-19, the new SIR-NC model is analytically tractable [12 [17].

Calculus on time scales is a mathematical area that generalizes the traditional calculus by uni-
fying continuous and discrete analysis on an arbitrary time scales. By combining both continuous
and discrete elements, time scales allow for a more flexible and inclusive approach to modeling
systems that exhibit both continuous and discrete behaviors (hybrid systems). The theory was
introduced by Stefan Hilger from 1988 to 1990 as a special case of a general analysis on measure
chains [21] (see also [4]).

The analysis on time scales allows one to generalize differential and difference equations, incor-
porating both continuous and discrete dynamics in a unified setting. Moreover, the new analysis
holds in any nonempty closed set, such as the set of integers, rationals, or more complex struc-
tures like the Cantor set, offering a more comprehensive mathematical framework for analyzing
and modeling systems with mixed continuous and discrete dynamics. This permits to extend the
applicability of traditional calculus to a broader. In particular, this is true in epidemic modeling,
where analysis on time scales have allowed the modeling of noncontinuous disease dynamics, e.g.
diseases where a virus remains unnoticed within the host for several years before continuing to

spread [0}, 11].
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Here we investigate the SIR-NC model on an arbitrary time scales. Our results are then given on
chapter [2| Section we formulate our SIR-NC model on time scales (cf. the dynamic system
(2.1)), proving that there exists a unique solution (cf. Theorem . More than that, an explicit
analytical formula for the solution is obtained (cf. . We end with Section , discussing the
SIR-NC model on time scales with imported infections. Under some conditions, a closed formula
for the solution is also obtained (cf. Theorem. Along the text, two examples are given to illus-
trate the obtained results and showing how our results generalize those available in the literature
(cf. Example and Example .

Infectious diseases pose a massive threat to humans and the economy of states. Proper under-
standing of disease dynamics plays an important role in curtailing infections in a community. The
implementation of suitable strategies against disease transmission is another challenge. A math-
ematical modeling approach is one key tool for addressing these challenges. A number of disease
models have been developed in the existing literature, which enable us to explore and control the
spread of infectious diseases more effectively.

Most of these models are based on integer-order differential equations (IDEs). However, in
recent years, it has been noted that fractional-order equations (FDEs) can provide additional in-

sights [2§]. Let us consider the SIR model (Susceptibles, Infectives, Removed) as described in [19] :

where N(t) = x(t) + y(t) + z(¢) the total population at time ¢, () represents susceptible, y(t)
represents number of infected and z(t) represents the number of recovered individuals. The initial

conditions are given by

z(0) = xo, y(0) = o, 2(0) = 2.

The complete model that describes the system of fractional differential equations is presented as

follows:

12



Cdax
dt—a(t) = —OC?J@)x(t)
Cd()(
) = ay(t)z(t) — By(t)
Cd(lz
dta(t) = 6y<t)

In 2015, the deterministic SICA model was first presented as a sub-system of a TB-HIV /AIDS

co-infection model [42]. One of the primary objectives of SICA models is to demonstrate how
some of the fundamental relationships between epidemiological variables and the general pattern
of the AIDS epidemic can be clarified using a straightforward mathematical model [36]. The
celebrated SICA mathematical model [13], [14] [34] [45] 49] divides the total human population into

four compartments, namely
e S(t): susceptible individuals at time ¢;

e [(t): HIV-infected individuals with no clinical symptoms of AIDS but able to transmit HIV

to other individuals at time ¢;

e C(t): HIV-infected individuals under antiretroviral therapy (ART), the so called chronic

stage with a viral load remaining low at time ¢;
e A(t): HIV-infected individuals with AIDS clinical symptoms at time t.

Under some realistic assumptions, the dynamics of the disease proliferation in a community is then
translated into a mathematical model given by the following system of four ordinary differential

equations [42] 43, [44]:

(

S(t) = A — BA(t)S(t) — vS(t),

f'(t) = BA)S(t) — (p+ ¢+ v)I(t) + YA[L) +wC(?), )
Ct) = ¢I(t) — (w+v)C(1),

A(t) = pI(t) = (y+ v + d)A(t),

\

where A, 3, v, p, ¢, v, w and d are real positive rates,
e A is the rate of new susceptible;

e [ is the HIV transmission rate;
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v is the natural death rate;

p is the default treatment rate for I individuals;

¢ is the HIV treatment rate for I individuals;

v is the AIDS treatment rate;

w is the default treatment rate for C' individuals;

d is the AIDS induced death rate;

and where the effective contact rate with people infected with HIV is given by
Mt = <2 (1(0) + 100 () + nad(n)

with

e N(t) the total population at time ¢, that is,

N(t)=S(t)+ I(t) +C(t) + A(t);

e 0 <n¢ <1 the modification parameter;

e 74 > 1 the partial restoration parameter of immune function of individuals with HIV infection

that use correctly the ART treatment.

The study of dynamical systems on time scales is now a very active area of research. The
books of Bohner and Peterson [7), 8] offer a good introduction with applications to the time scales
calculus along with some advanced topics. Applications of the time scales calculus can be found
in many areas, including economics [9l [15], 48], ecology [37, B8, 62] and epidemics [11, B39, 24].
Here we generalize the SICA model by considering dynamic equations on time scales and study it
using the time-scales theory. By doing it, we unify the continuous and discrete-time models [49],
generalizing it also to other contexts like the quantum [25] B5] or mixed/hybrid settings [16], [50].

Recently, Prasad and Khuddush proved the existence and uniform asymptotic stability of posi-

tive and almost periodic solutions for a 3-species Lotka—Volterra competitive system on time scales
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[38]. Moreover, they also studied the permanence and positive almost periodic solutions of a n-
species Lotka—Volterra system on time scales [37]. Motivated by these works, here we investigate

the permanence and uniform asymptotic stability of the unique positive almost periodic solution

of the following SICA model on time scales:

p

£ (t) = A — BA(D)] (1) — vaf (1),
w8 (1) = BN (1) — (p+ 6+ ) (1) + aalt) + was (D)
2 (1) = dwa(t) — (w + )5 (1),

| 22(0) = poalt) — (7 + v+ D),

where ¢t € TT, with Tt a nonempty closed subset of RT =]0, +o0].

Note that, in our notation, (z1(t), z2(t), z3(t), x4(t)) is interpreted as (S(¢), I(t), C(t), A(t)).

The main objective of the thesis

We consider the time scales T and the SIR-NC model defined on T as follows:

[ 98(1) = —» S[’Eg)i 052) _use(®),
I8 () = A Sii?i 0;2) S (t) — A1),
RA(t) = 717(t),

where S, I, R: T — R* and A\, y,v > 0, and we set N(t) := S(t) + I(¢).
We seek the exact and unique solution, namely finding S(t), I(t), R(t) that satisfy the initial con-

ditions S(0) > 0,1(0) > 0, R(0) > 0.

We will prove the existence and uniqueness of solutions of the following fractional SIR model:

o — —ay(t)x(t)
Y = ay(t)x(t) — By(t)

L2z = By(t)

15



Note that, in our notation, (xz(t), y(t), z(t)) is interpreted as (S(t), I(t), R(t)). The initial conditions

are given by

Based on the works by Prasad and Khuddush [37],[39] on studying positive and uniformly
asymptotically stable almost periodic solutions for systems on time scales, including the Lotka-
Volterra models [3§], we investigate the permanence and uniform asymptotic stability of the unique

positive almost periodic solution of the following SICA model on time scales:

(

SA(t) = A — BA()S(t) — vS7 (),

I2(t) = BA)S(t) — (p+ ¢ + v)I7(t) + yA(t) + wC (1),
CA(t) = ¢I(t) — (w+v)C7 (1),

AB(t) = pI(t) — (v + v +d)A7(1),

\

where ¢ € T*, with T™ a nonempty closed subset of R =|0, +-o0].

Finally we prove the existence and uniqueness of solutions of the following Caputo fractional

SICA model:

CDgw(t) = A — B(a(t) + nyy(t) + n=2(t)w(t) — pw(t),

CDg(t) = Bx(t) + nyy(t) + n:2(8)w(t) — G (t) + wy(t) +72(b),
CDpy(t) = ¢a(t) — &y(b),

CDpz(t) = p(t) — &12(t).

Note that, in our notation, (w(t),z(t), y(t), z(t)) is interpreted as (S(t), I(t), C(t), A(t)).

Tools and Techniques for Work

This thesis employs a variety of tools in time-scales calculus, encompassing differentiation and
integration, [7,[8]. It builds upon extensive studies within the field, focusing on the precise analysis
of solutions for epidemiological systems like the SIR model [10] 11], along with investigations into

asymptotic stability [47, 22], Also fractional operator [28], 29 30, B 4T]

16



Description of the chapters and main results

In Chapter One, we include basic concepts in time-scale calculus, which are essential tools for
the different chapters. This chapter covers the necessary calculus and the fundamental existence

theory for dynamic systems on time scales, and we develop Lyapunov’s second method.

In chapter Two, we propose the following SIR-NC models on time scales T :

520 = 310y
A0 = Agr o =27, ©
720 = 17(0),
and
(52 = - S‘iiﬁ } ()) VS (8),
TA(t) = )\% + S (t) — 717 (t), (3)
720 = 217(0)

where S, I,R: T — R* and A, v, v > 0, subject to given initial conditions

S(0) =S, 1(0) =1, R(0)=Ro (4)

with Sp > 0, Iy > 0, and Ry > 0. In the particular case T = R, problem ([2)—(4)) is studied in [12].

More precisely, we prove the following two theorems:

i S(0
Theorem 0.1. [0] Let C = % If v = A\, p(t) € R, then the unique solution to (H) is given
by
S(t) = e@penar-» (¢ 0)5(0),
I(t) = ecp(t, 0)1(0),
where p(t) = AC

B 69(7_)\) (t, O) + C
Theorem 0.2. [6] If v,y — X € R, then the solution to the SIR-NC system (4) with imported

17



infections is given as follows:

S(t) = 1f(—i)(t)eeg(t) (t7 0)](0)7

I(t) = ecg(t,0)1(0),

7(t
t €T, where S,I: T — R", \,v,v >0, and g(t) = = z(t) + v — 1Vx (()t)’
J— xO’
=) = x((()O))( —A) (0)(y=X)
etz (% 0) (1 5 ) =

In Chapter Three, we examine a fractional-order SIR model:

Lo — —ay(t)(t)
Y = ay(t)z(t) — By(t) (5)
A2 = By(t)

Note that, in our notation, (z(t),y(t), 2(t)) is interpreted as (S(t),I(t), R(t)), and “d* fractional

Caputo derivative having 0 < o < 1. The initial conditions are given by

z(0) =29 >0, y(0) =90 >0, 2(0) = 2 > 0,

and we take the conditions of growth non-linear vector operator ¢ : R? x [0, T| — R, as:

(A1) There is a constant L, > 0; V(W (t), W'(t)) € R x R;

oW (t),1) = (W' (1), 1) < Lo [W(t) = W'(t)].

(A2) there is a constants Cy, > 0, My > 0;

oW (1), 1) < Cy W]+ My.

More precisely, we prove the following two theorems:

Theorem 0.3. Under the continuity of ¢ together with assumption (A2), system (@ has at least

18



one solution.

Theorem 0.4. Using (A1), system (ﬁ) has unique or one solution if %Lqﬁ < 1.

In Chapter Four, we investigate the permanence and existence of solutions, and provide
sufficient conditions to indicate the existence of a unique almost periodic uniformly asymptotically

stable solution of the following SICA model on time scales.

SA(t) = A — BA(t)S(t) — vS(t),

I8(t) = BA)S(t) — (p + & + )17 (1) +YA(t) +wC (1), ©)
CA(t) = ¢I(t) — (w+v)C7 (),

AB(t) = pI(t) — (v + v + d) A7 (1),

\

where ¢ € T, with T™ a nonempty closed subset of R =]0, +o0].

Under certain assumptions:

(Hy) A(t) is a bounded and almost periodic function satisfying

0< A< A(t) <AV

(HQ) I'y < Ty with Fl; Iy e RT.
More precisely, we prove the following results

Lemma 0.1. [5] Suppose hypothesis (Hy) holds. Then, for any positive solution (x1(t), x2(t), x3(t), x4(t))
of system (@, there ezists positive constants M and T such that x;(t) < M, i =1,2,3,4, fort > T.

Note that, in our notation, (x1(t), z2(t), x3(t), x4(t)) is interpreted as (S(t),1(t), C(t), A(t)).
Lemma 0.2. [5] Suppose that (H,) holds. Then, system (@) is permanent.

Theorem 0.5. [5] Suppose that (Hy) and (Hy) hold. Then the dynamic system (@ has a unique al-

most periodic solution Z(t) = (x1(t), za(t), x3(t), z4(t)) € Q that is uniformly asymptotically stable.

19



In chapitre Five, we examine the Caputo fractional order SICA model:

[ ¢ Drw(t) = A — Ble(t) + myult) +na(t)(t) — o),
O DEa(t) = Ba(t) +nyy(t) +noa(t)w(t) — Exa(t) +wy(t) +12(1), .
CDgy(t) = da(t) — &y(1),
CDRA(t) = pr(t) — Ea2(0).

\

And we take the conditions of growth non-linear vector operator ¢ : [0, 7] x R} — R, as:

(A1) 3 a constants Ly > 0; V(U(t),U'(t)) e R xR ;

[W(U(#), 1) = (U'(1),1)] < Ly[U(E) — U'(2)]

(A2) 3 a constants Cy > 0, M, > 0;
[ D(U(), 1) |< Cy | U | +My

. More precisely, we prove the following results

Theorem 0.6. Under the continuity of ¢ together with assumption (A2), system(@ has at least

one solution.

a

T
Theorem 0.7. Using (A1), system (H/ has unique or one solution if T Ly <1

(+1)
Contributions
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(3) Z. Belarbi and B. Bayour, D. F. M. Torres, The non-population conserving SIR model on time
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Chapter 1

Preliminaries

In this chapter, we introduce some basic concepts related to calculus on time scales, provide exact
solutions with given examples, discuss fractional operators, and explore stability. The definitions

and results presented in this chapter can be found in [7, 8 [10, 11} 47, 22} [18].

1.1 The Time Scales calculus

Definition 1.1.1. A time scales is an arbitrary nonempty closed subset of the real numbers. Thus
R, No, N, Z.

1.€., the real numbers, the integers, the natural numbers, and the nonnegative integers are examples
of time scales, as are

[0,1]U[2,3],[0,1] UN, and the Cantor set,

while

Q, R\Q, C, (0,1),

are not time scales. Throughout this thesis we will denote a time scales by the symbol T. We
assume throughout that a time scales T has the topology that it inherits from the real numbers with

the standard topology.
We will introduce the delta derivative f* for a function f defined on T, and it turns out that

21



(i) f& = f' is the usual derivative if T = R and
(ii) f& = Af is the usual forward difference operator if T = Z.
In this section we introduce the basic notions connected to time scales. We start by defining the

forward and backward jump opertors.

Definition 1.1.2. Let T be a time scales . For t € T we define the forward jump operator
o:T— T by
o(t):=inf{seT: s>t} foral teT,

while the backward jump operator p : T — T is defined by

p(t) :=sup{seT: s<t} forallteT,

and the graininess function p: T — [0,00)  is defined by

p:=o(t)—t forall teT.

Using these operators, any t € T can be classified as

e right-scattered (left-scatterd), if o(t) >t (p(t) <t), and

e right-dense (left-dense), if o(t) =t (p(t) =1).

We say that a point t € T s isolated, if it is right and left-scattered. we say that a pointt € T is

dense, if it is right-and left-dense.

Example 1.1.1. Let us consider different time scales

o If T =R, we have o(t) = p(t) =t, then t is dense.

o IfT=17Z, we have o(t) =t +1>t, and p(t) =t — 1 < t, then t is isolated.

o IfT=N2=1{n? ne N}, wehave o(t) = (Vt+1)2 > t, and p(t) = (Vt —1)? < t, then t is
isolated.

o If T =1[0,1]U{1,2,5,6}, we have o(1) = 2 > 1, p(1) = 1 =t then 1 is right-scatterd and
left-dense. {2,5,6} are isolated.
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Definition 1.1.3. Let T be a time scales . Fort € T we define the set T* by

T —|p(supT),sup T if supT < 400
T _ Jo(sup T), sup T} f sup 1)

if supT = +oo.

If T has a left-scattered mazimum M, then we define T* =T — {M}, otherwise T* = T.

Example 1.1.2. e Let T = {2,4,6,8,....}. We have supT = +oo then TF = T.
o Let T =]—o00,0]U{1,2,5,7}, we have supT =7, and p(supT) =5, then

T =T —15,7] = ]—00,0] U {1,2,5}.

Definition 1.1.4. Assume f : T — R is a function and let t € T. The function is defined
f7: T — R par

fo(t) == (foo)(t) = f(a(t)), pour toutt e T.

1.1.1 Differentiation

Definition 1.1.5. Let f : T — R and t € T*. If there exists f2(t) € R such that for all € > 0,

there exists 6 > 0 such that
|f(a(t)) — f(s) — fA(t)(o(t) — s)’ <elo(t)—s| forall se€(t—o,t+0)NT,

then we call f2(t) the delta derivative of f at t € TF.
If f2(t) exists for all t € T*, we say that f is delta differentiable (differentiable) and the function
f2: T — R is called delta derivative of f on T*.

If f is differentiable at t € T, then

Flo(t)) = f(t) + p(t) f2(t)-

The definition of a delta derivative can be extended to consider higher order derivatives. We
say that f is twice delta differentiable with the second (delta) derivative f22, if f2 is (delta)
differentiable on T* = (T*)*.
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Theorem 1.1. Let f : T — R and t € T*. Then, the following holds:

1. If t is right-dense, then

300 — 1 O =I)

s—t t— s ’

provided that the limit exists (as a finite number).

1. If f is continuous at the right-scattered point t, then

Applying Theorem 1.1 for the case of T = R, that is, f2(t) = f'(t) fort € R. For T = Z, that
is, fA(t) = f(t+1) — f(t) = Af(t) for t € Z, where A is the usual forward difference operator

defined by the last equation above.

Example 1.1.3. Let f : T — R a function defined by f(t) = logt, If T = ¢"°, ¢ > 1 we have
o(t) = qt and u(t) =t(q — 1), then

loggt —logs  loggq

a o HE®) =) _ _
o) = slﬂt o(t) — s slﬂt gt — s tg—1)

Example 1.1.4. (0 is in general not differentiable). Here we present an example of a time scales
T whose jump function o : T — T is continuous but not differentiable at a right-dense point
teT. Let

T = {t, = (1/2)>" :neNyjuU{0,1}.

Then

o(ty) =th,—1 — 0=0(0), n — oo,
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and hence limoa(s) = 0(0) so o is continuous at 0. But
S—>

so that o is not differentiable at 0.

Theorem 1.2. Assume f,g: T — R are differentiable at t € T*. Then:
(1) The sum f+ g: T — R is differentiable at t with

(f +9)2(t) = f2(t) + 9> (2).

(11) For any constant o, af : T — R is differentiable at t with

(af)2(t) = af2(t).

(111) The product fg: T — R is differentiable at t with

(f9)2(t) = F2(D)g(t) + f(o(1)g™ (1) = F(t)g™ (1) + F2(H)g(0)(D).

(w) If f(t)f(o(t)) # 0, then % is differentiable at t with

I ()
(f) S TOICO)

(v) If g(t)g(o(t)) # 0, then g is differentiable at t and
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For T =R, we have f° = f and g° = g so that the classical product and quotient rule are retrieved.

In the case of T = Z, we have

(f9)2() = A(fg)(t) = (Af()g(t + 1) + F(£)(Ag(t)) = (Af()g(t) + f(t + 1)(Ag(t)).

If g(t),g(t +1) # 0, then

(j)A(t) _A (f(t)) _ (Af(#)g(t) = (Ag(t) f(t)

g g(t) g(t)g(t+1)

Example 1.1.5. Let T =20 = {22223 .} theno(t) =2t, u(t) =t andu,v: T — R, u(t) =

log(t), v(t) = €.

We have
W (t) = u(o(t)) — u(t) _ log(2t) — log(t) _ log2
1(t) t t
and
v(o(t) —v(t) e —é
=g T
then
(u(t)o(t))® = u(t)o™ () + u®(t)o" (1)
_ log(t)e2t t— e N logt(Q) o2t
— % ((et — Dlog(t) + log(2)et) ,
and

(@ ) S wAu(t) — ut)or(t)
u(t) v(t)vo(t)
) logt(Q) - log(t)e t—e
_ log(2) — (' — 1)log(t)
telt :



Theorem 1.3. ([§/, Theorem 1.90). Let f : R — R be continuously differentiable and suppose
g: T — R is (delta) differentiable. Then fog:T — R is (delta) differentiable and

(090 = { / Flalt) + ha(tlg* ()dn } (0,

An interesting observation is that the operators, A and o, do generally not commute, that is,

(f2)° # (f°)?, Take for example T = ¢™° with q > 1, then

f(@?t) = flat) , f(a®t) — flqt)

A\o o — o\ A
since p(qt) = qt(q — 1) # t(q — 1) = p(?).
Example 1.1.6. If z,y, and z are delta differentiable at t, then
(2y2)® = (2.(y2))> = 2 (y2) + 27 (y2)°
= 22y + 2 (Y2 + 7 2°) (1.3)

= zPyz + 2%y 2 4+ 2%y 25,

Mean Value Results

Definition 1.1.6. We say that a function f : T — R is right-increasing at a point to € T\
{maxT} provided
(1) if to is right-scatterd, then f(o(to)) > f(to);

(1) if to is right-dense, then there is a neighborhood U of ty such that

f(t) > f(to) for all to € U with t >ty

Similarly, we say that f is a right-decreasing if above in (i), f(o(ty)) < f(to) and in (i), f(t) <
(o).

Example 1.1.7. Let f: T — R a function define by f(t) =2t, T ={t € hZU[2,3], h > 0}.
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o Ifty € hZ we have o(ty) =ty + h then ty is right scatterd and

Vtg € T, f(O'(tQ)) =2ty + 2h > f(tg)

then f s right-increasing at t.

e Ifty€]2,3[,0(ty) =ty then ty is dense and

f(t) > f(tg), vVt € ]2, 3[ with t > tg.

then f 1s increasing at ty.

Theorem 1.4. Suppose f: T — R is differentiable at to € T\ {maxT}.
(i) If f2(to) > 0, then f is right-increasing.
(i) If f2(tg) < 0, then f is right-decreasing.

Example 1.1.8. Let f : T — R a function define by f(t) = t2, T = {¢q", ¢>1, ne N}, If

to € T\ {0}, o(t) =qt >t and f2(t) = (¢ + 1)t > 0, then f is right-increasing.

Definition 1.1.7. We say that a function f : T — R is right-mazimum at ty € T \ {maxT}

provided.
(1) If to is right-scatterd, then f(o(ty)) < f(to);

(11) if to is right-dense, then there is a neighborhood U of to such that

f(t) < f(to) for all t€ U with t >t

Similarly, we say that f its local right-minimum if in (i), f(o(ty)) > f(to) and in (i), f(t) > f(to).
Example 1.1.9. Let f: T — R a function define by f(t) =2t, T =[0,2]U{3,4,5,6}

o Ifty €10,2] is dense and

D =10,2], f(t) > f(to), for all t € D with t > t,.

since f assume its local minimum at tg.
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o Ifty =4, o(ty) =5, to is right-scatterd, we have f(o(4)) =10 > f(4) = 8 since [ assume its

local right-minimum at to = 4.

Theorem 1.5. Suppose f: T — R is differentiable at to € T \ {maxT}.
(i) If f2(to) > 0, then f assumes its local right-minimum at tg.

(ii) If f2(to) <0, then f assumes its local right-mazimum at ty.

Theorem 1.6. Suppose f: T — R is differentiable at ty € T \ {maxT}.
(i) If f assumes its local right-minimum at ty , then f2(to) >0 .

(i4) If f assumes its local right-mazimum at ty, then f2(t) <0 .

Example 1.1.10. Let f : T — R a function define by f(t) = log(t), T = /n, n € Ny, ty €
T\ {0}, o(te) = \/t3 + 1 we have

FA(to) = flo(to)) — f(to)) _ log(\/1§ + 1) — log(to)
" o(to) — to ViR+1—t

since log(\/t2 + 1) > log(ty), and \/t2 +1 > to then f2(ty) > 0 therefore f assumes its right-

minimum at tg..

1
Example 1.1.11. Let f : T — R a function define by f(t) = o T =N\ {0}, o(ty) =to+ 1.

Ifty € T\ {oo} we possess

then f assumes its right-maximum at tg.

Theorem 1.7. Let f be a continuous function on |a,b] that is differentiable on [a,b) (the differ-

entiability at a is understood as right-sided) and satisfies

Then there ezist £, T € [a,b) such that



Theorem 1.8. Let f be a continuous function on [a,b] that is differentiable on |a,b). Then there
exist £, 7 € [a,b) such that

) < LUZTD gy

Corollary 1.1. Let f be a continuous function on [a,b] that is differentiable on [a,b). If f2(t) =0

for allt € [a,b), then f is a constant function on [a,b].

Corollary 1.2. Let f be a continuous function on |a,b] that is differentiable on |a,b). Then f is
increasing, decreasing, nondecreasing, and nonincreasing on [a,b] if f2(t) >0, f2(t) <0, f2(t) >

0, and f2(t) <0 for all t € [a,b), respectively.

Definition 1.1.8. A function f : T — R is called pre-differentiable (with region of differentiation
D) provided that the following conditions hold:

(1) f is continuous on T;

(ii) D C T*;

(iii) T* \ D countable and contains no right-scattered elements of T;

(i) f is differentiable at each t € D.

Theorem 1.9. Let f and g be real-valued functions defined on T. Suppose both f and g are

pre-differentiable with region of differentiation D. Then
‘fA(t)‘ < g®(t) for all t€ D,

implies

lf(r) = f(s)| < g(r)—g(s) for r,s €T with r <s.

Proposition 1.1.1. Let v : T — R be a strictly increasing function. Then ~(T) is a time scales
if and only if
(1) v is continuous

and

(11) v is bounded above (respectively below) only when T is bounded above (respectively below).
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1.1.2 Integration

Definition 1.1.9. A function f : T — R is called requlated provided its right-sided limits exist
(finite) at all right-dense points in T and its left-sided limits exist (finite) at all left-dense points

i T.

Example 1.1.12. Let T =R and

2
— for te R\1
fty=q t-1 (1.4)
3 for t=1
All points of T are denses and 11<Irllf(t) = —00, llirllf(t) = +o00. Therefore, the function f isn’t
> =

requlated on R.

Example 1.1.13. Let T=NU|0,1] and

We have 0 is left dense, and we obtain 1tlimof(t) = 00 then the function f isn’t requlated.
—)

On the other hand, we have tlimog(t) =0 (exist and finite) then the function g is regulated.
H

Definition 1.1.10. A function f : T — R is called rd-continuous provided it is continuous at
right-dense points in T and its left-sided limits exist (finite) at left-dense points in T. The set of

rd-continuous functions f : T — R will be denoted in this thesis by
Crg = Crg(T) = Cry(T, R).

The set of functions f : T — R that are differentiable and whose derivative is rd-continuous is

denoted by
Cid = Cq}d@) = Cﬁd(Tv R).

The main existence theorem for pre-antiderivatives now reads as follows.

Theorem 1.10. (Existence of Pre-Antiderivatives). Let f be requlated. Then there exists a func-
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tion F' which is pre-differentiable with region of differentiation D such that

F2(t) = f(t) holds for all t€ D.

Example 1.1.14. Let T =Py, = U 3k, 3k + 2] and let f: T — R be defined by
k=0
0 if tel Bk 3k+1]
ft) = =
t—3k—1 if te|JBk+1,3k+2], keN,.

k=0
Then f is pre-differentiable with
D:=T\ | J{3k+1}
k=0

Example 1.1.15. Let T=R and let f : T — R be defined by

0 if t=0
f)=4 1 _
Then f is pre-differentiable with
D =R\ {0}.

Definition 1.1.11. Assume f : T — R is a requlated function. Any function F as in Theorem
15 called a pre-antiderivative of f. We define the indefinite integral of a regulated function f
by

/f(t)At =F(t)+C,

where C' 1s an arbitrary constant and F' s a pre-antiderivative of f. We define the Cauchy integral
by
/ f(t)At = F(s) — F(r) forall 7,5 € T.
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A function F : T — R s called an antiderivative of f : T — R provided
FA(t) = f(t) holds for all t € T"
Example 1.1.16. If T = Z, evaluate the indefinite integral

/atAt,

where a # 1 is a constant. Since

we get that

where C' 1s an arbitrary constant.

Example 1.1.17. If T = Z, evaluate the indefinite integral
/ (2t + 14 €*(e* — 1)) At,

Since

=2t + 1+ e*(e? — 1),

2 2\ A ((O’(t))2 + eQU(t)) _ (t2 _ 62t)
e (o)

where o(t) =t + 1, u(t) =1 we get that
/ (2t +1+e(e* = 1)) At =t* +e* + C,

where C'is an arbitrary constant

Theorem 1.11. (Existence of Antiderivatives). FEvery rd-continuous function has an antideriva-

tive. In particular if to € T, then F' defined by

F(t) = /ttf(T)AT for teT,
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15 an antiderivative of f.

Theorem 1.12. If f € C,q and t € T, then

o(t)
F(T)AT = pu(t) f(2).

t

The following theorem gives several elementary properties of the delta integral.

Theorem 1.13. Ifa,b,ce T, a e R, and f,g € C.q, then

b b b
(i / () + g(t) At = / (AL + / gt At

i [@nmar=a [ s
i) [ rai=- ["soan
(iv) /bftAt:/cf(t)AtJr/bftAt
/ Flo)g> AL = (f9)(b / =0 (15)
(vi) / Ft)g> (DAL = (Fg)(b / 7o)
(vid) / F8)

b
(viit) if f(t) >0 forall a <t <b, then / f(t)At > 0;

/abf(t)At‘ < /abg(t)At.

(iz) if | f(t)|< g(t) on [a,b), then

Theorem 1.14. Let a,b € T and f € C,q.

/abf(t)At - /abf(t)dt

where the integral on the right is the usual Riemann integral from calculus.

(i) If T =R, then
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(1) [a,b] consists of only isolated points, then

\

= > ) f()

telb,a)

(111) T = hZ = {hk : k € Z}, where h > 0, then

(i) If T = Z, then

( b_
71

Sk

0

a_y

= " f(kh)h
k=20

0

if a<b

if a=0b
if a>b.

if a<b

if a=0b

if a>b.

if a<b
if a=0b

if a>b.

Example 1.1.18. For T = Z, let’s calculate f14(t2 + 2t + 2)At, we have

4 5
/ (t* + 2t + =) At =
. 6

3

t=1
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Example 1.1.19. Let T = Z, f(t) = t*> +t, we have

i1

/0 (At = / (24 9)As = Y F(kh)h

k=0
t t
h 1 h 1

= h32k2 + hQZk
k=0 k=0

t t 2t t t
— ) (=1 1)
6 2
ht t 26— h+3
= (- -1
Q(h ) 3

Theorem 1.15. (Change of Variable)
Let v : T — R be a strictly increasing function such that T = v(T) is a time scales.

Let A denote the A-derivative on T. Suppose f : T — R is A-integrable on each finite interval
of T. Suppose also that v is A-differentiable and 4> is A-integrable, we have that

b A 7v(b) . -
[ rencwae= [ireaeas,
a v(a)
fora,beT.
Example 1.1.20. Let T:=NZ = {\/n: n € Ny}. Let’s calculate

t 2
| (vErTer)sar
0

We take v(t) = 12,

1 1 1
fort € N¢. Then v : Ng — R is strictly increasing and v(Ng) = Ny is a time scales, and

YAt =V + 1+t
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Hence if f(t) = 3" we get from Theorem that
t ) t
/ (\/7'27—1—1—1— 7') 3TAT = / f()y2(r)Ar
0 0
t2
— [ 1)as
0
2
= / 3°As
0

2

1 s=t
 [te]
|:2 s=0

|
N | —
/N
(U%)
o~
V]
|
[a—y
N—

1.1.3 The Regressive Group

Definition 1.1.12. We say that a function T — R is regressive provided
1+ pu®)p(t) #0 for all t € T, (1.6)

holds. The set of all regressive and rd-continuous functions f : T — R will be denoted in this
thesis by
R =R(T) =R(T,R).

We define the set
RT =R (T)=R"(T,R)={feR:1+ut)f(t) >0, for all t € T}.

Definition 1.1.13. Let p,q € R, we define the circle plus addition & and the circle minus sub-

traction & on R by

(p@q)(t) = p(t)+q(t)+pt)p(t)q(t) forall teT,
p(t) — q(t)

W fOT all t e T.
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Let introduce the notation

R if aeN
Rt if aeR\N.

Not that p € R implies that
L4+ u(t)p(t)r >0 forall T €10,1].
Definition 1.1.14. For h > 0, define Zj, to be the strip
T
Zh::{ZEC:—E<Im(z)§

j

Definition 1.1.15. If p € R, then one defines the exponential function on time scales T by

SHI

ep(t,s) = exp (/ fM(T))(p<T>>AT) , fort,seT,

where the cylinder transformation

Log(1+ hz) R0
G=d ko fh#

z if h=0.

where Log is the principal logarithm function.
Example 1.1.21. Let o € R be a constant and p : Z — R.

o If T =7, then ey(t,to) = (1 + )", for all t €T.

1=t

o If T =1Z, then ey (t,to) = [ (1 + (i),

i=to

o If T =R, then ey(t, to) = e for all t €T.
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Example 1.1.22. Let T = {hZ,h > 0}, and o € R be a constant then

- < / log(1 + j(7)a) AT)

(1)

t 1
= exp (/ log(1 + ha) ;_ha)AT> = exp
0

t ¢
= exp (Elog(l + ha)) = (14 ha)r

19

log(1 4+ ha)
0

h
Definition 1.1.16. For a € R and p € R, we define

1
(0 ®p)(t) = ap(t) / (1+ ult)p(t)r)*dr.
0
Example 1.1.23. Let T = {hZ,h > 0}, a =2, p(t) =t*> € R, we have

1
a@pt) =20t = 2t2/ (1+ ht*r)dr
0

271 hi?
= 2 {T + htﬂ—l = 2%(1 + —)

2 |, 2
= 2t% + ht?.

Theorem 1.16. Suppose p € R and fix ty € T. Then the initial value problem

y* =p(t)y, ylto) =1,

has a unique solution on T, which is the exponential function.

Example 1.1.24. Let T = N2 = {n2, n € N}. Proof that e1(t,0) = 2V(/)!
We have o(t) = (n+1)2 =t + 2yt + 1, then u(t) = 2v/t + 1.
Let y(t) = 2V{(/1)!, we possess

ylo(t) —y(t) _ 2V (VE+ 1) =2V (/1)!

yo(t) = =
u(t) 2Vt +1
C2VDIRWVEH D) - 1),
B Wi+ 1 =2V
= 61(t,0>,
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then ey (t,0) = 2V1(\/1).
Som useful properties of the exponential function are the following.

Theorem 1.17. Ifp € R, then

eo(t,s) =1 and ey(t,t) = 1;

e ep(0(t),s) = (1+ pt)pt))ep(t, s);

= e@(ta S);
_ 1 .
e et s) = oy

o e,(t,m)ey(r,s) = ey(t,s);

° ep(t7 S)eq(t7 S) = ep@q(tv S);'

e [ey(c, )] = —pley(c,.)]”, where c€T.

Theorem 1.18. Ifa € R and p € R(«), then

_ L«
€ap = ep.

1.2 Point fixed theorems

Let X and Y be Two Banach spaces, S a family of functions from X to Y, and A C X.

Definition 1.2.1. (Uniformly bounded) we call S uniformly bounded if there exists M > 0 such
that

| T ||=sup|T(x)| <M on X for T €S.
teA
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Definition 1.2.2. (Equicontinuous) The family S is equicontinuous on A if for every e > 0, there

exists a 0 > 0 such that for every pair of elements x,y € A and every T € S we have
[y —zllx<d=[Ty) —T(z) [ly<e.

Theorem 1.19. (Ascoli-Arzela theorem) Assume that A is a compact set in X. then a set S C
C(A) is relatively compact in C(A) if and only if the functions in S are uniformly bounded and

equicontinuous on A.

Theorem 1.20. (Schauder theorem) Let A be a closed convex set in Banach space X and assume
that T : A — A is a continuous mapping such that T(A) is relatively compact subset of A. Then
T has a fixed point.

Theorem 1.21. (Banach theorem) Let T' be a contraction on a Banach space X. Then T has a

unique fized point.

1.3 Fractional operators

We now recall the celebrated gamma function.

Definition 1.3.1. (Gamma function). For complex numbers with a positive real part, the gamma

function T'(t) is defined by the following convergent improper integral:

['(t) ::/ stle~%ds.
0

Remark 1.3.1. The gamma function satisfies the following useful property:

D(t+1) = T(t)

Definition 1.3.2. Let we have any operator say x(t), then we may define the arbitrary order

ntegration w.r.tt as

I7alt) = g [ (= 070G, >0
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such that integral on right side converges.

Definition 1.3.3. For any mapping z(t), one may define the non-integer order derivative in

Caputo sense w.r.tt as

‘dx(t) 1 t g dm
dte - F(n — Oé) /0 (t — C) 1W[$(C)]dc, a > 0,

with right side is point wise continuous on Ry and n = [a] + 1. If a € (0, 1], then we have

L T

Lemma 1.1. The solution of
“dox(t)
dt

=w(t), 0<a<l

18

1.4 Stability

In this section we discuss the stability of dynamics systems on time scales. Consider the dynamic
system

2 = f(t,z), t €T, z(ty) = 20, to > 0. (1.8)
Where f € C,4 [T x R*,R"] and 2 denotes the deravative of x with respect to ¢t € T.

Definition 1.4.1. A function ¢ : [0,r] — [0,00) is of class K if it is well-defined, continuous,

and strictly increasing on [0,r] with ¢(0) = 0.

Definition 1.4.2. A continuous function P : R — R with P(0) = 0 is called positive definite
(negative definite) on D if there exists a function ¢ € IC, such that ¢(|z]) < P(z) (¢(|z|) < —P(x))

for x € D, where D is a compact set.

Definition 1.4.3. A continuous function P : R" — R with P(0) = 0 is called positive semidefi-
nite (negative semidefinite) on D if P(x) > 0 (P(z) < 0), for all x € D.
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Definition 1.4.4. The trivial solution of (@ is said to be

(1) stable if given an € > 0 and ty € T, there exists a 6 > 0 such that |xo| < & implies

()] <€ 2> to;

(1) asymptotically stable if it is stable and tlim |z(t)| = 0.
—00

1.4.1 Comparison Theorems

Let V € C)q [’]I‘k x R™, RJF} Then we define

DYVA(t,x) = V(U(t)’x(agzz)_ V(t’m(t))j o=t (1.9)
’ hmsﬁp ( 7$(t)+(5—t);ff7tx(t))) —V(t,ﬂi(t))7 if o(t) =1

If V is differentiable, then DTVA(t,z) = VA(t, 7).

Definition 1.4.5. Let V € C4 [Tk x R™ RJF} . Then we define the generalized derivative of V (t, x)

relative to (@) as follows: given € > 0, there exists a neighbourhood N(€) of t € T such that

(t, 9) V(e @), 2(a(t) = V(s,z(o(t)) — u(t, s) f(t,x(1))] < DTVE(Ex(t) + €

for each s € N(€) and s > t, where pu(t,s) = o(t) — s and z(t) is any solution of (1.8).

Theorem 1.22 ([47]). Let V € Cyq [’JI"“ X R”,RJ, V(t,z) be locally Lipschitzian in x for each
t € T which is rd, and let
DYVA(t,x(t) < g(t, V(t @),

where g € Chq [’]I‘k X R+,R+} , g(t,u)p(t) + u is nondecreasing in u for each t € T. Let r(t) =

r(t,to, ug)) be the mazximal solution of the scalar differential equation

U’A = g(t7u>7 u(tO) = Uo 2 0
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existing on T. Then, V (to, o) < ug implies that V (t,x(t)) < r(t,to,ug), t € T, t > tq.

Corollary 1.3. The function g(t,u) = 0 is admissible in Theorem to yield

V(t,2(t)) < V(to,z0), t € T.

1.4.2 Stability Criteria

In this subsection, we shall consider some simple stability results

Theorem 1.23. Assume that

(1) V € Coq [T x R",Ry], V(t,x) is locally Lipschitzian in = for each right dense;

(i) b(|| « [|) <V (t,2) < all| z []), for (t,x) € T xR,

where a,b € K ={¢ € C'[Ry,Ry]:¢(0) =0 and ¥(u) is increasing in u};

(111) f(t,0) =0, g € Crq [T x R, R], g(t,u)u(t) + u is nondecreasing in u for each t € T, and

DTVA(t,z) < g(t,V(t,x)), (t,z) €T xR
Then the stability properties of the trivial solution of
u® = g(t,u), u(ty) =wuo >0 (1.10)

imply the corresponding stability properties of the trivial solution of (@

Corollary 1.4. :

(i) The function g(t,u) = 0 is admissible in Theorem [1.23 to yield uniform stability of the zero
solution of @

(it) The function g(t,u) = —c(u), ¢ € K, in Theorem[1.23 implies uniform asymptotic stability of
the trivial solution of @

Usually Lyapunov’s theorem on uniform asymptotic stability should have the assumption
VA(t,x) < —c(|z|). However, it is easy to see that if V has an upper estimate as in (ii) of

Theorem one can obtain the assumption of Corollary |1.4}(ii).
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Example 1.4.1. Consider the system

(1.11)

where t € T.

Let V(x,y) = 2* + y*. Then we have

VA(x,y) = (2 +y9)°
= 2®(2x(t) + p(t)z™ (1))
+y () (29(1) + p(t)y>(1))
= (—2z(t) — x()y(t)) (2x(t) + p(t)(—22(t) — z(t)y()))
+(=2y(t) +2%) (2y () + p(t)(=2y(t) +2%(1)))
= —4a?(t) — 4y*(t) + p(t)(42*(t) + 2°(H)y* (1)
+4a®(t)y(t) + 4y* (1) + 2t (t) — 4a*(t)y(t))

= —4a®(t) — 4y°(t) + p(t) (42 () + 2*(£)y* () + 4y° (1) + 2*(¢)) .

When T =R , the system becomes

o(t) = =22(t) — 2()y(1),

y'(t) = =2y(t) + 22(t),

(1.12)

fort >ty =0, say. For T =R, u(t) =0,vt € R and so VA = —4a? — 4y? is negative definite.
By corollary the trivial solution to 1s asymptotically stable.
If T =7, u(t) =1, then

VA = x2y2 +at> 0,

and thus, by Corollary the trivial solution to 15 unstable.
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Example 1.4.2. Cnsider the following system

At) = —a(t) - ——2—
X
yA(t):_y<> 1+$2+y2’

on time scales T

Let V(z,y) = 2* + y*. Then we have

VA(x,y) = (2% +y*)°
= 2% (22(t) + p(t)2> (1))

+y2(8) (2y(t) + u(t)y™ (1))
~ 20 (o)~ e ) 2 (o) + )
(

2 2
Yy X
() — — —y(t -
40 1+x2+y2) +( y<)+1+x2+y2)]
z? 4y )
(1+ 22+ y2)°

:—2x2—2y2+,u<:v2+y2+
<2(p =1V (z,y)..

If u(t) <1 then
VA(z,y) <0

and thus by Corollary , that system 1s asymptotically stable.

If > 2 then

2,2
Lyzz
(14 22 +y?)

From Corollary , the trivial solution to 15 unstable.

VA(z,y) >

Y
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Chapter 2

The non-population conserving SIR

model on time scales

We study the non-population conserving SIR model on time scales based on the continuous-time

SIR-NC model [12] , reformulating it in the general time scales and deriving its solution.

Theorem 2.1 (Variation of constants, see Theorems 2.74 and 2.77 of [7]). Suppose p € R and

felCy. Ifty €T and yo € R are given, then the unique solution of the IVP

y> =pt)y+ f(t), y(to) = vo,

18 given by

o) = et + [ et0(6) (900

to

Similarly, the unique solution of the IVP

y® = —pt)y’ + f(t), y(to) = o,

18 given by

y(t) = eep(t, to)yo + / t eep(t,s)f(s)As.

to
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Theorem 2.2 (See Theorem 2.39 of [7]). Ifp € R and a,b,c € T, then

b
/ p(t)ey(t,c)At = e, (b, c) — ey(a, c)

and

| p0ee. o)t = efe.a) )

2.1 The non-population conserving SIR model on time

scales (SIR-INC)

On a given time scales T, we propose the following SIR-NC model:

( S1°(1)

S0 =51

() = A S"gg)i ; (i> 1), (2.1)
RA(t) = y1°(t),

\

where S, I, R : T — R* and A,y > 0, subject to given initial conditions
S(0) =Sy, I1(0)=1,, R(0)= Ry (2.2)

with Sy > 0, Iy > 0, and Ry > 0. In the particular case T = R, problem f is studied in
[12].

We begin by remarking that it is enough to solve the first two equations of system . Indeed,
by knowing I(¢) we immediately get R(t) from the 3rd equation of (2.1)). For this reason, in the

sequel we restrict ourselves to the two-dimensional IVP

Ay S@®I7(1) _
e Ass(t)f 10’ = (2.3)
I5(t) = )\% —yI°(t), I(0) = I

Let Ny := Ip + Sy (we could also add Ry, but since R(t) does not affect the evolution of (2.3, we
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consider here, without loss of generality, that Ry = 0).

It is easy to see that in our SIR-NC model, the condition for an epidemic outbreak is given by

A I
I*0)>0=2=>1+ -1,
() Y So

S(0
Theorem 2.3. Let C' = % If v — X\, p(t) € R, then the unique solution to is given by

{ S5(t) = e@punen-» (1 0)5(0), (2.4)

I(t) = ecp(t, 0)1(0),

AC
ee(’y_)\) (t, O) + C ’

where p(t) = v —

Proof 1. Let
_ 5@
0 = s+ 10
(1
v = s I

By the assumption that I1(0) > 0 we have z(t) +y(t) = 1 and x(0) < 1. We can rewrite z*(t) and
y2(t) as follows:

) °(t) (2.5)
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Applying the substitution z = %, we obtain the linear first-order dynamic equation

Its solution is

2(t) = ea-x)(t0)2(0) + /0 ea(y-n (t s)(y = A)As.

Integrating yields
2(t) = 6@(7,)\)(15, 0)(z(0) —1)+1

and, re-substituting z = %, we obtain that

) #(0)
" = 0 - 2(0) T 0]
We have
5 =1 ( <t§g it)f( 7 7)
)

Letting p(t) = v — Az(t) € R it follows that

Clearly,

1(t) = ecpn(t, 0)1(0),

20

(2.6)

(2.7)

(2.8)



where

B Az(0)
eo(y-x)(t,0)(1 = 2(0)) + 2(0)

and

S
[< )eem,A)(t,O)-‘rC (29)

= e(op(t)a-» (¢, 0)S(0),

where C = w

1(0)
The proof for the time dependent v and A goes exactly the same way.

Remark 2.1.1. Ifv= A\, then v — A € R and, by Theorem the solution of system s

S(t) = ecp(t,0)5(0),

(2.10)
I(t) = ecp(ny (1, 0)1(0),
where p(t) = 14%0 with C = %.
As a corollary, we apply Theorem to solve the discrete epidemic model
AS()I(t+1
S(t+1) = () — WD
S(t)+ 1(t) (2.11)
AS(H)I(t+1) ’
I(t+1)=1(t) + —~yI(t+1),
(t4+1) = 1)+ g 7~ 1+ D

t € Z, with initial conditions S(0) = Sy > 0, I(0) = I, > 0, R(0) = Ry > 0. Note that for any
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t € Z we have
t
e(y—n(t,0) = exp (/ log(1+ (v — )\))As)
0

= exp (ilog(l + (v - A>>> (2.12)

= exp (t.log(1 + (v — N)))

=1+ (v =) =)

and
) = B \C
b 7 ES(v—N) (t,0)+C
~ \C
- -
6(7,)\)(@0) + C
Y+ (= NCO(t)
1+ Co(t) ’
and

epy = e3P < / log(1 + 1= NO) >AT)

1+ C4(7)
T (v + (L= N)C6(7)
_71;[0( 1+ Co(T) )

Corollary 2.1. If 1+~ — X\, 1+ X#0 for all t € Z, then the unique solution to system is

given by

L ((1 ) (L — A)C&(z’)))] -

L4 1+ C6(i) ) 2.13)
1) = 10) | ((1 SIRItE - A)C&z’»)]

where C' = % and §(t) = (1+ (v — \)"-.
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For the more general case of time-dependent A(t),~(t),t > 0, we similarly have

and

then

co-sap(t:0) = cap ( [ tog(+ (0 - Ny )
= eap (Zzogu Fr- A><s>>)

“TT0+ (- M),
o AH)C
ple) = lt eat-nw(t,0) +C
= (t) - as
o +C
TI(+ (- M)
AOCTT(+ (7~ N)(s)
= () - —
L+ CTJ+ (v = M)(s))
2(6) + Cly = VO[T + (- N)(s)

t—1

1+CHJ+7 A)(s))

V() +C(y = A)( )o(t)
1+ Co(t) '

. ( / tog(1 4 210+ €O = D@L, M)

14 Co(7)
ﬁ( i)+ C(y— /\ d(7)
" 1+ C(
ﬁ1+7 + O+ (y— )\)()5(2
L 1+ Co(d)

23

(2.14)



t—1

Where 6(t) = [J(1+ (v = M)(s))

s=0

Corollary 2.2. If 1 +~v(t) — A(t),1 + A(t) # 0 for all t € Z, then the unique solution to system
is given by

s() = s [[FUECEE 02 A)(z‘))é(z‘))]
1 0 [ (L2000 0 - A)(i))é(z’)))] |

Example 2.1.1. Let T = R and v, A € R with v # X. Then, by Theorem the solution to
system 1S given with

o ace
:S(0)6(7_A)te_/0 ! Se/o I O
A

= S(0)e eV — A

A
1 4+ Celr=Mt\ 7=

_ —Xt

= 5(0)e ( 1+C )

[In(1+Ce=29)]!

and N
1 + Ce('y)‘)t> F=X

I(t) —I(O)e_7t( e

If v =~(t), = At),t >0, t € R, then the solution to system is given with

t ¢ )\(3>C’€fos(7*>‘)(7)d7'
S0 / (= Ns)ds / )+ T oo | 4

S(t) =

Example 2.1.2. where A = 0.5,7 = 0.2, 5(0) = 80, 1(0) = 20.
If T =R the solution of 18
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Figure 2.1: Numerical solutions of (2.1)) with A\ = 0.5,y = 0.2,5(0) = 80,1(0) = 20. (a), we
show the solution in the discrete-time case T = Z; and (b) we plot the solution to (2.1]) for the
continuous time scales.

( -5
1 4. —0.3t\ 3
S(t) = 80.e702 <+T€)

1+ 4.6_0'3t) ki

I(t) =20.e7%%
() = 20c-0m (154

1+ 4.60'3t> 5

t _
R(t) = 0.2 [} = 20.e702 < -

\

If T = Z the solution of 8

s -worr [T
o= [P2E657]
R(t) = 100 — 80.(0.7)¢ 1—[1.214+r ff(%?f ] i [Hml :i((g?)+ ] 7
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2.2 The SIR-NC model with imported infections

On a general time scales T, we propose the following SIR-NC model with imported infections:

[ $8() = —» SS@(S{ 0}’8) _use(®),
() = A Ss(g)i 01(2) b Sty — 410 (1), (2.15)
RA(t) = yI°(t),

where S, I,R : T — R and \,v,v > 0. Similarly to Section , we restrict our attention,
without loss of generality, to the first two equations of ([2.15)) and we set N(¢) := S(t) + I(t).

We observe that here the condition for an epidemic to break out is given by

1(0) 1(0)

A= v >y—=

(0) (0)

Theorem 2.4. If v,y — A € R, then the solution to the SIR-NC' system with imported

infections is given as follows:

x(t)
= T Coqt (t7 0)](0)7
e (2.16)

1(t) = ey (t,0)I1(0),

S5(t)

t €T, where S,I:T — R*, \,v,v >0, and

v (t)
9(t) = —Ae(t) +7 = 7oy
(t) x(0
€T g '
x ~\ - Y
evoty-(%0) (1 + EJOE(VVH)) - E/OE(JJH\)
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S(t)

Proof 2. Defining x(t) = N’ we have
A = SE(ON(E) — N2 (@B)S(#)
W= NN (1)
 =AS()I7(t) —vSI(t)N(t) +~I°S
N(t)N0<t> (2.17>
= —Ax()y”(t) — va®(t) + ye(t)y” (1)

A—n

and from it

(6= Vte) + D20 = (=) (72 = 2(0) 20+ (= Va0
Then

N 7= A A YA .

20 = ey (5 ~0) O+ Ty
Applying the substitution z = % it yields

Ay L=0ZN gy 7=A

RGOS L+ pu(t)(y = A)

which has the solution

v —A
L4 pu(t)(y = A)

z(t) = eq(t,0)z(0) —i—/o eq(t,o(s))

with « = v & (v — A). The solution is equivalent to

= € z /7_)\ toze o\S S
() = elt.0):0) + s [Caento)a
v —A
= eq(t,0)z(0) + y— ot /\(ea(t,O) —1).



Re-substituting x = % one has

_ z(0)
0= ealt,0) (14 22LN) — 200N
and
I2(t) = Mo(t)a(t) +vSo(t) —yI°(t)
= (Az(t) =) I°(t) + vS7(t).
From z(t) = % it follows that S(t) = f(i)zgf)) and
1) = () - 1) + 2
1 —a°(t)
S <—>\x(t) ty— 1”_‘”—%) °(t)
= —g(t)[a(t),
where g(t) = —Ax(t) +v — % The solution is equivalently expressed as in (2.10).

As a corollary, we apply Theorem to solve the discrete epidemic model
I(1)
1) (2.18)

t € Z, with initial conditions S(0) = Sy > 0, I(0) = Iy > 0. Not that for any ¢ € Z we have

bC'
€a(t, 0) + Cl
bC1
bC
1+v ¢
(—1 - A) + 4
bC
5(t)+Cy

z(t) =
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and

oo NG e
N =5+ st )+ (1-b)Cy

then

t \bCy vbC
£0) = log (1 — ——+7— 2
eqr(t,0) = exp (/0 09( s+ 7 5(s+1)+(1—b)01> 8)

t—1
)\bCl VbCl
= 1- — —
“rp (Zlog ( O Py b)01)>

s=0
B ’ﬁ ( LG vbCh )
- 3+ 0 TS+ )+ (1-0)C, )

Corollary 2.3. If v — v+ AX#0,1+~v—XF#0 for all t € Z, then the unique solution to system
s given by

t—1 -1

b (0) L vhCh
SO = 5T -0, 1:[0 <1 IO PR (e b)Cl) | (2.19)
t—1 )\bcl VbCl B |
0| (1- 735+ - eeie) | o
B (A —7)z(0) _(_ 1tv t _v-atA
whereCl—(/\_7+V)+(7_)\)x(0), 5(15)_(1—1—7—)\) , b= A—v

As in Example 2.1.1], a simple application is obtained from our Theorem [2.4] when we restrict

ourselves to the continuous case.

Example 2.2.1. If T =R, then system reduces to

oy )
SI(t) = —/\SS 070 V().
r(t) =g (t()tl (It()t) +uS(t) —1(1), (2.20)
R(t) =~1(1),
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and, by Theorem[2.], the solution to system is

_z(t)I(?)
=1 w(t)’ (2.21)
I(t) = elo ~9()s 1 (0),

We have
va(t)
—qg(t) = Mzt —
0 Ax(0
_ a0 N (0 .
ot (1 i <w—czx<o>> —2(0)(22 = 1) et (1 i (v—cax(m) R

B v A

- eat(%_i_ﬂ)_ﬂ—*—eat(%_,_ﬂ)_ﬂ -7

vaCe AaCe

- (a+vC) —vCe ot + (a+vC)—(y—N)Ce ot 7

and

[ (22 (S EAE)

and

elo —9()ds — o=t (a+vC) —vCe™\ ((a+vC) = (y = N)Ce™ -5

Then

B (a+vC)—vCe™ @\ __ 1+ Cre™ e
I(t) = ](0)( - e 5c

B 14+ Cre\ "% 5S(0) o (L4 Creot\ T

_ C+O¢M)v%€wP®+yﬂmﬂ_emﬂ

1+Cl «

_ _CO=—) _ 5(09) _
WhereCl_m,C_m,a_y_w_)\)

Letting
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where
z(t) aCe

1—xz(t) vC+a—vCe ot

we have

1 + C’le_at 7?1'*
1+ 04

1+ Clefat _ﬁ

1+ C4

S(t) = I(0)eCe (
= 5(0)e ¥t <

Example 2.2.2. : Let us consider the SIR — NC' model with
where A = 0.5,7 = 0.2,v = 0.05, S(0) = 80, I(0) = 20.
If T =7 the solution of 18

( t—1 -1
560 14 14
St = ——— 1.2 — _
= x5 =1 [HO< 11 x 1.5° + 24 11><1.5s+1—4)] ’

- —1

t—1
14 14
I(t) = 20. 1.2 — -
Q [H < 11 x 155 +24 11 x 1551 — 4)] ’

s=0

t—1

-1
560 14 14
R(t) =100 — ———— 1.2 — -
®) 11x 1.5t — 4 [H ( 11x 1.5°+24 11 x L5+ — 4)]

t—1 -1
14 14
—20. 1.2 — —
[H ( 11 x 1.5°+24 11 x 1.5 — 4)] ’

s=0

\

If T =R the solution of 18

( -5
1 L2 a5\ @
_ —0.55.¢ 0.55
S(t) = 80.e . 15
0.55 s
A 1+ 1.2 o035 3
I(t) = e7%2 (20 + (1 — =035 0.55 ’
0.35 1 1.2
+ -
0.55 .
1 3
1 . —0.35t
R(t) =0 2ft e 02t (90 4 4 (1 — =035 i 0.55 ¢
—J0 1.2 ’
0.35 1
+ -
\ 0.55
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Figure 2.2: Numerical solutions of (2.15) with A\ = 0.5,y = 0.2, = 0.05,5(0) = 80, [(0) = 20.
(a), we show the solution in the discrete-time case T = Z; and (b) we plot the solution to ([2.15))

for the continuous time scales
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Chapter 3

Existence and uniqueness of solution for

a fractional order SIR model

We consider an extension of the SIR model.

L0 — —ay(t)x(t)
WO — oy () (t) — By(t) (3.1)

“a @
dz
d(tt) - 6y<t)7

where N(t) = =z(t) + y(t) + z(t) the total population at time ¢. Not that, in our natation,
(x(t),y(t), z(t)) is interpreted as (S(t), I(t), R(t)). The initial condition is given by
x(0) =z, y(0) = yo, 2(0) = 2.

The complete model that describes a system of caputo fractional differential equation is presented

as follows:

cd®x
20 = —ay(t)a(t)

0 = ay(t)a(t) — By(t) (3.2)

dt>

cd*z
dta(t) = 5y(t)

Where 0 < o < 1.
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3.1 Main results

We will apply some basic theorems like Banach contraction and Schauder theorems to receives our

required result as

) — @y (2(t), y(t), 2(t), 1)
YO = @y (a(t), y(t), 2(t), 1) (3.3)

dt™
Cd;ti(t) = @3(1’(t), y(t)a Z(t), t)

Upon integration for 0 < o < 1 to equation (3.3)), we get the given system as:

p

x(t) = zo + ﬁ /O (t — ) @y (x(t), y(t), 2(t), t)ds
W) =0+ s [ (0= 9" Dalalt) o(0).(0). ) (3.4

2(t) = 20 + ﬁ/o (t — s)* 1 ®y(x(t), y(t), 2(1), t)ds

\

Now we will take 0 < ¢t < T' < oo and define Banach space as E = C(R?® x [0, T], Ry), then

E = E; x Ey x E3 will also be the Banach space having the norm ||(z, y, 2)|| = max |z(t)] +

te0, T
max t)| + max |z(¢)|. Expressing the system (|3.4)) as
el 1] ly(t)] te[o,T]| ()] p g y

W(t) = Wolt) + ﬁ / (t — Q) (W (C), )dC.

where
x(t) o(t)
W(t) =9 y) »Wolt) =4 wolt)
2(t) Z0(t)
and

64



We take the conditions of growth non-linear vector operator ¢ : R?* x [0, T] — R as:

(A1) There is a constant L, > 0; V(W1(t), Wa(t)) € R x R;
[O(WA(t), 1) — o(Wa(t), 1) < Lo [Wi(t) — Wa(t)].
(A2) there is a constants Cy, > 0, M, > 0;
[6(W (1), )] < Co W]+ M.

Definition 3.1.1. (See p. 118 of [18])

Let X, Y be topological spaces. A map f: X — Y is called compact if f(X) is contained in a

compact subset of Y .

3.2 Existence and uniqueness of solution

Theorem 3.1. Under the continuity of ¢ together with assumption (A2), system has at least

one solution.
Proof 3. With the help of "Schauder fixed point theorem”, we will prove that system has

solution. Let take a function A : E — E is define by:

AW (1)) = Wa(t) + ﬁ / (t— Q) BV (C), C)dC.

The proof is given in several steps.
Stepl: A is continuous. Let W, be a sequence such that W, — W in E.
Then for each 0 <t < T, suppose that B(t) = A(W,(t)) — A(W(t)) hence

1 ¢ o1
BOI < Fo / (t— O SWa(C), O) — W (C). O de,
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|B(t)] < [6W(.), ) — o (W (), )l /Ot@_g)aldg,

N [(a)
T lo(Wn(.),-) = oW (), )l
- I'(a+1) '

Since ¢ is a continuous function, we have

[AWL(t) = AW )] < ey 16(Wal), ) = d(W (), )l = 0 asn — oo.

For the second of the proof we have to show that the set A(FE) is relatively compact. Let V =
A(W) € A(E). Therefore, ||A(W)|| < R. By hypothesis, at any W € E, follows

1

< ol + o [ (= " oW (Q), Ol de.

AW @) o

AW@)| < |Wo|+ﬁ / (t — Q)Y [Cy W] + MJdC,

«

< |WO|+F

m[ab W + My).

wich tmplies that

Ta
JAW) < Wol +

Lt <
T 1)[C¢ W+ My] <R,

Thus A(E) C E. From this we say that operator A is closed and bounded. Next we go ahead to

prove the result for completely continuous operator as:

Let ty >ty lies in [0, T, suppose that B = A(W)(ta) — A(W)(t1) and K = C,R + M, Therefore

Bl < ﬁ { /O - ¢ — /0 lm—c)aldc} K, (3.5)
AW (1) — A1) < \Cell T Moy o (3.6)

- TD(a+1)

Now from (@), on can observe that as t; approaches to to, then right side also vanishes. So one
concludes that |A(W)(te) — A(W)(t1)| tend to 0, as ty tends to t,.

So A(E) is equicontinuous. By using ”Arzelda-Ascoli theorem”, the operator A is completely con-
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tinuous operator and also uniformly bounded proved already. By ”Schauder’s fixzed point theorem”

system has one or more than one solution.
Further we proceeds for uniqueness as:
Theorem 3.2. Using (A1), system has unique or one solution if F )L¢ < 1.

Proof 4. Take A: E — E, consider W and W in E suppose that B = A(W) — A(W)as

IBll = max [A(W)(®) - AGT ()
< sl - (3.7
From (3.7), follows
[A0V) = AP < g o W =77

Hence A is contarction. By ”Banach contraction theorem” system has one solution. [J
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Chapter 4

Uniform Stability of Dynamic SICA
HIV Transmission Models

In this chapter, we study the model SICA HIV Transmission Models on time scales, providing a
Lyapunov function definition. The study aims to demonstrate the system’s permanence, existence
of solutions, and establish sufficient conditions guaranteeing a unique almost periodic solution that

is uniformly asymptotically stable.

On a given time scales T, we propose the following SICA model :

(

£ (1) = A — BAD)] (1) - waf(2),
25 () = BAMD)T(E) — (p+ 6 -+ )23 () + ya(t) + was (D) )
2 (1) = dua(t) — (w + V)a5 (1)

| 22 = poalt) = (v + v+ d)ag (1),

where ¢t € T, with Tt a nonempty closed subset of RT =]0, +o0].

4.1 Definitions

Let f be a function defined on T*. We set

fr=inf{f(t):teT"} and fY=sup{f(t):teT"}.
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Lemma 4.1 (See [23]). Assume that a >0, b > 0, and that —a € R*. Then,

y2(t) = (<) b—ay”(t), y(t) > 0, t € [to,00)r

implies that

w02 () 7 [1+ (2 1) cnfttn)| £ oo

a

Definition 4.1.1 (See [32]). A time scale T is called an almost periodic time scales if
H={reR:t+7€Tforall teT}+#{0}.

Definition 4.1.2 (See [32]). Let T be an almost periodic time scales. A function x € C(T,R") is

called an almost periodic function if the e-translation set of x,
Efe,x} ={rell:|x(t+71)—x(t)|<e foralteT},

is a relatively dense set in T, that is, for all e > 0 there ezists a constant l(¢) > 0 such that each
interval of length l(€) contains a n(e) € E{e,x} such that |x(t + 7) — z(t)|< € for all t € T.
Moreover, T is called the e-translation number of x(t) and l(€) is called the inclusion length of

E{e, x}.

Definition 4.1.3 (See [32]). Let D be an open set in R™ and let T be a positive almost periodic
time scales. A function f € C(T x D, R") is called an almost periodic function int € T, uniformly

for x € D, if the e-translation set of f,
Ele, f,S}={rell:| f(t+7,2)— f(t,x) |<e forall (t,z) € T xS},

1s a relatively dense set in T for all e > 0 and for each compact subsetS of D there exists a constant

l(2,S) > 0 such that each interval of length l(¢,S) contains 7(g,S) € E{e, f,S} such that

| f(t+7,2) — f(t,z) |<e forall (t,z) €T xS.
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Consider the system

T2 (t) = h(t,z) (4.2)

where h : Tt x Sp — R", Sp = {z € R": ||z|| < B} and h(t,z) is almost periodic in ¢

uniformly for x € Sg and continuous in x.

Lemma 4.2 (See [51]). Suppose that there exists a Lyapunov function V (t,z, z) defined on TT x

Sp X Sg, that is, there ezists a function V (t,x, z) satisfying the following conditions:

1. a(l|lz —z||) < V(t,z,z) < b(||]x — 2||), where a,b e K with

K= {aecCR"R"):a0)=0, and o increasing };

2. |V(t,z,z) = V(t,z1,21)| < L(||]x — x1]| + ||z — 21]), where L > 0 is a constant;
3. DYVA(t,z,2) < —cV(t,x, z), where ¢ > 0 and —c € R*.

Furthermore, if there exists a solution z(t) € S of system fort € Tt, where SUSp is a
compact set, then there erist a unique almost periodic solution f(t) € S of system , which is

uniformly asymptotically stable.

Definition 4.1.4 (See [37]). System is said to be permanent if there exist positive constants
m and M such that

m < liminfz;(t) < limsupz;(t) < M, i=1,2,3,4,

t—r00 t—s00

for any solution (x1(t), za(t), z3(t), z4(t)) of [4.1)).

4.2 Permanence of positives solutions

The principal objective of this section is to establish sufficient conditions for system (4.1]) to be

permanent. Let {3 € T be a fixed positive initial time. We introduce the following assumption for

ED):
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(H1) A(t) is a bounded and almost periodic function satisfying

0 < A< A(t) <YL

Lemma 4.3. Suppose hypothesis (Hy) holds. Then, for any positive solution (x1(t), xo(t), x5(t), z4(t))

of system , there exists positive constants M and T such that z;(t) < M, i = 1,2,3,4, for

t>T.

Proof 5. Let Z(t) = (x1(t), x2(t), x3(t), 24(t)) be any positive solution of system . From the

ith equation of system , we have

;

\

(4.3)

£ (1) < A — (BN + 1) (1)

r1) < BNM+ (7 +w)'s — (0 + 6+ 1)ag (1),
13 (1) < oMy — (w -+ V) (1)

ri(t) < pMp — (v + v + d)z](t)

Hence, by Lemma[4.1], there exist positive constants M; and T; such that for any positive solution

(z1(t), 22 (t), 23(t), 24(t)) of system ([4.1)), we have

" [1 N ((ﬁ)\L + v)xy(to)
Lty

If —(BAE+v) <0, then eo@a1v)(t, to) — 0 as t — oo and

x1(t) < My = N/ (BA\E +v),

2a(t) < My = BOVM, + (7 + @) )/ (0 + 6 + 1),

14

w3(t) < Mz := ¢Msy/(w + v),

w4(t) < My := pMy/(v +v +d),

A - 1) eo(eat+v) (L, to)} :

for t > 1T,
fOT 13 Z T27

(4.4)
for t > T3,

for t > Ty.

Let M = max {M;} and T'= max {T;}. Then, z;(t) < M, i=1,2,3,4, forallt > T.
1<i<4 1<i<4

Lemma 4.4. Suppose that (Hy) holds. Then, system is permanent.

Proof 6. Let Z(t) = (x1(t), x2(t), x3(t), x4(t)) be any positive solution of system . From the
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ith equation of system , we have

(

(4.5)

\

From hypothesis (Hy) and Lemma there exists positive constants m; > 0 such that for any
positive solution (z1(t),x2(t), x3(t), x4(t)) of system there exists T; such that

;

x1(t) > my = AN/ (BAY +v), for t > T4,
wa(t) > my = (BA'mn) [(p+ & +v),  for t > T,
(4.6)
x3(t) > m3 = ¢my/(w +v), for t > T,
24(t) 2 ma == pma/ (v + v +d), for t > Ty.

\

Let m = minj<;<4 {m;} and T = maxj<;<4 {TZ} We conclude that x;(t) > m, i = 1,2,3,4, for all
t>T.

4.3 Uniform asymptotic stability

In this section, we prove sufficient conditions for the existence and uniform asymptotic stability of

the unique positive almost periodic solution to system (4.1)). Let us define

0:= {Z<t> = (a (1), 2alt), wa(t), 7a(0)) € (RY)*: (a(8), wat), wa(), a(1)

is a solution of 1} with0<m <xz; < M,i=1,...4, and N(t) <

X =
N
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It is clear that 2 is an invariant set of system (4.1)) and, by Lemma , we have Q # (. We

introduce some more notation. Let

ar = AL 4+,
a2 3:P"‘¢‘|‘V7

as ‘= w + v,

ay :=v+v+d,
M

by = (B)\U-i-—ﬂ )
2m

by == <p+¢)’

M
b3 = (w + ﬂ 770) y
2m

M
by = (v—l— 52 77,4) .
m

Moreover, let I'y := min a; and 'y := maxb;. In our next result (Theorem ) we assume the

1<i<4 1<i<4

following additional hypothesis:
(Hz) FQ < Fl with Fl, F2 € R+.

Theorem 4.1. Suppose that (Hy) and (Hy) hold. Then the dynamic system has a unique
almost periodic solution Z(t) = (x1(t),z2(t), z5(t),x4(t)) € Q that is uniformly asymptotically
stable.

Proof 7. According to Lemmal[{.1], every solution

Z(t) = (21(t), 22(t), w3(t), 24(t))

of system (4.1|) satisfies ¥ < x;(t) < z2V,i=1,....4, and |v;| < K;,i=1,...,4. Denote
y 1 (2

12N =1 (21 (1), 22(1), 25(2), 24(1)) |

= sup (21 (t) |+ [ 22(t) |+ | z3(t) |+ | zalt) ).

Let Z(t) = (x1(1), x2(t), x3(t), 24(t)) and Z(t) = (21(1), Zo(t), &3(t), 24(t)) be two positive solutions
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of . Then || Z |< K and || Z ||< K, where

=4

K:}Sm.

=1

In view of , we have

(1) = A — BAD (1) — vas (),

£2(t) = P a1 (t) — (p+ b+ 1)a5(t) + yaa(t) + was(t),
£2(t) = daa(t) — (w + 1)),

| 28 () = pra(t) — (v + v + d)af (1),

and

[ 52() = A — A (1) — vis(0),

F8(1) = BAIL(E) — (p+ &+ 1)A5(1) + 1da(r) + wis (1),
FA(t) = dia(t) — (w + )85,

|50 = pialt) — (7 + v+ D))

Define the Lyapunov function V(t, Z, Z) on TT x Q x Q as

V(62,2) = Y |t = a0 |= SV

where V;(t) =| z;(t) — 2;(t) |. The two norms

1=4

1 2(t) = Z(t) |= sup Y _ | wilt) — &i(t) |

+
teT+ 3

and

Hﬂﬂ—Z@WFﬁm<i]%@—fNDﬁ

teT+ \ "

are equivalent, that is, there exist two constants n; and ny > 0 such that

m | Z(t) = Z(t) <) Z(t) = Z@) < e || Z(0) = Z(2) |
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Hence,

mll Z(t) = 2(t) |.< V(t,2,2) <ma || Z(t) = Z(t) |- -

Let a,b € C(RT,RY), a(z) = max and b(x) = nox. Then the assumption (i) of Lemma is

satisfied. Moreover,

V(6 2,2) = V(62527 | = |3 L) = (o) | =3 |5 (0) = 2500 |

<3 1@l = ) - (w10 71 (0) |
< 3| aalt) — 2 (0) + (#4(0) — :(0)) |
<31 wlt) £ 0) [+ () — 4:(0) |

where L =1, so that condition (ii) of Lemma[{.d is also satisfied. Now, let v;(t) = x;(t) — 2(t),
i=1,...,4. We compute and estimate the Dini derivative DTV of V along the associated product
system ({4.1). Using Lemma 4.1 of [33], it follows that D*VA(t) < sign(v{(t))(vi(t))™. For more
details on DTVA(t) see [23,126]. Now, let us begin computing

DYVE(t) < sign(v](t))(vi(1)>
= sign(vf (£)[=BA()] (1) — vaf (1) + BA0)E] (1) + vi] (1)
= sign(v] () [=BA) (27 (t) — 27 (1)) — v(27(t) — 27(2))]
—BE(OAE) = A®)]
= sign(vy () [=(BA() + v)(27 () — 27(t))
=BT (A(E) = A®)]

~

< = (BAQ) +v) [27(t) = 27() | +827(1) | A(t) = A(?) |
< —(BAH() +v) |29 (1) = 27(8)) | +B27 (1) | A(E) = A(D) |
< —(BAM() +v) |27 (1) = 27(8)) | +BM | A1) = A(t) |,

75



that is,
DYVA@E) < —(BN(1) +w) | 27(1) = 27(t) | +(BM) | A(t) = A1) | .

Let va(t) = xo(t) — 2o(t). Similarly, we have

DHVA®) < sign(vg (1)) (va(t))®
— sign(v§ (1) [BA(D)21(t) — (p+ ¢ + )25 (t) + Yeat)
T wa(t) — BAB)E(E) + (p+ 6+ V)E (1) — ia(t) — wits(D)]

(
= sign(vg (D) [(BA()1(t) = BAD)E1(1) = (p+ ¢+ v) (5 (1) — 25(1))
(

+w [ ws(t) = 3(t) |;

for vs(t) = x3(t) — 23(t) one has

DTVR(t) < sign(vg(t))(vs(t))®
= sign(v§(t))[¢z2(t) — (w + V)25 (t) — $ia(t) + (w + )25 (1))

< ol wa(t) = 2o(t) | —(w+v) |a3(t) —25() [;
and for vy(t) = x4(t) — 24(t) we have

DYWAW) < plas(t) —as(t) | —(y+v+d) | 25(t) - #5(0) |
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Since

r1(t) + nexs(t) +na)za(t),

it follows that

DYVA() < —(BN(t) +v) | 29(t) = &7(1) | +(BM) [ A(t) = A1) |
+ BAY [ (t) = &1(8) | +8M | A(E) = A(t) |
—(p+o+v) [a5(t) —23(1) |+ | 2a(t) — 2a(t) |
+wlas(t) = 23(t) [ +¢ | 2a(t) — 22(1) |
— (W) [25(t) —23(1) |

+pl@a(t) = 220) | —(y+v+d) [ 2{(t) — 27(t) | -
Therefore,

N0 = A < - [l (t) = #1(6) | e | s(1) — ()

+na | 2a(t) — 2a(t) [],

where 0 <ne <1, n4 > 1, and B > 0. The inequality becomes

DYVA(t) < —(BA" +v) | 27(t) = 27(t) | —(p+ ¢ +v) | a5(t) — 25(t) |

— (W) [2g(t) —25(0) | —(vy+v+d) [ 27(t) - 27(1) |

+26M | A() = A1) | +(BAY) [ 21 (t) = &1(t) |+ | @a(t) — &4(2) |

+w | w3(t) = 23(t) | +(p+ @) [ 22(t) — 22(t) |
— (BN +v) | 2(t) —27(t) | —(p+ o +v) | 25(t) — 25(¢) |

(w+V)\w3 )= 25(t) | =(v+v+d) [25(t) — 27(1) |
o+ ) -

+( 62 770)’503 -
( 77A)|SU4 -

1) [ +(p+ @) [ 22(t) — 22(2) |

z

3
4 .
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From the previous inequality we can write

DIV € (BN 4 0) 270~ (D) | (o + 6+ ) | 450) ~ 350) |
4 0) 2500~ 5(0) | ~(y-+ v+ d) [ 250 - 30)|
# (7 520 T - )
o+ ) | 2a(t) — 2al0)|
(o 2] a0y~ 240
# (04 D) L) — (0 |

= —ay |27(t) = 27(t) | —ag | 25(t) — 33(2) |

—ag | 23(t) — 25(1) [ —aa | 27(t) — 27(7) |

by @y (t) = £1(8) | +bo | 2a(t) — () |

+bs | 5(t) — £3(t)] + ba | 2a(t) — £a(t) |
= —TWV(o(t) + T2V (1)

= (L2 =Ty V() = Tip(t) DVA(2)

I, —-T
and it follows that DYV (t) < (lz—l——Fl)V(t) = —WV(t). By hypothesis (Hs), one has —¥ € R*
1M
rh-r
and U = ﬁ > 0. Thus, the assumption (iii) of Lemma is satisfied. Furthermore,
i

the conditions (i) and (ii) of Lemma [{.4 also hold. For condition (i) we consider two functions
a,b € C(R") with a(x) = ma and b(x) = nax. For condition (ii) we put L = 1. So there exists a
unique uniformly asymptotically stable almost periodic solution Z(t) = (x1(t), xo(t), x3(t), z4(t)) of
the dynamic system with Z(t) € Q. O

Example 4.3.1. Motivated by [3])] and the case of Morocco, we consider system forT=27%:

(

Az (t) = A= Az (t + 1) — v (t+ 1),
Azsy(t) = BA)z1(t) = (p + ¢ + V) ot + 1) 4+ yaa(t) + wrs(t), @s)
Azs(t) = daa(t) — (w+ v)as(t + 1),

\ Azy(t) = pro(t) — (v + v+ d)zy(t + 1),
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Figure 4.1: Example : solution of during 7 years.

where

11 2 9
z1(0) =1 - Ny’ 29(0) = A 23(0) =0, 24(0) = —

with Ny = 325235, A = 2190, 8 = 2.71077, v = 0.39, p = 0.2, ¢ = 0.1, v = 0.33, w = 0.09,
and d = 1. System is permanent. Furthermore, m; = 5615.381462, my = 5.47870412010~°,
ms = 1.141396692107%, m4 = 6.3705861861071°, M, = 5615.384615, M, = 0.002773104793,
M3 = 0.0005777301652, and M, = 0.0003224540457. The conditions of Theorem are verified
with 0.37 =Ty < Ty = 0.39 and ¥ = 0.01391941151. Therefore, system [4.8 has a unique positive
almost periodic solution, which is uniformly asymptotic stable. In Figure we plot the solution

for the first 7 years with nc = 0.5 and nay = 1.5.
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4.4 Conclusion

We have investigated the uniform stability of the singular positive solution in an HIV/AIDS epi-
demic model, specifically the SICA model on an arbitrary time scale. The purpose of incorporating
time scales is to integrate both continuous and discrete time models. We established the perma-
nence of each solution and, using a suitable Lyapunov function, we derived a sufficient condition
for uniform asymptotic stability of the solution. Additionally, we presented an illustrative example

to substantiate our analytical results.
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Chapter 5

Existence and uniqueness of solution for
a fractional order SICA HIV

Transmission models

On considere the model SICA suivant:

( dffjd_g(;f) — A= BAE)w(t) — pu(t)
dz_{) = BAw(t) = (p+ 6 + pa(t) + 72(t) + wy(t),
dz_t) — balt) — (w+ ny(t),

\ dil—{t) = pa(t) — (v + p+ d)z().

N(t) =w(t) + z(t) + y(t) + z(t) the total population at time t.

Let us consider the Caputo fractional order SICA model:

(

CDEw(t) = A — Ba(t) + nyy(t) + mo2(O)w(t) — o),
CDE(t) = Bla(t) + myy(t) +n2(t))u(t) — Eaa(t) + wy(t) + (1),
CDey(t) = dur(t) — o).

| CDr=(t) = pr(t) — &12(0).
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5.1 Main results

We will apply some basic theorems like Banach contraction and Schauder theorems to receives our

required result as

) — wn (w(t), x (1), y(t), (1), 1)
O = wy(w(t), 2 (1), (1), (1), 1) -
YD — s (w(t), o(t), y(t), (1), 1)
D — w(w(t), 2(t), y(t), (1), 1)

Now we will take 0 < ¢t < T < oo and define Banach space as F = C([0,T] x R*, Ry), then

E = E; x Ey X E3 x B, will also be the Banach space having the norm ||(w, z,y, 2)|| = n[la% lw(t)|+
telo,

t t t)l.
nax |lz(t)| + nax ly(t)] + nax |2(1)]

U0 =Uo+ s [ (= O U(0), e,

where
[ w() ([ w [ s (w(®), (), y(1), 2(2), 1)
I RIS EICE ORI CROROR
y(t) o ws(w(t), 2(t), y(), =(1), 1)
| =) w000 | wa(w(t),2(0) y(0), 2(0), )

We take the conditions of growth non-linear vector operator ¢ : [0, T] x R* — R, as:

(A1) 3 a constants Ly, > 0; V(Ui(t),Us(t)) € R x R ;

[(UL(1), 1) = P(Ua(2), 1) < Ly|Ur(t) = Us(2)]

(A2) 3 a constants Cy, > 0, My, > 0;

[ 9U), 1) |< Cy | U [ +M,
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5.2 Existence and uniqueness of solution

Theorem 5.1. Under the continuity of 1 together with assumption (A2), system has at least

one solution.

Proof 8. With the help of ”Schauder fixed point theorem”, we will derive our result.
Let D : E — E s define by:

D(U(1)) = Uy + ﬁ / (t = O H(U(C), Q)dC.
at any U € E, follows
1 ¢ 1
D)) < U] + —— / (t = O (U Q). O)ldC

IN())

1 t
<10l + 75 / (t — O N [Cy U] + MydC

TOC
< ‘Uo| -+ T

W[CMUHMM,

wich tmplies that

[e7

T
IDW)I < [Uo] + 5

m[CMwJFMw]

<p.

From this we say that operator D is closed and bounded. Next we go ahead to prove the result for
completely continuous operator as:

Let ty >ty lies in [0,T], and take

D@t - DO = | [t = 07 00(©. 006 — 5 [ 0= 00,00

T(a) Uot (ta = Q)*7d¢ — /Otl(tl — ()aldg} (CyR+ M),
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then

ID(U)(ty) — D(U)(t1)] < (CyR + My)

= F(Oé + 1) [tg - t(ll] (52>

Now from , on can observe that as t; approaches to ty, then right side also vanishes.So one
concludes that |D(U)(ts) — D(U)(t1)| tend to 0, as ty tends to ty. So D(E) is equicontinuous. By
using " Arzela-Ascoli theorem”, the operator D is completely continuous operator and also uniformly
bounded proved already. By "Schauder’s fixed point theorem” system has one or more than one

solution. [
Further we procceeds for uniqueness as

Ta
Theorem 5.2. Using (A1), system has unique or one solution if me < 1.
a

Proof 9. Take D : E — E, consider U and U in E as

7 1 ' a—1 o 1 ' M-l 7
D) = DO = ma | 7 [ (¢ = 07 0000~ s [ =000 0dc
T« —
< meHU - U]

(5.3)

From , follows

|D@) ~ DO < o LollU — O]

(+1)

Hence D is contraction. By ”Banach contraction theorem” system has one solution. [J

84



Perspective

Here, we provide a list of the main research perspectives that emerge at the end of this thesis:
e Study the stability of epidemic models on time scales.

e Comparison theorems of the stability of epidemic models on time scales.
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