A dl) Al aal) 4 i) Ay s sgandl
People’s Democratic Republic of Algeria
g.d.d\ Eiad) g gila.“ h\hﬂ\ IS8T
Ministry of Higher Education and Scientific Research

University of MUSTAPHA Stambouli (A gmabul dhias dads
Mascara - L S
Faculty of exact sciences g? 4884 a glat) A<
Departement of Mathematics ——= émw ?“5
DOCTORATE Thesis

Speciality: Mathematics

Option: Mathematical Analysis and its applications

Entitled

Contribution in fractional derivative order dynamic
models

Presented by: ZINE Nedjoua
The 12/06/2024

The jury:
President MOHAMMED CHERIF Ahmed Professor Mascara University
Examiner LAZREG Jamal Eddine Professor Sidi Bel Abbes University
Examiner FRAKIS Abdelkader MCA Mascara University
Invited BOUTEFFAL Zohra MCA Higher School in Computer

Science Sidi Bel Abbes
Co- Supervisor MARADO TORRES Delfim Fernando Professor  University of

Aveiro Portugal

Supervisor BAYOUR Benaoumeur MCA Mascara University

UniversityYear:2023-2024



Dedication

To those who are not matched by anyone in the universe, to those who have made a great
deal, and have given what cannot be returned, to my dear parents.
To my adorable brother Tayeb and my adorable sisters Farida and Chaimaa.
To my darling nephews Sohaib, Abderrahmen.
To my best friend SOLTANI Soumia and AICI Soumia.



Acknowledgments

First and foremost, I would like to express my gratitude to Allah for providing me with

the endurance and encouragement I needed to complete this work.

[ would especially like to express my gratitude to Dr. B. BAYOUR, my supervisor, for
his insightful feedback and direction, as well as for his unwavering and encouragement

during this thesis project.

I would like to deeply thank to Pr. Delfim F. M. Torres, my co-supervisor, for his wise
guidance and insightful notes.

I extend my words of appreciation to the jury members to Pr. A. MOHAMMED
CHERIF, Pr. D. LAZREG and Dr. A. FRAKIS who accepted to devote their time

reading, evaluating, and even enriching this work.
My heartfelt appreciation goes to our honorable guest Dr. Z. BOUTEFAL whom [
admire greatly for accepting our invitation and for her assistance.
My sincere gratitude to, Dr. M. HELAL, Dr. N. HELAL and Z. BELARBI for their
helpful suggestions, and their valuable notes.
[ would also like to express my deepest thanks and appreciation to Ms. . KORBAA and

Ms. A. AMMAR for their motivation, their insightful pieces of advice and guiance.

I extend my very special thanks to my parents by expressing to them my gratitude for

their continuous support and motivation. No matter how many words I say to thank

them, I will not do them justice, they have all my appreciation, love, and praise.

Finally, I am pleased to thank every one who advised me, contributed even a little, or

directed me in preparing this thesis.

II



Abstract

This thesis focuses on the study of linear or nonlinear dynamic systems either
of order fractional or on time scales or both. The aim of study on the one hand,
Proof the existence and uniqueness of initial value problem of Riemann-Liouville
fractional order on time scales using fixed point theorems. Then, presentation of
the exact solution to a general Norton Massagué Model on time scales with exam-
ples. On the other hand, we study the stability of SAIQH Models on time scales
and we prove that the system is permanent. Finally, we introduce a fractional
order SAIRS model and we prove the existence and the positivity of solution, then

we discuss the loacal and global stability of the system.

Key words : Fractional order model, existence of solution, dynamic equations on

time scales, numerical simulations, stability .
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Notations

a(")
p()
()
fA0)
A

Crd = Crd(T) = Crd(T/ IR)
Cly = Cy(M) = C(T, R)
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Time scales.
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Forward jump operator.

Backward jump operator.
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Introduction

Time scales calculus, which has become an essential tool in the study of dif-
ferent fields , was initiated in 1988 by S. Hilger in his Ph.D thesis [26] under the
supervision of professor B. Aulbach to unify and generalize discrete and contin-
uous analysis [14, 15].

The key idea behind calculus on time scales is to consider a dynamic equation
where the domain of unknown function is a time scales, which is an arbitrary
non empty closed subset of the real numbers. By choosing the time scales to be
the set of real numbers, the general results obtained from time scales calculus can
be applied to ordinary differential equations. On the other hand, by choosing
the time scales to be the set of integers, the same general results can be applied
to difference equations. This means that time scales calculus provides a unified
framework for studying both continuous and discrete dynamical systems. By
incorporating these different time scales into the calculus, we can obtain even
more general results.

It has a tremendous potential for applications [4, 11,13, 16,27,57]. For example
[11], Let N(t) be the number of plants of one particular species at time f in a certain
area. By experiments we know that N grows exponentially according to N’ = N
during the months of April until September. At the beginning of October, all the
plants die, but the seeds remain in the ground and start growing again at the

beginning of April, with N now being doubled. So we have the following model:
N'(t) = N(t) for all t e [2k,2k +1],

and
NQ2k+2)—NQRk+1)=NQRk+1)forall k=0,1,2,....

The domain of this model is different from R, which it is W = U7 [2k, 2k + 1]. It



is a closed subset of IR. This remark demonstrates the premise for the time scales
calculus.

Fractional calculus is a theory of integrals and derivatives of arbitrary real
numbers. It is a generalization of classical calculus and therefore retains many
basic properties.

The concept of fractional calculus is generally believed to arise from a question
posed in 1695 by G. A. I'Hospital to G. W. Leibniz wondering about the meaning
of ZWTZ when n = 1? In his response dated September 30, 1695, G. W. Leibniz wrote
to I'Hospital as follows:". .. it is an apparent paradox, from which one day, useful
consequences will be drawn ..." [35]. The first serious attempt to give a logical
definition for the fractional derivative is due to Liouville who published nine
documents on this subject between (1832) and (1837). Independently, Riemann
proposed an approach which was essentially that of Liouville, and it has since
been called the "Riemann-Liouville approach”. Later, other theories appeared
such as that of Grunwald-Leitnikov, Weyl and Caputo.

In recent decades, this theory has begun to affect a significant number of math-
ematicians and other fields [39, 48]. It can provide effective results in modelling,
identifying and controlling systems. Modelling consists of finding a parameter-
ized model whose dynamic behavior approaches that of the system. This rep-
resentation is used for the simulation of systems with the aim of designing and
controlling systems. Recently, fractional derivatives have been used to generalize
models.

D. E. M. Torres [58] allows a new concept fractional operators of Riemann
-Liouville on time scales, introducing the forward jump operator of time scales in
their definition. Using backward jump operator, we found a new definition [63]
where we study the existence and uniqueness of solution to the following initial

value problem:
DY) = f(t,y(®), teltoto+dl=JCT,

(i “Iy)(to) = 0,

where T is a given time scales, 0 < a <1,d > 0, y D is the proper (left) Riemann—
Liouville fractional derivative operator or order o defined on T with p, }U‘“I is the
proper (left) Riemann-Liouville fractional integral operator of order 1 —« defined
on T with p, and function f : § X T — R is a right dense continuous function.

The study of dynamical systems on time scales is today an active field of

10



research [17, 12, 31, 50, 53, 54, 57, 62]. In 2006, L. Norton and J. Massagué [45]

introduced the general model:

VO _ ey
7 =aV' (t) bV(t),

where 0 < @ < 1 and a, b are constants of anabolism (growth) and catabolism
(death) respectively. Recently, M. Bohner et al [13] studied Solow Models on Time
Scales. Motivated by the work mentioned above, we focus on solving the general

Norton-Simon-Massagué model on arbitrary time scales T:
VA(E) = a()V () = bV (E),

where 0 < @ < 1and a(t) > 0, b(t) > 0.

M. Khuddush and K. R. Prasad [31] studied the n-species Lotka—Volterra sys-
tem on time scales and derived sufficient conditions for the existence and uniform
asymptotic stability of unique positive almost periodic solution of system. Moti-
vated by aforementioned works, we prove the permanence and positive almost

periodic solution of the following SAIQH type model on time scales:

SA(t) = A+ wnQ(t) — [At)(1 = p) + Pp + 15°(t),

ANt = A1 = p)S(t) = [qv + YIA“(H),

() = qvA(t) — [61 + YII°(8),

QA(t) = gpS(t) + 01 fl(t) + 021 = fo = fH)H(t) — [wm + y]Q°(),

HA®) = 61(1 = fA)I(E) + n(1 = DHic(t) = [62(1 = fo — f3) + 62 + a1 fs + V] HO(D),
HA(t) = 62 fH(t) = [(1 = k) + ank + yIHEL(8),

where, for all time ¢t > 0,

o _ BUAA® + 1) + 5H()
- N(t)

is a bounded positive function with
N(t) = 5(t) + A(t) + I(t) + Q(t) + H(t) + Hc(1),

B,la,lu > 0, and all the other parameters in the model are non negative. In

addition,
Pll _P/kxl _k/q/flll _f1/f21f3/1 _f2 _f3 € [0/1]

11



For more details on the mathematical model () we refer the reader to [36]. Then, we
conclude our works by given an example with numerical simulations to illustrate
our theorical results.

Fractional derivatives are one of the new technique that have lately gained
attention in scientific research because they effectively embed memory effects
in dynamical systems. This idea has been successfully used in mathematical
physics, it has also used in other fields more recently [8, 39, 48]. A. Nabti and
B. Ghanbari [42] studied a fractional SVEIR epidemic model of Caputo type.
Inspired by previous work, we prove the existence and uniqueness of solutions

of the following fractional SAIRS epidemic model:

CDS(t) = p = [BaA®) + B(DIS(E) — (1 + v +7)S(H) + y(1 - A() - I(#),
CDFA(t) = [BaA(t) + B (DIS(E) — (1 + 64 + WA(),
CDYI(t) = nA(t) — (o1 + wI(),

subject to the initial condition
S(0) =Sy >0, A0)=Ap>0,100) =1, >0,

where “D? is the fractional Caputo derivative having order 0 < a < 1 in order to
describe the memory effects in the proposed epidemic model. We assume that the
functions S(t), A(t), I(t) and their Caputo fractional derivatives of order 0 < a <'1
are continuous functions. The parameters i, 1,4, p1,v,V, 04,0 in the fractional
order SAIRS epidemic model (1) are considered to be positive values. Then, we
study the local and global stability using Lyapunov method and we give some
remarks with numerical simulations to illustrate our theoretical results.

This thesis is organized as follows:

In chapter one, we will explore the different basic concept related to calculus
on time scales such as the differentiation, integral, and the exponential function
with its properties. We give examples about the exact solution of the epidemic
model and the differential equation. Then, we also present the fixed point theory
like the theorem of Banach and Schauder which allow us to show the existence
and uniqueness of problems associated with an ordinary differential equation.

In chapter two, we examine several properties of novel Riemann-Liouville
fractional operators on time scales. We then establish sufficient conditions for
both the existence of a solution and the uniqueness of the solution for a nonlinear

Riemann-Liouville fractional initial value problem on time scales by using the

12



fixed point theory.

In chapter three, we give a general nonlinear first-order Norton Massagué
model on time scales. Then, we define the Cobb-Douglas production function
on time scales and use it to give the solution for the equation that describes the
model, the concrete examples are given.

In chapter four, we explore a SAIQH comportmental model on time scales and
define the Lyapunov function on time scales which allow a stability asymptotic of
the solution. Then, we prove the system’s permanence, the existence of solution,
and sufficient conditions indicating the existence of a unique almost periodic
uniformly asymptotically stable solution for the dynamic system.

In chapter five, we examine a fractional order SAIRS model with vaccination.
Then, we show the locally asymptotically stable of the disease-free (resp. endemic)
equilibrium if Ry < 1 (resp. Ry > 1). Furthermore, if R, is less than another
threshaold R;( resp.Ry > 1 when y = 0), we prove that the disease-free(resp.
endemic) equilibrium is globally stable. Finally, we give some remarks with
numerical simulations to illustrate our threshold results.

Contributions
The following article is extented from this thesis:

N. Zine, Z. Belarbi and B. Bayour, Exact solution to a general tumor growth model
on time scales, Palestine Journal of Math., Vol 13 (1), 361-370, 2024.

N. Zine, B. Bayour and D. F. M. Torres, Existence and uniqueness of solutions to
proper fractional Riemiann-Liouville value problems on time scales, Advanced Math-
ematical Analysis and its Applications. Chapman and Hall/CRC, 2023. 225-
235.(Chapter book)

N. Zine, B. Bayour and D. E M. Torres, Permanence and Stability of SAIQH
Models for COVID-19 on time scales. (Submitted)

N. Zine, B. Bayour, N. Helal, and M. Helal, Local and global Stability of fractional
SAIRS Models. (Submitted)
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Chapter 1

Preliminaries

In this chapter, we present a basic notions about time scales, fixed point theo-
rems, fractional operators, and stability. The definitions and results presented in
this chapter can be found in [4, 14, 15, 17, 19, 21, 20, 24, 30, 33, 41].

1.1 Time Scales

1.1.1 Derivation

Definition 1.1.1. A time scales T is an arbitrary nonempty closed subset of the real

numbers R.
Example 1.1.2. The following sets are time scales:
1. R = {real numbers},
2. Z = {integers},
3. N={1,2,3,4,5,...},
4 No=1{0,1,2,3,4,5,...},

5. hZ = {hz;z € Z}, where h is a fixed real number,

S

P, = Ux-o[K(a + b),K(a + b) +a],

N

. [0,1]U [2,3],[0,1]U N,
8. The Cantor set.

Example 1.1.3. The following sets aren’t time scales:

14
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Figure 1.2: The Cantor set

1. Q = {rational numbers},

2. R\ Q = {irrational numbers},

3. C = {complex numbers},

4. 10, 1[= { open interval between 0 and 1}.

We assume throughout that a time scales T has the topology that it inherits

from the real numbers with the standard topology.

Definition 1.1.4. Let T be a time scales. For t € T, we define the forward jump

operator o : T — T by
o(t)=inf{s e T:s > t},

15



while the backward jump operator p : T — T by
p(t) :=sup{s € T :s < t}.
Then, one defines the graininess function p : T — [0, +oo[ by

u(t) = o(t) — t.

In this definition, we put inf@ = sup T (i.e. o(M) = M if T has a maximum M) and

sup® = inf T (i.e. p(m) = m if T has a minimum m), where ) denoted the empty set.
Example 1.1.5. Let us consider different time scales T.

o If T =R, we have o(t) =t = p(t), and u(t) = 0.

o IfT =27, wehaveo(t)=t+1, p(t)=t—1,and u(t) = 1.

o IfT=hZ, h>0,wehaveo(t)=t+h, p(t) =t —h, and u(t) = h.

o If T=¢gN, qg>1, we have o(t) = qt, p(t) = 2, and u(t) = (g — 1)t.

o If T =IN2 = {n?, n € Ny}, we have o(t) = (Vt + 1), p(t) = (Vt - 1)?, and

u(t) =2Vt +1.

o If T = {+/n, n € No}, we obtain o(t) = V2 +1, p(t) = V2 -1,
and u(t) = V2 +1 -t

Definition 1.1.6. The operators ¢ and p allow the following classification of points

on time scales T:

o Ifo(t) > t, then we say that t is right-scattered, denoted by rs.

If p(t) < t, then t is left-scattered, denoted by Is.

Points that are right-scattered and left-scattered at the same time are called isolated.

Ift <supTand o(t) = t, then t is called right-dense, denoted by rd.

Ift > inf T and p(t) = t, then t is called left-dense, denoted by ld.

Points that are right-dense and left-dense at the same time are called dense.

The following table illustrates the point classifications:

16



Nature of the point ¢ if ...

t is right-scattered o(t) >t

t is left-scattered p(t) <t

t is isolated p(t) <t <o(t)
t is right-dense o(t)=t

t is left-dense p(t) =t

t is dense p(t) =t =o(t)

Table Classification of points

Definition 1.1.7. Let T be a time scales. We define the set T<by T* = T — {M}, if T
has a left-scattered maximum M. Otherwise, T* = T.

In summary,
T = T-]p(sup T),supT] if supT < +oo,
T if supT = +o0.

Example 1.1.8. Let T = [, ].

o If p(b) = b, then [a,b]* = [a,b].

e Ifp(b) <D, then [a,b]* = [a,b[= [a, p(b)].
Example 1.1.9.

1. For T = {%,n € ]N} U {0}, we have sup T = 1, and p(sup T) = p(1) = % Then

T“:T—E,I]=T—{1},

ie. TF= {%n eN- {1}} U {0},

2. For T = {2n,n € N}, we have sup T = +oo, then T* = T.

Definition 1.1.10. If f : T — R is a function, then we define the function
f7o:T—-Rby
fo(t) = f(o(t)) forall teT,
ie, f=foo.
Definition 1.1.11. Let f : T — R is a function and let t € T*, then we define f(t)

to be the number, provided it exists, with the property that given any ¢ > 0 there is a
neighborhood U of t (i.e., U = (t — 6,t + 6) N T for some 6 > 0) such that

£ () = f(&)] = fADIa(t) —s]| < elo(t) — sl forall s € U.
17



We call f2(t) the delta (or the Hilger) derivative of f at t.
Moreover, we say that f is delta (or Hilger ) differentiable on T* provided f(t) exists for
all t € T,

Theorem 1.1.12. Assume that f : T — R is a function and let t € T*.
If f is A-differentiable at t, then

(i) f is continuous at t,

(ii) fa() = f(&) + ().
P TOOf. (i) Assume that f is A-differentiable at t, and for s € T, we have
o(t)=s=(o(t)—t)+ (t —s) = u(t) + (t - s). (1.1)
LetO<e <1,

, &

T T+ 2u)

Then0 < ¢ < 1.
By definition 1.1.11, there exists a neighborhood U of ¢ such that

f(0(8) = f(s) = (0(t) = 8) fA(B)] < €'lo(t) —s| forall s € UL
We have
F(B) = fOI = 1f(t) = f6) + f0(®) = fla®) = fABD0t) ~5) + fAE)(a(t) = 5)]-
By using the condition (1.1), we obtain

[f(t) = &) = 1f(t) = £(5) + f(o(t)) = F(o(t) = FAB(a(t) —s) + fAB(a(t) =t +t—5)|
= f(t) = £(s) + f(a(t)) — f(o(t)) — FA(D(a(t) —s) + fFADOuE) + FAE)(E—s)|
=[f(o(t)) = f(s) = fAB)(a(t) = 9)] = [f(0(t) = f(t) — B FA O] + (t =) A (D).

Then, we have for alls € UN]Jt — &', + €[

[f(B) = f(S) < €'lo(t) = sl + " u(t) + |t = sl| fA(D)]
= &'lu(t) + (t = s)| + €' u(t) + |t = sl fA(D)]
< ult) + €'t —s| + & u(t) + |t —sllfA#)l

18



< &) + It — sl + u(t) + 1FA@)]
< L+ IFAB] + 2ut)]
= E&.

Hence, f is continuous at ¢.

(i) e Ifo(t) =t, then u(t) = 0 and we have
fla() = f(t) = f(t) + uOf0)-

e If o(t) > t,and f continuous at t, and

fo(®) = f(B) _ fo(®) - £0)
a(h) — t up

fA) =

Hense,

flo(t) = £(t) = u(t) fA0).
Then,

fla(®) = f) + ult) fA0).

The proof is complete.

Example 1.1.13.

1. If T =R, we have o(t) = t then

P GO

s—t G(t) —S

= f(®).

2. If T =27, wehave o(t) =t + 1 then

o fla®) = f(s)  fE+1)— f(D)
fA(t) =lim o) —s  t+1-t

= ft+1) = f(t) = Af(b),

where A is the usual forward difference operator.

3. If T = hZ, we have o(t) = t + h then

o Sle@®) = fs) _ fE+R) - f() _ fE+h) - f()
fA(t)_lslirtl ot)-s t+h—-t h '
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Example 1.1.14. 1. Let f : T — R be a function defined by f(t) = a for all
t € T where o € R, then

fA(t):hmf(G(t))—f(S)_l. a-a

s>t o)—s  soto(t)—s
2. Let f : T — R be a function defined by f(t) = t, then

fe®)=f6) _ . o) =s _

1.
o(D—s oD —s

fA(#) = lim
3. Let f : T — R be a function defined by f(t) = Vt, then V't € T we have

fo®)-f6) _ . No-~s . 1 1
o(t)—s s»t  o(t)—s s—t m_i_ \/E m_i_ \/Z

fA( =1lim

4. Let T = {+n;n € Ny} and let f : T — R be a function defined by f(t) = t2, then

fe®) = f6) _ o=+

fA(t) = lim o(B) — s O o(f) —s
_ (o)~ (Vi
(a(Vn)) = Vn

:(\/n+1)2—n: n+l-n
Vit i VerT- v
1

1 VET1
e = = t2+1+t.
Vi+1l—-+n  VE+1-t

Thus, fA(t) = V2 + 1+t
Theorem 1.1.15. Assume that f, ¢ : T — R are A-differentiable at t € T*. Then:

(i) The sum f + g: T — R is A-differentiable at t with
(f + %)) = F1(B) + ().
(ii) For any constant a, af : T — R is A-differentiable at t with

(@f)(E) = afi(®).
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(iii) The product fg: T — R is A-differentiable at t with

(f9) () = fAMH) + f(a(t)g () = F(HZ () + FA(Dg(o(t)).

(iv) If f(t)f(o(t)) # 0, then % : T — R is A-differentiable at t with
( 1 ) o
fl — f®Of®)

(v) If g(t)g(o(t)) # 0, then g : T — R is A-differentiable at t with

(J_f)A _ g - FBg )
8 gtgla(t)) -

Example 1.1.16. 1. The derivative of t* is
t+o(t),

1
and the derivative of n is
L
to(t)

2. Let f: T — R be a function, and for all t € T* we have

(20 = (L))
= A F(E) + fo()
= FAOF () + fo1)).

3. Let f, g, and h be three functions defined in T, then for all t € T* we have

(Fgh)*(t) = (f)"(Bh(t) + (f8)"(HH*(®)
= fAOZOR(E) + f1 (B BOR(E) + 7187 (HA(H).

Remark 1.
Let f,g : R — R be two differentiable functions, then the derivative of (f o g) is given

by
(fog)(®) =g'®f (&)
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This rule is not valid for all time scales. Indeed :
We put T = Z and let the function f: R — R, g: T — R defined by

fiy=# et g(t) =2t

We have
A =2t et ¢gMt)=2.

We obtain (f o )(t) = 4t* and

(f 0 @*(t) = 4(t +1)* — 4¢°

=8t +4.
On the other hand,
A fA(g(1) = 2(2(21))
= 8t.
We conclude that

(f o 9™(t) # §2(Mf2(g(t)), forallteT.

Theorem 1.1.17.
Let f : R — R continuously differentiable, and assume that ¢ : T — R is A-

differentiable. Then f o g : T — R is A-differentiable and we have the formula

1
(70900 =80 [ Flgt) + a0l

holds.

Example 1.1.18. Let g: Z — R and f: R — R defined by
gty=# and f(x)=¢"

then

gA(t):w:g(t+1)—g(t):(t+1)2—t2:2t+1

and

f'(x)=¢".
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Hence, we have by theorem 1.1.17

1
(Fo ) = &0 fo Fg(o(®) + (L - Wg(®)dh
1
=2 1 t2+h(2t+l)dh
2t+1) \fo e

1
= (2t + 1)e". f "D gp

0
1

= (2t + 1)e’f2[—1 .eh(z”l)]

2t+1 0

1

1 1
— 2t+1 t2|:—. 2t+1_—]
R P L Ty

— et2(62t+1 _ 1)’
and the similar if we calculate (f o g)(t) , we have

(f 0 8)*(t) = Af[g(O] = flg(t + 1] - fIg(¥)]
= ot+1? _ o
e N

— €t2(€2t+1 _ 1)
Corollary 1.1.19. Let f be a continuous function on [a,b] and it is A-differentiable
on [a,b[. If fA(t) = 0 for all t € [a, b], then f is a constant function on [a, b].

Corollary 1.1.20. Let f be a continuous function on [a,b] that is A-differentiable on
[a,b[. Then, f is increasing, decreasing, nondecreasing, and nonincreasing on [a, b] if
FA®) >0, fA() <0, fA1) =0, and fA(t) < 0 for all t € [a, b], respectively.

1.1.2 Integration

Definition 1.1.21. A function f : T — Ris called regulated provided its right-sided
limits exist (finite) at all right-dense points in T and its left-sided limits exists (finite) at
all left- dense points in T.

Example 1.1.22. Let T = R and

for te R\{0},

!
f =4t
0 for t=0.
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All points of T are denses and tlirg} f(t) = —oo, tlirgl f(t) = +o0. Therefore, the function f

isn't requlated on R.

Example 1.1.23. Let T = N U [0,1] and

2

t—1’

() = §)= =, forteT.

We have 1 is left dense, and 1t1n11 f(t) = oo then the function f isn’t requlated.

On the other hand, we have 1t1n11 g(t) = % (exists and finite) then the function g is regulated.

Definition 1.1.24. A function f : T — R is called rd-continuous provided it is

continuous at right-dense points in T and its left-sided limits exist (finite) at left-dense

points in T.

The set of rd-continuous functions f : T — R is denoted by C,q = Cpa(T) = Coa(T, R).
The set of functions f : T — R that are A-differentiable and whose derivative is

rd-continuous is denoted by C!, = C! (T) = C! (T, R).

Example 1.1.25. Let
T= {O}U{%,'nE]N}U{Z}U{2—%;nG]N}.

We define
f:T— [02],

toif t#2,

t— f0= {o if t=2.

We have the point 0 is rd, and the point 2 is Id.
Then the right limit of f at 0 exists and equal to f(0), thus f is continuous at 0.
On the other hand, f is discontinuous at 2 since 1t1rr21 f(t) # f(2) but the left limit of f

exists in 2. Therefore, f is not continuous, but it is rd-continuous.
Theorem 1.1.26. Assume that f : T — R. Then,

(i) If f is continuous, then f is rd-continuous.

(ii) If f is rd-continuous, then f is requlated.

(iii) Assume that f is continuous. If ¢ : T — R is requlated or rd-continuous, then

f o g has that property too.
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Definition 1.1.27. A continuous function f : T — R is called pre-differentiable
with (region of differentiation) D, provided D C T*, T*\D is countable and contains no
right- scattered elements of T, and f is differentiable at each t € D.

Theorem 1.1.28. (Existence of Pre-Antiderivatives) Let f be requlated. Then there

exists a function F which is pre-differentiable with region of differentiation D such that
FA(t) = f(t) holds forall t € D.

Definition 1.1.29. Assume that f : T — R is a requlated function. Any function F
as in Theorem 1.1.28 is called a pre-antiderivative of f. We define the indefinite integral
of a regulated function f by

f FHAt=F(t) +C,

where C is an arbitrary constant and F is pre-antiderivative of f. We define the Cauchy

integral by
f f(H)At = F(s) — F(r) forall r,s €T.
A function F : T — R s called an antiderivative of f : T — R provided

FA(t) = f(t) holds forall t € T*.

Example 1.1.30. Let T = Z, evaluate the indefinite integral

f (312 + 5t + 2)At.
We put g(t) = £2 + t2. We have o(t) = t + 1, then

i) = () + ()"
= [(0(t))? + to(t) + 2] + [o(t) + 1]
=[t+D*+tt+ D)+ P+t +1+1]

=P +2+ 1+ +t+1)+2t+1
= 3t* + 5t + 2.

Thus,
f(3t2+5t+2)At: 2P+ +c,

where c is an arbitrary constant.
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Theorem 1.1.31. (Existence of Antiderivatives) Every rd-continuous function has
an antiderivative. In particular, if ty € T, then F defined by

F(t) :fo(T)AT for teT

is an antiderivative of f.

Proposition 1.1.32. [4] Suppose that T is a time scales and f is an increasing
continuous function on the time scales interval [a, b] (i.e., T C [a, b]). If F is the extension

of f to the real interval [a, b] given by

F(s) = { f(s) ifseT,
f(t) ifs € (t,0() ¢ T.

Then,

fa b F(HAE < f b F(t)dt.

Theorem 1.1.33. If f € C,yand t € T*, then

o(t)

F@AT = pBF(0).

t

Theorem 1.1.34.
Ifa,b,ceT, a € Rand f,g € Cyy, then

L ['LF0) + gOIA®) = [ FOAD) + [ gBHA).

2. [Taf®AW) = a [ FOAW.

3. [ FOA®) =~ [ FOAW.

4. [T FOM® = [T FOA® + [ FOAG.

5. 7 Fe® AW = (F9)b) - (F9)@ - [ FAOZOA).
6. [ FOZAOAE) = (FO) ~ (FO@ ~ [ FAOZOENA).
7. [T fHA®) =o.

8. IFIf (1)l < g(t) on [a,b], then| [’ FOAWMI < [ gBA®.

9. I f(t) =0 foralla<t<b, then [ F(HA() > 0.
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Theorem 1.1.35.
Leta,be Tand f € Cpy.

(i) If T =R, the function f is A-integrable on [a, b] and

| ' FoA® = [ ' feo

(ii) If [a, b] consists of only isolated points, then

b Y pOf() if a<b
f fOAEB) =10 if a=b
“ ~ Y HOf® if a>b.

(iii) If T = Z, then

udf  if a<b

; Y
ff(t)A(t): 0 if a=b

Y utf if a>b.

~

(iv) If T = hZ, h > 0, then

b Zf;_l uft) if a<b
f f(t)A(t) =40 Zf a=b
a - Z,f:_; uft) if a>b.

~

The proof of Theorem 1.1.34 and Theorem 1.1.35 can be directly followed from
[14, 15].

Example 1.1.36. For T = hZ, h > 0. Let’s calculate fot sAs on T, we have

£_q 41

fsAs—Zkh)h hZZk ‘hz[zh(ﬁ_l)]
=’f t(t—h)

27



1.1.3 The exponential function

Definition 1.1.37. For h > 0, we define the Hilger complex numbers, the Hilger real

axis, the Hilger alternating axis, and the Hilger imaginary circle as

C,={z€C; zi—%},

1
IR;,::{ZEC;,;ZG]Randz>—E},

1
Ah::{zeCh;zelRandz<—E},

I, := {Z S Ch;

7+ 1‘ — 1}
hl K
respectively. For h =0, let Cy := C, Ry := R, I := iR, and A, := 0.

Definition 1.1.38. Let h > 0 and z € C,. We define the Hilger real part of x by

zh+1|-1
R0 = E 11
and the Hilger imaginary part of z by
Arg(zh +1
5i(e) = TEETT D,

where Arg(z) denotes the principal argument of z (i.e.,—1 < Arg(z) < m).

Note that R;(z) and J,(z) satisfy

1
% <Ry(z) <oo and - % < Ju(z) < %,

respectively. In particular, Rj(z) € R;.

Theorem 1.1.39. If we define "the cicle plus” addition & on C;, by
zZ@®W =2z + w+ zwh,

then (Cy, ®) is an Abelian group.

Corollary 1.1.40. If z € Cy, then the additive inverse of z under the operation ® is

z

Oz = 1+zh
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Definition 1.1.41. We define "the circle minus” subtraction & on Cy, by
zOw :=z® (Sw).

Remark 2. Ifz, w € Cy, for h > 0, we have

Ifh=0,thenzow =z —w.

Definition 1.1.42. A function f : T — R is called regressive provided
1+ut)f(t) #0 forall teT*

holds. The set of all regressive and rd-continuous functions f : T — R will be denoted

by
R = R(T) = R(T, R).

We define the set
R =R (T) =R (T,R) ={f e R: 1+ u(t)f(t) >0, forallt € T}.

Definition 1.1.43. For h > 0, let Z, be the strip

—Tt

Z,:={zeC: p

<mms%L

Forh =0, let Z, := C.

Definition 1.1.44. For h > 0, we define the cylinder transformation &, : C, — 7,
by

1

En(z) = 4 log(1 + zh),

where log is the principal logarithm function. For h = 0, we define &y(z) = z for all
zeC.

Definition 1.1.45. Let p, g € R, we define the circle plus addition & on R by

(P ®q)(t) := p(t) + q(t) + ut)p(t)q(t) forall teT,
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and the circle minus subtraction © on R by

p(t) —q(t)

(poq(t) = W

forall teT.

Let introduce the notation

R ifaelN
R(@) = ifae
R* ifae R\IN.

Note that p € R* implies that
1+ ut)p(t)t >0 forallt €T andall T € [0, 1].

Definition 1.1.46. For a € Rand p € R(a), we define

1
@op)®) =ap) [ (1 +utptyer .
0
Theorem 1.1.47. Suppose that p € R and fix ty € T. Then the initial value problem

v =pt)y, ylte)=1 on T

has a unique solution on T.

Definition 1.1.48. If p € R and fix t, € T, then one unique solution of the initial
value problem (1.1.47) is denoted by e,(-, s) called the exponential function define by

t
ey(t,s) := expf Euw(p(T)AT for s,t €.

Proposition 1.1.49. Ifp,q € R(T) and t,s,r € T, then
> eo(t,s) =1 ande,(tt) =1,

> ey(a(t),s) = (1 + u(t)p(t))ey(t,s),

1
> egy(t,s) = m,

> ey(t,s) = e,,(th) = ecp(s, 1),
> ep(t/ S).eq(t, S) = ep@q(tr S)/
> ey(t,s).e,(s,7) = ey(t, 1),
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ey(t,s)

m = epeq(t/ s),
g ( 1 )A ___r®
ey(-,s) er(,s)

Theorem 1.1.50. If « € R and p € R(a), then
Cacp = efj.

Definition 1.1.51. Let a € R\ {0}, f € Cy

= pe (o ()l (12

is a Bernoulli equation on time scales.

Theorem 1.1.52. Suppose that « € R\ {0}, p € R(et), and f € Cy. Let xo # 0. If

t
xl_a +f e, (7, to)f(1)At >0 forall teT.
0 to

Then,
eP (t/ tO)

[% + t; es(t, to)f(T)AT]%

x(t) = (1.3)

solves the Bernoulli equation (1.2).

1.2 Point fixed theorems

Let X and Y be two Banach spaces, S a family of functions from X to Y, and
AcCX.

Definition 1.2.1. (Uniformly bounded) we call S uniformly bounded if there exists
M > 0 such that

IT]| = sup |T(x)| < Mon X for T € S.
xeA

Definition 1.2.2. (Equicontinuous) The family S is equicontinuous on A if for
every € > 0, there exists a 6 > 0 such that for every pair of elements x, y € A and every

T € S we have
ly -, <6 = [T -TW], <=
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Theorem 1.2.3. (Ascoli-Arzela theorem) Assume that A is a compact set in X. Then
aset S C C(A) is relatively compact in C(A) if and only if the functions in S are uniformly
bounded and equicontinuous on A.

Theorem 1.2.4. (Schauder theorem) Let A be a closed convex set in Banach space X
and assume that T : A — A is a continuous mapping such that T(A) is relatively compact
subset of A. Then T has a fixed point.

Theorem 1.2.5. (Banach theorem) Let T be a contraction on a Banach space X. Then
T has a unique fixed point.

1.3 Fractional operators

We now recall the celebrated gamma function.

Definition 1.3.1 (Gamma function). For complex numbers with a positive real
part, the gamma function I'(t) is defined by the following convergent improper integral:

I'(t) ::f s™le5ds.
0

Remark 3. The gamma function satisfies the following useful property:
[(t+1) = tI(t).

Definition 1.3.2. For a given integrable function h(t), the fractional integral

operator of Riemann Liouville I} of order a > 0 is given by

N S A
Ith(t)_F(a)L(t s)* h(s)ds,

with
Ph(t) = h(t).

Definition 1.3.3. For a given function h(t) in C[0, T, the fractional derivative

operator of Riemann Liouville sense "-D* of order e > 0 is given by

1 dn (t k) _
RLDf‘h(t) _ { SR fo s ds,n—1<a<n,nelN,

%h(t), a=n,neN.
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Definition 1.3.4. Let T > Oand h(t) € C"[0, T]. The Caputo fractional derivative
operator D of order a > 0 is defined by

1 t h(”)(s)
CD?h(f):{r(H a) O(tsamdsn 1<a<n HEN

;;lh(t) a=n,neN.

The following two propositions are met in the case of Caputo fractional deriva-

tive
-1

CDX(I*h)(t) = h(t), [*CDh)(t) = h(t) - Z (k)( Vi s

k=0

Definitions (1.3.3) and (1.3.4) are different from each other, and the relation be-

tween the two types of fractional derivatives is as follows

n—1
“Dh(t) =R DRty - )y i (HRN(0), ri(t) =
k=0

tk—a
I'k+1-a)

The Caputo derivative has the main advantage that corresponding problem’s
initial condition has the same value as the ordinary differential equation. More-

over, for a constant valued function, the Caputo derivative is zero.

1.4 Stability

1.4.1 Stability of equilibrium

So it is essential to define the notion of equilibrium points. Equilibrium points
play a crucial role in the study of dynamic systems Henri Poincre( 1854-1912)
showed that to characterize a dynamic system with several variables, there is no
need to calculate detailed solutions; it is enough to know the equilibrium points
and their stability. This very important result considerably simplifies the study
of non-linear systems in the vicinity of these points. So to determine the stability
of an equilibrium point, we must study the behavior of the solutions in a small
neibohood of it. Let f : D — R", D C IR" then, we study the qualitative behavior

of the solutions of the differential order system:

X'(t) = fx(1)),
x(0) = xo.

(1.4)
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Definition 1.4.1. We say that e is an equilibrium point for (1.4) ifand only if f(e) = 0.
Definition 1.4.2. The equilibrium point x = e of (1.4) is

e stable if for each € > 0, there is 6 = 6(¢) > 0 such that

lx(0) —ell <6 = |[x(t) —ell <&, forallt>0,

e unstable if it is not stable,

o asymptotically stable if it is stable and 6 can be chosen such that

|x(0) —e|| < 6 = }im x(t) =e.

Definition 1.4.3. A set M is said to be an invariant set with respect to the system
(1.4) if
x(0) € M, x(t) € M, forall t.

We also say that x(-) approaches a set M as t approaches infinity, if for each ¢ > 0O there is
T > 0 such that
d(x(t),M) < ¢ forall t > T.

Definition 1.4.4 (Lyapunov function). We consider the system (1.4). Let e be
an equilibrium point for (1.4), D be a domain containing e, and V : D — R a continuous
and differentiable function on D.

1. We say that V is a Lyapunov function in the broad sense at e, if it satisfies the
following two properties:
(i) V is positive definite.
(i) V'(x(t)) <0 forall x € D.

2. We say that V is a Lyapunov function in e, if satisfies the following two properties:

(i) V is positive definite.
(ii) V'(x(t)) < O forall x € D\ {e}.

Theorem 1.4.5 (The principle of fractional invariance Lasalle). Let
Q) C D be a compact set that is positively invariant with respect to (1.4). Let V : D — R
be a continuously differentiable function such that V(x(t)) > 0 and V'(x(t)) < 0 in Q for
x(t) solution of system (1.4). Let E be the set of all points in () where V'(x(t)) = 0. Let M

be the largest invariant set in E. Then every solution in Q approaches M as t — oo.
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Remark 4. Let a € [0,1], the fractional system “D%x(t) = f(x(t)) has the same
equilibrium points as the system x'(t) = f(x(t)).

1.4.2 The basic reproduction number

The basic reproduction number, denoted Ry, is topically defined [20] as: the
average number of secondary cases produced by a "typical" infected ( assumed
infectious) individual during his/ her entire life as infectious ( infectious period)
when introduced in a population of susceptibles.

Ry is often found through the study and computation of the eigenvalues of the
Jacobian at the disease-free equilibrium. Diekmann et al [21] follow a different
approach: the next generation operator approach. They define R as the spectral
radius of the next generation operator.

We consider the epidemiological models that can be written in the form:

& = f(x,EI)
& = g(v,ET)
@ = h(x,E, I)

wherex e R, E€ R, I € R", 1,5, n >0, and h(x,0,0) = 0. The components of x
denote the number of susceptibles, recovered, and other classes of non-infected
individuals. The components of E represent the number of infected individuals
who do not transmit the disease. The components of I represent the number
of infected individuals capable of transmitting the disease ( e.g. infectious and
non-quarentined individuals).

Let Uy = (x,0,0) € R™*" denote the disease-free equilibrium, that is, at
Uy = (x%,0,0), f(x*,0,0) = g(x*,0,0) = h(x*,0,0) = 0. Assume that the equation
g(x*, E, I) = Oimplicitly determines a function E = g(x*,I). Let A = Dih(x*, 3(x, 0),0)
and further assume that A can be written in the form A = M — D, with M > 0 (That
is, m;; > 0) and D > 0, a diagonal matrix.

The spectral bound of matrix B is denoted by m(B) = sup{RA; A € o(B)}, where
R A means the real part of A, while p(B) = lim ||B”||% denote the spectral radius of
B. The proof of the following theorem invr(l)T\joing matrix A is found in Diekmann
et al [21]:

Either

m(A) <0 & p(MD™) <1
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or
m(A) >0 & p(MD™) > 1.

The basic reproductive number is defined as the spectral radius ( dominant

eigen value) of the matrix MD™!, that is,
Ro = p(MD™).

Example 1.4.6. [19] Many communicable diseases can be modelled using models that
include compartments for the susceptible, exposed, infected and recovered epidemiological
classes. An SEIR model for a homogeneously mixing population is given by the following
set of equations:

& =A=pSy—us,

% =BSx —(u+hbE,

%:kE—(y+y)I,

@ =VI-uR,

where E is the number of latent individuals and k is the rate at which a latent individual

becomes infectious. Lettingx = (S,R), E=E, I1=1, Uy = (%,O, 0,0) and g(x*,1) = %
gives Ml = % and D =y + p. Hence,

Ro = ]\/H)_1 = —kﬁ .
(L+l(u+y)
1.4.3 Routh Hurwitz criterion

Let consider the following system:
X; = anxy + ...+ a1y,

(1.5)

X, = anX1 + ...+ AppXy,

where all coefficients 4,5, 1 < i < n,1 < j < n are constants. The characteristic

determinant of the system (1.5) is :

_[111 -A ap o A1
an ayy — A oL ay
det| o "l =o0. (1.6)
a?’ll anZ ann - A
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By developing the characteristic determinant given in (1.6), we obtain a poly-

nomial of nth degree in A,
A" + A"+ +a,qA +a, =0, (1.7)

where, we can assume that 4y > 0. The Hurwitz’s criterion, which is an algebraic
condition, consists of examining the coefficients of the polynomial characteristic
of classical linear system and constructing a matrix called the Hurwitz matrix
which can be written in the following form:

To apply this criterion, you must first construct a square matrix of dimension
n. This matrix is constructed in the following manner: Beginning with a;, the first
row is a sequential array of the coefficients with odd indices in equation (1.7).
The elements of each subsequent row are formed such that for 0 < 2j —i < n, the
general element a;; = a;_1, otherwise a;; = 0. As the result of such a construction,
the coefficients 4, ..., a, will be on the principal diagonal of the matrix, and all
elements of the last column will be equal to zero, expect the last element. The

following matrix is called Hurwitz Matrix given by [41]:

r611 as das - 0—
dg dp Uy

H=|0 a a --- 0. (1.8)
0 0 0 - a4

We consider the principal diagonal minors of the matrix (1.8):

ay as

Al =, Az = ‘ P An = anAn_l. (19)

ay a4

The last expression becomes self-evident if we note that in the last column of the

matrix (1.8) all elements expect a, are equal to zero.

Theorem 1.4.7. (Hurwitz criterion) In the characteristic polynomial (1.7), with real
coefficients and a positive coefficient for the leading term, in order for all the roots to have
negative real parts, necessary and sufficient condition is that all principal diagonal minors

in (1.9) be positive:
A >0,A>0, ..., Ays1 >0, A, > 0. (1.10)

37



Corollary 1.4.8. When ag > 0,

1. a necessary condition for all roots of equation (1.7) to have negative real part is that

all coefficients ay, . .. ,a, must be positive:

a1>0,a,>0,...,a,>0. (1.11)

2. even if one the cofficients ay, . . ., a, is negative, then some of the roots A4, ..., A, of

equation (1.7) will have positive real parts.
Now we will consider some particular cases:

1. A first-order system (n = 1): The characteristic polynomial has the form:
apA +a; = 0.
For ay > 0, the asymptotic stability condition is a; > 0.
2. A second-order system (n = 2):
apA* + ;A +a, = 0.
The matrix (1.8) and Hurwitz’s condition are:

ai 0

ap daz

,A1=a1>0, A2=a1a2>0.

For ay > 0, then the asymptotic stability conditions for a second-order system

become a; > 0, a, > 0.
3. A third-order system (n = 3):
apA® + ;A% + aA + a5 = 0.
We construct the corresponding matrix (1.8) and Hurwitz’s condition as

a; 4as 0
a a, 0 , A =a1 >0, Ay, =a1a, —agaz > 0, A; = azA, > 0.

0 a, ds
Using inequalities (1.11), we directly obtain the conditions for asymptotic
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stability of a third-order system, with 4y > 0, as

am >0, a, >0, a3>0, A2=ﬂ1ﬂ2—ﬂ0ﬂ3>0.
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Chapter 2

Existence and uniqueness of solutions

to proper fractional Riemann-Liouville

value problems on time scales

In this chapter, several properties of new Riemann-Liouville fractional oper-
ators on time scales are studied. Next, we demonstrate sufficient conditions for
a nonlinear Riemann-Liouville fractional initial value problem on an arbitrary
time scales to have a solution, as well as sufficient conditions for the uniqueness

of solution using the fixed point theorems of Schauder and Banach.

2.1 Introduction

Let T be a time scales, thatis, anonempty closed subset of R. In[9], Benkhettou,

Hammoudi and Torres introduced a concept of fractional integral,

Teh(t) = ﬁ f (t = 5)* h(s)As, (2.1)

and the concept of fractional derivative

¢ A
ID%h(t) = x 11_ 3 ( f (t—s)‘“h(s)As) (2.2)

of Riemann-Liouville on time scales. In [58], Torres gives more suitable definitions
of fractional integral (2.1) and fractional derivative (2.2) of Riemann-Liouville

on time scales, introducing the forward jump o operator of time scales in their
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definition:

Elf‘h(t):ﬁ f (t — 0(3))* " h(s)As (2.3)

and

; A
TDh(t) = m 11_a) ( f (t —a(s))“"h(s)As) . (2.4)

Here we focus on definitions (2.3) and (2.4), but changing the operator ¢ into
the backward jump operator p. As we shall prove, the new definitions with p
provide proper notions with respect to existence and uniqueness of solution to

the following initial value problem (IVP):
'Dy)(t) = f(ty(), teltoto+d =T CT, (2.5)

(:Iy)(to) = O, (2.6)

where T is a given time scales, 0 < <1,d > 0, { D is the proper (left) Riemann-
Liouville fractional derivative operator or order a defined on T with p, }0“"1 is the
proper (left) Riemann-Liouville fractional integral operator of order 1 — a defined
on T with p, and function f : J X T — R is a right dense continuous function.
Our main results give sufficient conditions for the existence (Theorem 2.4.3) and

uniqueness (Theorem 2.5.1) of solution to problem (2.5)—(2.6).

2.2 Fractional operators on time scales

Now we introduce new notions of fractional operators, analogous to the

Riemann-Liouville fractional operators on time scales proposed in [58].

Definition 2.2.1 (Fractional integral on time scales). Suppose T is a time
scales, [a, b] is an interval of T, and f is an integrable function on [a,b]. Let 0 < a <1
and t € [a,b]. Then the (left) Riemann—Liouville fractional integral of order a of f is
defined by

t t— a-1
cine = [ L rons, @)

where I is the gamma function.

Definition 2.2.2 (Fractional derivative on time scales). Suppose T is
a time scales, [a,b] is an interval of T, and f is an integrable function on [a,b]. Let
0 <a<1,tela,b] The (left) Riemann—Liouville fractional derivative of order a of f is
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defined by
1 f ’
GDA(E) = Ti-a) (j; (t=p(s)) f(S)AS) - (2.8)
Fractional operators of negative order are defined as follows.

Definition 2.2.3. If -1 < a < 0, then the (Riemann—Liouville) fractional derivative
of order a is defined as the fractional integral of order —a. Moreover, the fractional integral

of order « is defined as the (Riemann—Liouville) fractional derivative of order —a:

GDAO®) = GLH®, QL) = G D)D)

Remark 5. Along the work, we consider the order a of the fractional derivatives in the
real interval (0,1). We can, however, easily generalize our definitions to any positive real
a. Indeed, let « € R* \ IN. Then there exists € (0, 1) such that o = [a] + B, where [a]

is the integer part of a, and we can set

©Df) (t) =D (F) @).

2.3 Properties of the time scales fractional operators

We begin by proving some fundamental properties of the fractional operators
on time scales. After that, we prove existence of a solution to the fractional order

initial value problem (2.5)—(2.6) defined on a time scales T .

Proposition 2.3.1. Let T be a time scales with derivative A; 0 < a < 1. Then,

(©Dg) (1) = (A o 1 Ig) (1.

Proof. Let g: T — R. From (2.8) we have

6D = ([ 6= s
Aﬂ
= (1))
= (Ao (9.
The proof is complete. u
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Proposition 2.3.2. Forany integrable function g on [a, b]NT, the Riemann—Liouville
A—fractional integral satisfies

Toll(e)=*PI(g), for a>0 and B> 0.

Proof. Similar to the proof of Proposition 16 of [9]. [ |
P P

Proposition 2.3.3. For any integrable function g on [a,b] N'T one has
sDojlg=g, O<a<l
PrOOf. By Propositions 2.3.1 and 2.3.2, we have

A A
Doglg=[(I1) 19 O] =[(1g) ®)] = s(t).
The proof is complete. |
Corollary 2.3.4. For 0 < a <1, we have
GD)o (;°D) = Id
and
Jlodl=1d,

where 1d denotes the identity operator.
PrOOf. From Definition 2.2.3 and Proposition 2.3.3, we have that

‘Do “D=7Dogl=1d
and

Jofl=9Dofl=1d.
The proof is complete. |

Definition 2.3.5. For a > 0, we denote by %I([a, b]) the space of functions that can be

represented by the Riemann—Liouville A-integral of order v of some C,4([a, b]) function.

Theorem 2.3.6. Let f € Cuy([a,b]) and a > 0. In order that f € I([a,b]), it is

necessary and sufficient that
G “If) € Cyy(la, b]) 2.9)
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and

(7 LA)(E))le=a = 0. (2.10)
PrOOf. Assume that f € $I([a, b]), f(t) = (§Ih)(t) for some h € C,4([a, b]), and
QLA = GDETR)®).

From Proposition 2.3.2, we have

A1) = CIh)(t) = f H(s)As.
Therefore,
(=1f) € C'((a, b))
and
A TF)(B)imn = f h(s)As = 0.

Conversely, assume that f € C,y([a, b]) satisfies (2.9) and (2.10). From Taylor’s

formula applied to function I'*f, one has

(1)) = f AAS(;-“If)(s)As, for all t € [a, b].

Let ¢(t) := %(;‘“If)(t). Note that, by (2.9), ¢ € C,4([a, b]). From Proposition 2.3.2,

we have

GINM = GIp)(®H) = G*DEIP)(D)

and thus
IO = DGR = 0.
Then,
[ I(f = GIg)I(t) = 0.
This implies that
f=Glp)=0.
We conclude that f = Sl and f € I([a, b]). -

Corollary 2.3.7. Let 0 < a < 1 and f € C,y([a,b]) satisfy the condition in Theo-
rem 2.3.6. Then,

doiD)(f) = f.
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2.4 Existence of solutions to fractional IVPs on time

scales

Let T be a time scales and J = [to,tp + d] C T. A function y € C,4(J,R) is a
solution to problem (2.5)—(2.6) if

‘DY) = f(tbby)onT, O0<a<l,
(}U_aly) (to) =0

To establish the existence of such solution, first we recall the definition of compact

map [24].

Definition 2.4.1. Let X and Y be topological spaces. A map f : X — Y is called

compact if f(X) is contained in a compact subset of Y.

Let us define the operator
T: Crd(j/ IR) - Crd(«?/ IR)

by
00 = 1 f (t — P& (5, y(E)As.

Lemma24.2. LetO<a<1,J CT,and f: T xR — R. Afunction y is a solution
to problem (2.5)—(2.6) if, and only if, this function is a solution to the integral equation

— a-1
0= ey [ 6= 0 s s

that is, y is a fixed point of operator T: T(y) =

Proof. By Corollary 2.3.7, (1) o (2 Dy)(t) = y(t). From (2.8) we have

1 t
VO = i f (t — p©)" £(s, y(s)As

and the proof is complete. |

Theorem 2.4.3 (Existence of solution). Suppose f : J X R — R is a rd-
continuous bounded function such that there exists M > 0 with | f(t, y(t))| < M for all
teJ, y(t) € R. Then problem (2.5)—(2.6) has a solution on .
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Proof. The proof is given in three steps.

Step 1: T is continuous. Let y, be a sequence such that y, — v in C(J, R).
Then, for each t € 7,

IT(yn)(®) = T(y)(®)]
1 _ a-1
<T@ (t PN [f(5, yuls)) = Fls, y(s))| As

1
D <t p(s) >“1sup|fsyn(s> - feyenlas o

)a 1AS

- F(a)
1£Cyu() = £y )
< T f%t ()" ds.

For0 < a <1 we have

(t—p()* " < (-9,

and from inequality (2.11) it follows that

|T(y )(t) — T(y)(t)| < ”f(/ yn()) - f(/ y())”oo ﬁ

= I'(a) a
2 [[£Cyn () = FCyO|
= T(a +1) '

Since f is a continuous function, one has

[0 - TOL, < 505 17600 - 6y, -0

as 71 — o0,

Step 2: For the second part of the proof, we have to show that the set T(C(J, R))
is relatively compact. Let T(y) € T(C(J,R)). Then, ||T(y)||oo < I. By hypothesis,
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for each t € J we have

IT(y))|

IA

1 ' a-
T(a) f (= )" [£(5, ys))| As

MO e
T f (t - p(e)* ' As

M [ W
f@xﬁa—mm 'ds. (2.12)

IA

IA

For 0 < a <1, we know that
(t=p(s) " < (t—9)",

and from inequality (2.12) and Proposition 1.1.32 we can write that

Ma“
|ﬂme'rm) Ta+1)

Therefore, T(C(J, R)) is uniformly bounded. This set is also equicontinuous since
forevery t;, t, € J,t1 <t,. Let A = |T(y)(t1) — T(y)(tz)i. Then we can write that

A < (h—p(S)“ F(s, y(o)As - f (t2 — p(&)™ (s, YA
< 1<t1— p(5))" (5, yNAs| + f (12— p(s)) (5, yAs
1 a— a—
< 5 | Gmpor s venlas+ [ por s v as
that is,

([ = oo = 2= por s - peras). @1

ForO<a <1,

(t=p()* " < (t=9)""
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and it follows that

IT(y)(t1) = T(y)(E2)]

< F( ) (f (1 = )" = (t, — 5)* Dds +£ (ty — s)“‘lds)
<

[(t2 —t)" + (81 — t0)" — (k2 — t0)" + (t2 — £1)°]

aF(a +1)
2M R M i i
) 1)(tz —t)" + AT+ 1)[(t1 to)* — (f — £0)*]-

As t; — tp, the right-hand side of the above inequality tends to zero. From
the Arzela—Ascoli theorem, adapted to our context, it follows that T(C(J, R)) is
relatively compact.

Step 3: conclusion. As a consequence of Schauder’s fixed point theorem, we

conclude that T has a fixed point, which is solution of problem (2.5)—(2.6). [

2.5 Uniqueness of solutions to fractional IVPs on time

scales

Theorem 2.5.1 (Existence and uniqueness of solution). Let J = [to, to +
d] € T. The initial value problem (2.5)=(2.6) has a unique solution on J if function
f(t, y(t)) is a right-dense continuous bounded function such that there exists M > 0 for
which I f(t, y(t))| < M on g and the Lipshitz condition

£t x(t) = f(t, y®)]| < Ljx - ||

holds for some L > 0, for all t € [ and all x(t), y(t) € R.

PVOOf. Let S be the set of rd-continuous functions on J € T. For y € S, define
||y|| = sup ”y(t)”. It is easy to see that S is a Banach space with this norm. The
tegJ

subset of S(R) and the operator T are defined by
S(R) = {X €S : |X] < R)

and

1 t
T0)= 1 f (t = p(©)"™ f(s, y(s))As.
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Then,
1 t
T < o f (t = p(s)* | s, y(s))| As

Y .
< f (t = p()" s,

Since (t — p(s))*! is an increasing monotone function, by using Proposition 1.1.32

ft (t=p(s))* ' As < ft (t — p(s))*'ds.

IT(y(t)| < % ft (t — p(s))*'ds. (2.14)

we can write that

Consequently,

For 0 < a <1 we have
(t—p(s)* ' < (t—9)"

and from equation (2.14) it follows that

[Tyt < r(a) “ =R

With R = r( +1), we conclude that T is an operator from S(R) to S(R). Moreover,

1 t
|T(x) - T(y)|| < @ f (t—p()* | f(s,x(5)) — £(s,y(s)) | As

Lx—yoo t ~
< % f (t - pl(s) 1 As

Lix-y - t ~
< % IO (t — p(s))*ds. (2.15)

It follows from equation (2.15) that

Llx - vl a

1T = Tw)|| ™

= r(a_,_l) H _y”oo

forx, y € SR). If ( < 1, then one has a contraction map. This implies the

uniqueness of solution to problem (2.5)—(2.6). [
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Chapter 3

Exact solution to a general Norton

Massagué Model on time scales

In this chapter, we give a general nonlinear first-order Norton-Simon-Massagué
model on time scales. Then we define the Cobb-Douglas production function on
time scales and use it to give the solution for the equation that describes the model.

Concrete examples are given.

3.1 Introduction

Mathematical models are powerful tools that are often used to describe real-
world problems, illuminating different scientific and technical disciplines [1, 18,
51, 60]. In the literature, we find several mathematical models of tumor growth
that have been proposed, each with its own details and parameters [5]. We
mention, among them, a plethora of macroscopic tumor growth models [10]. In
1960, Bertalanffy derived the equation that can be used to describe a tumor growth
process

av
— = aVi(t) — bV (b) (3.1)
where a and b are proportionality constants. The solution to the equation (3.1) is

the following form:

3
V(t) = % - (% - c)exp(_?bt) , where ¢ € R.
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In 2005, L. Norton [44] introduced the model.

v
= =avi® -V (3.2)

V(to) = Vo. (33)

Here d > 0. We point out that the Norton-Massagué equation (3.2)-(3.3) may

be solved in closed form, namely,

V(t) = V(0) [%V(O)%l_1 + e(b(g—l)f)(l _ %V(O)g_l))]ﬁ _

In 2006, L. Norton and J. Massagué [45] introduced the general model

% = aVe(t) — bV () (3.4)

where 0 < @ < 1 and a, b are constants of anabolism (growth) and catabolism
(death), respectively. In this chapter, we will focus on solving the general Norton-

Massagué model on arbitrary time scales T
VA = a(t)V(t) — b(H)V(H) (3.5)

where 0 < a < 1and a(t) > 0, b(t) > 0. To our knowledge, this is the first study that
considers the resolution of the so-called general Norton-Massagué tumor growth
model on time scales. The study of dynamical systems on time scales is today an
active field of research. Recently, Martin Bohner et al [13] studied solow models
on time scales. Motivated by the work as mentioned above, we study the general

tumor growth model on time scales.

3.2 General tumor growth model on time scales

In this section, we consider the general Norton-Massagué tumor growth model

on time scales

VAW = a())VE(t) — b(H)V (1) (3.6)
V(t)) = Vo (3.7)

where0 <a <1 and a,b € Cyora(t)>0,b(t) >0 forall t €T.
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Let f(x) = x%, w(t) = (5 © ba—g)(t) and g(t) = (1 — a)a(t).
We recall the following definition of generalized Cobb-Douglas production func-

tion on time scales [13].

Definition 3.2.1. We define the generalized Cobb-Douglas production function on
time scales by f(x) = x f (x). Provided that

- b(t) + (w e (75 © (x* )(H)

fx):= 0 (3.8)
is independent of t € T.
Lemma 3.2.2. If u(t) = 0 at t, then
b(t) + (w O (5 © (gx* N(E) a1 (3.9)
a(t) S '
Proof. Suppose u(t) = 0 at t, then we have
b +(we (Fro ™)) O b +w) - L2
a(t) - a(t)
_ b+ g — S
B a(t)
_b(t) = b(t) +a(t)x*!
Bl a(t)
— xoc—l
The proof is complete. |

Example 3.2.3. If T = R, then f(x) = x*', and thus (3.8) holds. Hence the Cobb-

Douglas production function is defined and equals
f(x) = xf(x) =xx1 = x,

Lemma 3.2.4. Let t € T. If u(t) > 0, suppose A = b(t) + (w6 (75 © (gx*1)))(¢) then

1+ (1 - a)u(Ha(t)x! )_} | 6.10)

1
A=H {b(t)“(t) -l ( 1+ (1 - a)u(t)bt)
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Proof. Let u(t) > 0 att € T, then we have

1 1 1 :
1O = —— ")) fo (1+ phgha )= ldr

L 1+ poEe o) TR
gx

a1 (g
1 _
= - 1 + t xa—l a-1 _ 1 .
o (L e@e ™)™ -1
Again, we have
_ 1 bg(t)
w(t) = —— b
1
= 01 o (bH(A - a)
1
- - @) [ (s - a0t de
a-1 0
1 11
(1 + ptb(B)(1 — a)r)a
= b(H(1l-«a
o )[ u®bE) (1 - a) .
1 [ N ]
= — | +u®bt)(1-a))T -1{;
G CRRRACE)
hence
1 - w — (1+u((gx)”:)ﬁ‘1—1
volzmiowm) 5 4 g Dt
H
Cw— (14 pgxt e — 1
S (g
(+pb(l=a) FT-1  (L+uge)a1-1
— H u
(1 + pgxatyes
1 - =
_ 1 14 +ub(l - a)
H 1+ p(l - a)axe?
S 1+ p(l - a)ax*™! T .
H 1+ ub(l-a)
Which ends the proof.

We assume the following additional hypothesis:
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H(1): Let a(t) > 0 and b(t) > 0, for all t € T and suppose 4 = a(t)u(t), b= b(t)u(t)
are independents of t € T.

Theorem 3.2.5. Let u(t) > 0, assume that H(1) holds, then (3.8) holds and the
Cobb-Douglas production is defined by

{E_1+(I+ﬂ—aﬁfl)ﬁ}.
1+(1-a)

PrOOf. In view of lemma 3.2.4, we obtain

f() =

AT IR

b(t) + (w e (75 © (8x*1)) (1) 1

a® = T Oe0 -1

. ((1 +(1- c«)u(t)a(t)ac%l))ﬁ }
1

1+ (1 - a)u(Hb(t)
= l{g_“(“(l—a)axf— )%}
! 1+ (1 -a)b

is independent of t and therefore equals f(x) hence, f(x) = xf(x). ]

Example 3.2.6. Assuming T = Z and that a and b are constants then, the cobb-

Douglas production function is defined and equals

1+(1- oz)ax“‘l)ﬁ}

ﬂnghﬂ+(1+a—mb

Example 3.2.7. Assuming T = q™o with q > 1 and If a(t) := (q — )ta(t) and
b := (g — 1)tb(t) are independent of t € T then, the cobb-Douglas production function is
defined and equals

(1 +(1 - a)ﬁxa‘l)ﬁ}.

X (~
f@y_ﬁw_1+ 1+(1-a)b

Theorem 3.2.8. Suppose H(1) and (3.8) holds. Let f be defined by f(x) = xf(x), then
(3.6) holds if and only if

VAD = w8 (— 0 @V DOV (311)
b

where g = (1 —a)aandw = 1= ©

a-1
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Remark 6. The general Norton-Massagué equation is a special case of a Bernoulli

equation on time scales.

Corollary 3.2.9. Suppose (@ —1) € R—- {0}, w = 5 © %g € Rla-1)and g =
(1—-a)aeCy. Let Vo #0, if

t
Vi—l +f 51 (1,0)¢(t)AT >0 forall teT,
0 0
then 0
V(b) = ult, 0) - (3.12)
[V“ - +f0 (7, 0)g( T)AT]
solves the general Norton-Massagué equation (3.6)-(3.7).
Theorem 3.2.10. Assume that a(t) > 0,b(t) > 0 for all t € T and A : ZEZ
independent of t € T. If we define p € R by
p(t) = (1 —a)b(t)forall t €T, (3.13)
then the solution of (3.6)-(3.7) is given by
1
Vit=MN1-a
V(t) = {/\ + e (1) } forallt €T (3.14)
Vit —=A
provided that A + > 0.
p(t tO)

Proof. Suppose V solves (3.6) such that V(t)) = Vy. Let % := V1 by [[15], theorem
2.37], we have:

(a-1)0 VVA
@-1olwel—— oV
[(@-Nowle @V

(b(1 - a)e gV )

| R

SO

" = (po(gX))X.
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1
Letz =

— we get
7 g

1
ZA — (})A
(%)
T
= —(po(gy)z’

8P
=z
1+ pugx

hence

(1 + ug¥)z"* = gz’ — pz°;

it means

Z% + uzh gk = gxz’ — pz°.

Using the simple useful formula

Z% + gX(2° — z) = gxz° — pz°.

Seen that
g = (I-an
= (1-a)bA
we get
A= —p + g (3.15)

the variation of constants in the formula [[15] Theorem 2.74]. The solution to 3.15

is given by

t
() = ze (it + [ gOeey(t, DA
to
t
= zoeep(t,t0)+f Ap(T)e, (T, t)AT
fo

t
= Zgeep(t, to) + A f p(T)e, (T, t)AT
fo
= ZOeep(t/ to) + /\ep(T/ t) |§0

= Z()eep(t, to) + /\(1 - eep(t, to))

56



We have zo = V™ as well as V(t) =
given by (3.14) is easily seen to be a solutlon to (3.6)-(3.7). [

3.3 Examples

Example 3.3.1. Let T = mZ with m > 0, considering the following equation

VA = V2V3i() -5V, teT (3.16)
V() =1, (3.17)
here b(t) =5, a(t) = V2, a =2, g(t) = (1 — a)a(t) = (1 - 2) V2 = %
and w(t) = (= © Z) ().
We taking
w(t) = 5 ! ©) SAL V2
$-1 342
5
= (-3)o 3
— 5 5 31
- 93 [ Qa0
I PRI )
= - ((1 +2my® -1
also, 1 + u(t)w(t) = (1 + %m)‘3 > 0 hence w € R*. In addition
1 ] 1((L+3m)™ —1) - 3
w6 (=@ = ———————
a- m 1+m¥xs
S0
fy = b(t) + (w e (75 © (gx*")))(t)
B a(t)
1 |5m+(1+32m)>— gmx‘% -1
\/Em 1+ gmx‘%
is independent of t. Let A(t) = W and according to theorem 3.2.10 the solution of
equation (3.16)-(3.17) is
Vi 1-¥|
_J N2 5
V(t)_{ 5 + g(f O)}



seen that

eg(t, 0)

o [0

exp Z %log(l + gm)f

T€[0,t]T

(t+1)

5
1+ -m)m
(1 +2m)
where

m(0+1+2+..+i)
m

1

T€l
m  t t
= 26 G

t t
= =(—+1
Z(m )

here I = {0, m,2m,3m, ..., t}, we get

_¥ )
V() = {ﬁ + 1—5} . (3.18)

5 @1+ gm)ﬁ(t“)

It is clear that b(t) = mb(t) = 5m > 0 and 4(t) = ma(t) = V2m > 0 are independent of t.
On the other hand, according to theorem 3.2.8 the system(3.16)-(3.17) equivalent to
system(3.19)-(3.20)

VAt = (we (ﬁ O@EVIMVE), teT (3.19)
V() =1, (3.20)
we have ey
1+ %fo e 1(7,00dt >0 forall teT

according to corollary 3.2.9, the general solution of Norton-Massagué equation (3.16)-
(3.17) gives
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ew(t,0)
[Vgl + fot ex (g, O)g(’[)d’c] .
eu(t,0)
3
[1 + % fot e (1, O)d’(]

40

where ,
ew(tl 0) =exp (L Cy(T)(w(T))AT) ’

since T = mZ with u(t) = m

ew(t’ 0) = exp (ﬁ Cy(T)(w(T))AT)
= exp (%%(% + 1)log(1 + mw))
where Cyq(w()) = ﬁlog(l + u(t)w(t)), and

Y oro= o),

T€[0,t]T

therefore

Vo - exp (%%(% + 1)log(1 + mw))

[1 + % fot exp (L1(Z + 1)log(1 + mw))Afc]_3

exp(%é(% + 1)log(1 + %m))

[1 + g fot exp (L1(Z + 1)log(1 + %m))AT]_3

exp (LL(L + 1)log(1 + §m))

-3
[1+ 2 ¥ exp(=% (% + Diog(1 + Im))]

(1 + 3m)znGatD

-3
L plp+1)
[1 + %Z;;O(l +2m) ]
it means

Vi)=>1+ gm)ﬁ(%“) [1 + AL Z(l +=m) o
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Conclusion

A new system of general nonlinear first-order Norton-Massagué tumor growth
on time scales has been introduced. Using a resolved Cobb-Douglas production
function on time scales to solve the proposed system and obtain the desired results
generalize the continuous and discrete spaces. The results presented can be used

to assess the solvability of some different classes of problems in the literature.
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Chapter I

Permanence and Stability of SAIQH
Models for COVID-19 on time scales

This chapter studies a SAIQH (Susceptible-Asymptomatic-Infectious-Quaran-
tined -Hospitalized) compartmental model on time scales where the definition of
the Lyapunov function is given. Then, we prove the permanent of the system, the
existence of solution, and sufficient conditions implying the dynamic system to

have a unique almost periodic solution that is uniformly asymptotically stable.

4.1 Introduction

In 2019, the COVID-19 pandemic has appeared for the first time in Wuhan,
China, attracting many researchers to investigate outbreaks and the spread of
viruses [2, 3]. Some of the studies provided new mathematical compartmental
models, illustrating well the important contributions of Mathematics to fight com-
municable diseases. Such models have been used to analyze the corresponding
dynamics and to supply useful techniques in disease epidemiology [6, 36, 55].

Kim et al. studied a SAIQH (Susceptible, Asymptomatic, Infectious, Quaran-
tined, Hospitalized) mathematical model to analyze the transmission dynamics
of MERS and to estimate transmission rates [32]. Lemos-Paido et al. developed a
SAIQH type model for COVID-19, which was important to describe and under-
stand the pandemic in Portugal [36]. Similar to [36], here we also consider the Hc
class of hospitalized individuals in intensive care units.

Let the total living population under study, denoted by N(t), t > 0, be divided
into six classes: (i) the susceptible individuals S(t); (ii) the infected individuals

without (or with mild) symptoms A(t) (the Asymptomatic); (iii) infected individ-
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uals I(t) with visible symptoms; (iv) quarantined individuals Q(f) in isolation at
home; (v) hospitalized individuals H(t); (vi) and hospitalized individuals Hjc(t)
in intensive care units. The mathematical model introduced and studied in [36]

reads:

S(t) = A+ wnQ(t) = M)A —p) + dp + yIS(H),

A(t) = MO = p)S(t) — [qv + YIA(®),

I(t) = qvA(t) = [61 + y1I(D),

Q) = PpS(t) + 61 il (t) + 62(1 — fo = f)H(E) — [wm + y]Q(H),

H() = 61— I + (1 — k) Hic(t) — [62(1 — fo — f3) + 0afo + a1 f5 + Y] H(D),
Hic(t) = 62 LH(t) — [n(1 = k) + azk + y]Hic(t),

(4.1)

where, for all time ¢t > 0,

_ BUAA() +I(H) + IyH(D)
- N(t)

A(t)
is a bounded positive function with
N(t) = S(t) + A(t) + I(t) + Q(t) + H(t) + Hic(t),
B,1a, I > 0,and all the other parameters in the model are nonnegative. In addition,

le_szzl_k/q/flzl _f11f2/f3/1_f2_f3 € [011]

For more details on the mathematical model (4.1) we refer the reader to [36].
Motivated by the 2019 paper of Khuddush and Prasad on a n-species Lotka—
Volterra system [31], here we extend (4.1) to a time scales T, studying the per-

manence and uniform asymptotic stability of the unique positive almost periodic
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solution of the following SAIQH type model on time scales:

SA(t) = A+ onQ(t) — [A(H)(1 = p) + pp + YIS(H),

ARt = A1 = p)S(t) = [qv + y1A%(H),

IA(t) = qvA(H) — [61 + y1I°(1),

QY1) = PpS(t) + o1 fil(t) + 62(1 = fo = f)H(E) = [wm + y]Q(t),

HA(t) = 61(1 = A)I(E) + n(1 = k) Hic(t) — [62(1 = fo = f3) + Oafo + a1 f5 + Y] H(B),
HIAC(t) = 02 oH(t) = [n(1 = k) + aok + y]H{(8),

(4.2)
where all parameters are real nonnegative numbers and A(t) is bounded positive,
as mentioned before. In the particular case T = R", system (4.2) reduces to (4.1).

For convenience, in the sequel we put x; =S, x, = A, x3 =1, x4, = Q, x5 = H,
and xg = Hjc.

For a function f(t) defined on t € T*, we set

flo=inf{f(t): te T}, fY:=sup(f(t): teT*}.

In the following, we give a lemma proved in [27] and some definitions [37].

Lemma 4.1.1. Assume that a > 0,b > 0, and —a € R*. If
yAt) = ()b -ay’(H), y(t)>0, te[ty,o0)r,

then ) t)
v = (9 [1 + (“yb - - 1)e<_a><t, m)], t e lto, o),

where e.(-,-) is the standard exponential function of the time scales calculus [15].

Definition 4.1.2. A time scales T is called an almost periodic time scales if
[I={teR:t+1eT, forall t € T} # {0}.

Definition 4.1.3. Let T be an almost periodic time scales. A function x € C(T,R")

is called an almost periodic function if the e-translation set of x, that is,
E{e,x} ={tell: |x(t+1)—x(t)| < & forall t € T},

is a relatively dense set in T for all ¢ > 0 and there exists a constant I(¢) > 0 such that each
interval of length I(e) contains a © € E {e,x} for which |x(t + 7) — x(t)|I< ¢ forall t € T.
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The value T is known as the e-translation number of x and I(¢) is called the inclusion
length of E {¢, x}.

Definition 4.1.4. Let ID be an open set in R" and let T be a positive almost periodic
time scales. A function f € C(T x ID,IR") is called an almost periodic function in t € T
uniformly for x € D if the e-translation set of f,

Ele, f,8)={r eIl f(t+1)— f(t) I< e, for all (t,x)eTxS5},

is a relatively dense set in T for all ¢ > 0 and, for each compact subset S of D, that is, for
any given € > 0 and each compact subset S of ID, there exists a constant I(e,5) > 0 such
that each interval of length I(e, S) contains (e, S) € E {e, f, S} for which

| ft+7,x)— f(t,x) |< ¢, for all (t,x) €T xS5.

Consider a system
xA(t) = ht, x), (4.3)

where h : T* x5 — R”, S5 = {x € R" : [|x|| < B} and h(¢, x) is almost periodic
in t uniformly for x € S and is continuous in x. In [62] the question of existence
of a unique almost periodic solution f(t,x(t)) € S of (4.3), which is uniformly
asymptotically stable, is investigated. For our model, we obtain from [62] the

following result.

Lemma 4.1.5. Suppose that there exists a Lyapunov function V(t,x,z) defined on
T* X Sg X S satisfying the following conditions:

(i) a(lx—z|) < V(tx,z) < b(|x —zl|]), where a,beK
with K = {a € CR",R") : a(0) = 0and « is increasing};
(i) |V(t,x,z) = V(tx1,z1) < L(|x — x1]| + ||z — z1]|), where L > 0 is a constant;

(iii) DTVA(t,x,z) < —cV(t,x,z), where ¢ >0, —c € RY,

and D*V? is the Dini derivative of V. Furthermore, if there exists a solution x(t) € $ of
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system

X (8) = A+ wnxy(t) = [MOA = p) + dp + y1x7(®),

x5(8) = A1 = pya(t) — [qv + y1x3(®),

X3 (t) = qvaa(t) — [61 + y1x§(b),

xf(t) = ¢px1(t) + 01 f1x3(t) + 02(1 = fo = f3)xs(t) — [wn + plxi(t),

X5 (t) = 61(1 = f)xa(t) + (1 = k)xe(t) — [02(1 = fo = f3) + O2fo + arfa + YIx(H),
X2 (t) = 02 foxs(t) — [n(1 = k) + aok + y1xS (1),

(4.4)
for t € T*, where 5 U Sg is a compact set, then there exists a unique almost periodic

solution f(t) € $ of system (4.4), which is uniformly asymptotically stable.

4,2 Main Results

Let t; € T be a fixed positive initial time. Our main results are: the proof
that system (4.4) is permanent (Section 4.2.1); a sufficient condition for existence
of a solution to system (4.4) (Section 4.2.2); and conditions that imply the dy-
namic system (4.4) to have a unique almost periodic solution that is uniformly

asymptotically stable (Section 4.2.3).

4.2.1 Permanence of solutions
We begin by introducing the notion of permanence of solutions.

Definition 4.2.1. System (4.4) is said to be permanent if there exist positive constants
m and M such that m < liminf,_,., x;(t) < limsup, ,_ xi(t) <M,i=1,2,...,6, for
any solution (x1(t), ..., xe(t)) of (4.4).

Theorem 4.2.2. System (4.4) is permanent.

PT’OOf. Let Z(t) = (x1(t), ..., x6(t)) be a positive solution of system (4.4). Then,

() 2 A= A1 = p) + dp +yIx(H),

Xy (t) = AM1 = p)ymy — (qv + y)x3(t),

X5 (t) = qvimg — (61 + p)x§(h),

X3 (t) > ppmy + 61 fimz — (wn + y)x5(h),

x2(H) = 01(1 = fiymz — [62(1 = fo = f3) + 0o fo + a1 f5 + YIxZ(H),
X2(t) = 0, foms — [(1 = k) + azk + y1xd(b).
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From Lemma 4.1.1, it follows that

A
AMA-p)+dp+y

Xl(t) >

+(A”(1—p)+¢p+y

A x1(to) — 1) e—(/\u(l—p)+qbp+y)(t/ to)

and we have e_gua_p)sgp+y)(t, to) — 0, as t —> oo. Thus,

A
> = f >
x1(t) = m A —p)+op+’ or t > T,
AL -
Xz(t) > My = % for t > Tz,
X3(t) > M3 = glv+ ;, for t > T3,
+0
xX4(t) = my := (Ppmalm +1f1m3, for t > Ty,
01(1 = f1)ms
> = f >T
xs(t) = ms o(l—foi—fi)+0fa+arfs+)’ ort=1s
x6(t) > Mg = 2/21Ms for t > T6.
- N1 —k)+ak+y’ -

Letm = {mrg m; and T = max T;. We can then write that x;(t) > m forallt >T. =
<i< 1<ig6

4.2.2 Existence of solution
For system (4.4), we introduce the following assumption:

(H1) A(t) is a bounded almost periodic function and satisfy 0 < A" < A(f) < AY.
To prove existence of solution, we first begin with a technical lemma.

Lemma 4.2.3. If (H1) holds, then, for any positive solution Z(t) = (x1(t), ..., x¢(t)) of
system (4.4), there exist positive constants M and T such that x;(t) < M,i=1,...,6, for
allt > T.

PT’OOf. Let Z(t) = (x1(t), ..., x6¢(t)) be a positive solution of system (4.4). Then,

A(t‘) <A+ am— - [AF1 - p) + ¢p + ylx x(1),
() < AU(1= p)M; — (gv + P
x5 (t) < qvMa = (01 +y)x5(h),
X3 (1) < ppMi + 61 fiMs + (1 = fo = f3)5 = (wn + y)x{(),
X2 (1) <611 = fi)Ms + (1 =02 = [6:(1 = fo = f3) + 6 fo + ar f5 + YIE(2),
t) < 02foMs — [n(1 — k) + azk + y1xd(h).
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From Lemma 4.1.1,

A+a)n%

AL =p)+p+y

AMA=p)+pp+y

x1(f) <
1) A+am%

x1(to) — 1] e—(/\L(l—p)+([)p+y)(t/ to)}

and we have e_(1-p)sgp+y)(t, to) — 0, as t —> oo. Then,

A+ a)n%
t) < = ,
e 2 PR
A+ am%
< = ’ f 2 T 4
all) < My ?\\Z(ll—P)]'\F/Iqu‘W ort=h
XZ(t) <M, = % for t > T5,
() < M = 1M for t> T
X3\l) & 3'_61+)/' ort=13,
OpM; + 61 M3 + 6,(1 = fo — f3)%
x4(t) S My := , for t>Ty,
wn+y
(t) M 61(1 — f1)M3 + T](l — k)% ¢ ; T
X < = , ort=>1ls,
° ° O(l=fo—f3)+0fr+tarfs+y °
2f2Ms
< = , > lg.
X6(t) M(, T](l — k) n ozzk Ty for t T6
Let M = rlna>6<Ml- and T = rlna>6< T;. Then x;(t) < M forallt > T. [

Define

Q = {(a@®),...,x(t) : (x1(t), ..., x6(t))

is a solution of (4.4)and 0 <m <x; <M, i=1,...,6}.

Theorem 4.2.4. If (H1) holds, then the set Q is nonempty.

Proof. The almost periodicity of A(t) implies that there is a sequence {&;} € T*
with [ — oo such that

At+&) > At) as | — oo.

From Theorem 4.2.2 and Lemma 4.2.3, for each sufficiently small ¢ > 0, there
exists a f; € T* such that

m—e<x(t)y<M+g¢, forallt>t;, i=1,...,6.
Set xj(t) = xi(t + &) for t > t1 — &, 1 = 1,2,... For any positive integer k, we
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obtain that there exists a sequence {x;(t) : | > k} such that the sequence {x;(t)}
has a subsequence, denoted by {x,(t)} (x}(t) = xu(t + &;)), converging on any finite

interval of T* as | — oco. So we have a sequence {y;(t)} such that, for t € T*,
xXy(t) — yit), asl— oo, i=1,...,6. (4.5)

It is easy to see that the above sequence {&7} C T* with & — 7 for ] — oo is
such that
At +&)) — Alt), as | — oo,

which, together with (4.5) and

XM () = A+ wnxy(t) = [AE+ &)L = p) + dp + yIx (),

() = At + &)1 = p)x,(8) — [qv + p1xy (1),

X (8) = quacy,(8) — [61 + y1x (b),

XM () = px () + 01 frxy (D) + 02(1 = fo = fo)xg, () — [wn + X (1),

x5 () = 01(1 = f)xs,(8) + n(1 = k)x (1) = [02(1 = fo = f3) + O fo + a1 fa + YIx (D),
X (1) = 0o foxg, (8) — [n(1 = k) + axk + y]xo (),

yields

yr () = A+ onya(t) — [A(E)(1 - p) + op + 1y (8),

v (t) = A1 = p)ya(t) = [qv + p1ys(t),

y3(D) = quya(t) — [61 + y1ys(),

yi (D) = dpya(t) + 01 fiya(t) + 02(1 = fo = f3)ys(t) — [wn + ply5(t),

ye(t) = 011 = f)ys(t) + (1 = k)ye(t) = [02(1 = fo = f3) + 02 fo + arfs + Y] Y2 (1),
Yo (t) = 02foy5(t) — [n(1 = k) + ok + Y]y ().

It is clear that (y1(t), ..., ys(t)) is a solution of system (4.4) and
m—e<y(t)<M+e, forall teT, i=1,...,6.
Since ¢ is arbitrary, it follows that
m<y(t)<M, for teT, i=1,...,6.

The proof is complete. |
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4.2.3 Uniform asymptotic stability

Now, we establish sufficient conditions for the existence of a unique positive
almost periodic solution to system (4.4) that is uniform asymptotically stable. We

introduce some more notations. Let

Ay = AMQ-p)+op+y; Ari=gqv+y;
A3 = (51+')/,' A4::a)n+7/;

As = (1 -fi)+aifs+y;, Aes:=nl—-k) +ak+y;
[4(1-p)M

By = A(l-p+¢p; B i=qv+2w?
yB(d —pM.

+ 2 X ;
ly(1 — p)M

a1 - i) + 2P P,

Bs = 0 B4 := wn;

Bs Bs := 1(1 — k).

Moreover, let A := {nil’g A;and B := max B;.
<i< <i<
In our next result (Theorem 4.2.5), we assume the following additional hy-

pothesis:
(H2) B < A.

Theorem 4.2.5. If (H1) and (H2) hold, then the dynamic system (4.4) has a unique
almost periodic solution Z(t) = (x1(t),...,xe(t)) € Q that is uniformly asymptotically
stable.

PVOOf. According to Theorem 4.2.2, every solution Z(t) = (x1(t), ..., xs(t)) of sys-
tem (4.4) satisfies x- < x; < xY. Hence, |x;(t)] < K;, i =1,...,6. Suppose that
Z(t) = (ulb), ..., %) and Z(t) = @i(t), ..., %e(t) are two positive solutions of
system (4.4). We have

xXP(H) = A+ onxy(t) = [A(B)A = p) + ¢p + yIx(t),

x5 (t) = A1 = p)aa(t) = [qv + y1x5(t),

X5 (t) = quaa(t) — [01 + y1x§(1),

X3 (1) = ppx1(t) + 01 fixs(t) + 62(1 — fo — fa)xs(t) — [wn + yIxg(t),

x8(t) = 01(1 = fi)xs(t) + (1 = k)xe(t) — [62(1 — fo = f3) + Oafo + anfa + YIxE(H),
xe(t) = 6y foxs(t) — [n(1 = k) + axk + y]xd(h),
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and

() = A+ wnxy(t) - [MBA - p) + dp + YIE(D),

() = A0 - ) - [qv+ YT,

() = () — [61 + YT,

X} () = ppxa(t) + 01 fixa(t) + 62(1 = fo = f3)xs5(t) — [wn + pIxy(t),

X5 () = 61(1 = fi)xa(t) + n(1 — kyxe(t) — [62(1 — fo — f3) + Oofo + a1 f5 + yIxE (1),
X2(E) = 02 () — [1(1 = k) + ask + yR(H).

Denote

IZI1 = 11Ger (@) - X6l = Supz i)

teT+

6
Then ||Z]] < K and H/Z\H < K where K = ZKi' Define the Lyapunov function

V(t,Z,Z) on T*xQxQas

6
V(t,Z,7) = Z li(t) — %) = Z Vi), (4.6)
i=1
where Vi(t) = |x1(t) - | Then the two norms
“z z” |xl(t) ~%(0)

and

teR,

|7-7 = sup [Z (aa(t)—aa(t))‘

are equivalent, that is, there exist two constants 7;, 1, > 0 such that

olz-7] =[]l 7.

Hence,
m ”Z = 2” <V(tZZ)<m HZ - 2” .

Let a, b € C(R",IR*), a(x) = mx, and b(x) = nyx. Then the assumption (i) of
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Lemma 4.1.5 is satisfied. On the other hand, we have

V20, 70) - V{70, 70)

6
ORI W A GEEAC]
i=1

6

< Z ity - %io)| - i) - 50|
6

< Z|xz(f) xi(t)] + Z|x(t)

< ||Z—Z||+\

where L = 1, so condition (ii) of Lemma 4.1.5 is also satisfied.

Now, using Lemma 4.2 of [38], it follows that

D VA(t) < sign(xd(t) — () - %), i=1,...,6,

where D* Vl.A is the Dini derivative of V;. Fori =1,

DV

IA

IA

sign(x](t) — 2 () (x1 (t) — (1))

sign(x§(t) — T (O)wn(xa(t) - Xa(t) — AB)A - p)xi(®)

~[gpp + YIS (E) = T() + AB)(A = P (B)]

sign(x§(f) — T (O)wn(xa(t) - Xa(t) — AR - p)xi(D)

—[p + Y1x(H) = () + AB(L = P () + AL - pI () — A1 - ) (B)]
sign(xg(f) = T (H)[wn(xa(t) — Xa(t))

~[AO(1 = p) + Pp + Y1) = T (H)

+(A(H) = AL - P (D)]

sign(xg(t) = T (O)wn(xa(t) = Xa(1) — [AE)(L = p) + Pp + Y1) = (1)
+(A(H) = AL - P (D)]

wn [xy(t) = Xa(t)| = [AH(L = p) + p + y1 () - T (1)

l
M| 2 () = To(b)] + M—I (1) = %a(0)
z
JEC P 6 -0,
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fori=2,

D*VR(t) < sign(xg(t) = x5 (D) (x5 (£) = X5 (1))
= sign(x(t) - BONIAOI - pa(t) — [qv + Y151 - T(1) — AB(1 - pixi ()]
= sign(x5(t) — 5 (O)AE)(L = p)xa(t) = [qv + Y13 (t) = 5(D)
—ABA = p)xi (D) + A1 - pi(t) — ABO1 - P ()]
= sign(xj(t) = 3 (O)[-[gqv + y1(x3(t) = 35(b)

—_

+A(BA = p)(t) = x1(1) = (A®#) = ABO)(1 = pxa(B)]

< AUA=p) ) = 3@)] - [qv + y1 x5 - B8]
+(1= pM 1) = A(0)
< AA=p) ) —3E)] - [qv + y]|x¢) - 5|
+MT—’7)M [ea(t) — Ta(t)|
1-pM - Iyl -pM —
SEEPM - mon] « PHEZPY -z
fori =23,
D*VA(H) < sign(x5(H) - FH) (x5 () - T (D)
= sign(x3(t) - () lqv(xa(t) — Ta(t))
—[01 + y1(x5(t) = 25(1))]
< qvlea® =%0)] = [0+ 1|0 -0
fori=4,
D*VA(H) < sign(x(H) - T(B) (X5 - T (D)
= sign(x§(t) — (D) [Pp(xr(H) — T1(t)) + O fi(xs(t) — Ta(t)
+05(1 = f = f3)(xs(t) — Xs(t)) — [wn + y](x5(t) — T5(1))]
< ¢op|a® -TE)| + 61 fi xs®) - T(8)]

+02(1 = fo = f3) |s(t) = %s(8)| = [on + y1|x5(t) = X5(8)] 5
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fori=5,

IA

D*VA() < sign(xg(H) — XA () - X5 (1))

= sign(x3(t) - 611 — fi)(xs(t) — X3(1) + (1 = k) (xs() — Xe (1))
—[02(1 = fo = fo) + O1fi + o fa + YI(xE() — X2(1))]

d1(1 = fi) [xa(t) = %3(O)| + (1 = k) |xs(t) — X (D)|

—[0(1-fo— f5)+01fitarfs +] Ixi-,’(t) —&E’(t)l;

IN

and, finally, fori = 6,

DVt < sign(xg(t) - O)xg(t) — T (1)
= sign(xg(t) — xg(1)[02f2(xs(t) — x5(t))
—[n(1 = k) + axk + y1(xg(t) — xg(t)
62 |es(t) = T5(t)] — [(1 = k) + azk + Y1 |xg () - (1)

IA

It follows that

D*VAW) < wnl®) —x)| - [AFQ - p) + ¢p + y1 x50 = 5 ()|

I4(1 —p)M 1-pM —
+7/ﬁ A(A p) VB( Ap) |x3(t)—x3(t)|

In(1-pM —~ 2
+M () =% + A1 =p | ) T 0)
N M

oty = %a(b)| +

—[qv + y1]x5(t) 25 (1)| o) — % ()|

1= )M . (1 -—pM —
RPN ] LM )

+qv|ra(t) — o (1) = [61 + y1 x5 (t) — 5 (H)|

+¢p [ () = T (O] + 61f1 [xa(t) = T3(8)]

+05(1 = fo = f3) |xs(t) = 35(8)| = [wn + y] x5 (1) = %5(2)|
+01(1 = f1) |xa(t) = a(t)] + (1 — k) |xe(t) — X (1))
~[62(1 = fo = o) + 1 fi + anfs + Y1 [xE(E) = T(H)|

+02 f2 |es(£) = Xs(t)] — [n(1 = k) + cke + y] |xg(6) — 3 (1)
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0]

X7 (t) -

~[A()( - -
~[61 +71] x§(t) - Xyt >|
[
[

—[6:(1 = fo = f3) +O1fr + a1 f3 + ] |x§(t) —%E’(t)|
xX2(H) - X (t)|
+{AY(1 = p) + gp} i () -T2 (8)]

! I —~
+{ i L )M}|xz(t)—xz(t)|

—[n(1 —k) + azk + ]

+ {51f1 +06:1(1- f1) + yﬁ(l; M + yﬁ(l;p)M} |x3(t) —%(t)l

yBlu(1 —pM

+wn |x4(t) —x4(t) | {52(1 fa—f3) + 020+ X

o R _
+M} fes(6) = To(6)] + (1 ) es(t) ~ Ta(o)

= —Ar|x{() =T (O] - A2 [5(H) - 5 0)
A3 [x§(1) =T (1)] - As )
—As [xg(t) = ()] - A |xg(t) - X5 (B)]
+B1 [x1(t) = X1 (8)] + B2 [ra(t) = %2(0)
+Bs [xs(t) = Xa(8)| + Ba xa(t) — %a(t)|
+Bs |xs(t) = X(8)| + Bs | (t) = %o (8)|

= —AV(o(t)) + BV(})

= (B=AV(t) - Au()D* V()

and D*VA(t) < 1fAﬁt)V( ) < —Y@V(t) with ¢ = 1+A 5. By (H2), we have y(t) =

AB. > 0and 1 - vu(t) =1+ AY — u(t)) + ut)B > 0. Hence, -1 € R*. Thus,

1+AupY
the assumption (iii) of Lemma 4.1.5 is satisfied and it follows from Lemma 4.1.5

that there exists a unique almost periodic solution Z(t) = (x1(f),..., xs(t)) of the

dynamic system (4.4) that is uniformly asymptotically stable with Z(t) € Q. =
We illustrate our results with an example.

Example 4.2.6. Based on [36], let us consider the following system on the time scales
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xXP(H) = A+ wnxy(t) - [A(B)A = p) + Pp + yIx](t),

x5 (t) = A1 = p)xa(t) = [qv + y1x5(t),

X3 (t) = quia(t) — [61 + y1x3(8),

xf(t) = ¢ppx1(t) + 01 f1x3(t) + 02(1 — fo — f3)x5(t) — [wn + ylx((t),

x8(t) = 01(1 = fi)xa(t) + (1 = k)x6(t) — [02(1 = fo = f3) + Oafo + anfz + YIx(H),
xX2(t) = 62 foxs(t) — [n(1 = k) + axk + y]xS(1),

4.7)
subject to

x1(0) = 10283785, x,(0) =13, x3(0)=2, x(0)=0, x50)=0, x4(0)=0,

where A = 84, & =1/31, n = 0.075,
B (Laxa(t) + x3(t) + Inxs(t))

A = NG

with =193, 14 = 1, Iy = 0.1, and N(t) = Y.y xi(t), p = 0.68, p = 1/12, y = 4283615
with Ng = N(0), ¢ = 0.15,v =1/15,06, = 1/3,0, = 1/3, i = 0.96, f, = 0.21, f3 = 0.03,
n=1/7,k=0.03, as =1/7, and ay = 1/15.

System (4.7) is permanent with A = 1.876738171 x 1077, AY = 1.93, M; =
65.83271997, M, = 8.722416333, M3 = 0.017498412509, M, = 4.428264471, My =
0.02788991356, M = max;-1, ¢(M;) = M;, m; = 58.16800031, m, = 7.7068897,
ms = 0.0154611, my = 0.7093454, ms = 0.0000414, me = 6.0482208 x 1077, and

/////

we have
4.653775371 = A > B = 4.148857053, ¢ =0.0505839, 1-u(t) =0.94941603 > 0.

We conclude that system (4.7) has a unique positive almost periodic solution, which is
uniformly asymptotic stable. This is illustrated in Figure 4.1.
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Figure 4.1: Example 4.2.6: solution of (4.7) during 7 days.
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Chapter 5

Local and global Stability of fractional
SAIRS Models

In this chapter, we consider a fractional order SAIRS (Susceptible-Asymptomatic
infected-symptomatic Infected-Recovered-Susceptible) model with vaccination.
Which represents the interaction of four distinct compartments of people in com-
munity with an epidemic. We show that the disease free (resp. endemic) equi-
librium is locally asymptotically stable if Ry < 1 (resp. Ry > 1). Moreover, we
prove that the disease free (resp. endemic) equilibrium is globally asymptotically
stable if Ry is less than another threshold R; (resp. Ry > 1 when y = 0). To con-
clude this work we give some remarks with numerical simulations to illustrate

our theoretical results.

5.1 Introduction

We consider an extension of the SAIRS model presented in [50]. The system

of ODEs which describes the model is given by

S(t) = u — [BAA() + B(D]S(E) — (1 +v)S(t) + YR(E),
A(t) = [BaA() + B(1)IS(E) — (17 + 64 + WA(),

I(£) = nA(t) — (61 + wI(t),

R(t) = 04A(H) + OiI(t) + vS(t) = (y + pR(D),

(5.1)

with initial condition (5(0),A(0),1(0),R(0)) belonging to the set

IT={SALReR: S+A+I+R=1)}.
+
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where the parameters i, 17, Ba, f1, v, ¥, 04, 01 in the SAIRS epidemic model (5.1)
are considered to be positive values. Hence, system (5.1) is equivalent to the

following three dimensional dynamical system

S(t) = = [BaA(®) + BUI(D]S(E) — (u +v +)S(H) + y(1 — A(t) - (1)),
A(t) = [BAA®) + BIL(O]S(E) — (7 + 64 + WA(L), (5.2)
I(t) = nA(t) — (& + wI(H),

with initial condition (5(0),A(0),1(0)) belonging to the set

Q={S,ADeR: S+A+I<1}.

5.2 Definitions

Definition 5.2.1. The Mittag Leffler function of two parameters is given by

Eap(z) = ZF(ak+ﬁ) €t

where a, B > 0, and C denote the complex plane.

Note that, when @ = f = 1, the Mittag Leffler function E;;(z) reduces to
the exponential function exp(z). Also, the Mittag Leffler function satisfies the

following useful equality:

Ea,ﬁ(z) ZEa a+ﬁ(Z) + =

Hm @ >0

Lemma 5.2.2. Fora € Rand a, B > 0, we obtain [[29] Lemme 2.1]

ap

L(FE, 4(at)) = Si -

Also,
n-1
L(CD?h(t)) = Sah(S) — Z h(k)(o)sa—k—l’
k=0

where/h\(s) = L(h(t)) and L denoted the Laplace transformation.

In the following, we give an elementary lemma proved in [?] , which describes

the Volterra type Lyapunov function for the fractional order epidemic systems.
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Lemma 5.2.3. Let 0 < a < 1, and C € C[0, T] be positive valued function. Then, for
allt € [0,T), one has

Cw o @ _£ Ca
D; (c<t> ¢ -Cln C*)3(1 C(t)) DrC(s),

forall T € R,.

5.2.1 The fractional SAIRS model

Motivated by the classical SAIRS epidemic system (5.2), we deal with the
following fractional SAIRS epidemic model

CDIS(t) = u = [BaA(t) + BI(B)]S(E) — (1 +v +)S(t) + y(1 = A(t) - I(t)),
CDeA(t) = [BaA(t) + BI(D]IS(E) — (1 + 64 + WA(), (5.3)
CDUI(t) = nA(t) — (01 + wI(t),

subject to the initial condition
S(0) =Sy >0, A0)=Ap>0,1(0) =1, >0,

where “D? is the fractional Caputo derivative having order 0 < a < 1 in order to
describe the memory effects in the proposed epidemic model. We assume that the
functions S(t), A(t), I(t) and their Caputo fractional derivatives of order 0 < @ <'1
are continuous functions. The parameters i, 1,4, p1,v,V,04,0; in the fractional

order SAIRS epidemic model (5.3) are considered to be positive values.

5.3 Main results

Proposition 5.3.1.
Q={SADeER;S+A+I<1}

is a positively invariant region for system (5.3).

Proof. We have
N() = S(t) + A() + I(8).
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Consequently, adding equation yields
“DEIN(H) = p+y = (u+ Y)N(E) = vS() = 04 A(H) = S11(1). (54)
Then

CDYN(t)

p+y—(u+y)N(E) —vS(t) — 04A(t) — O1l(t)
< p+y—(p+yNQ@). (5.5)

Taking the Laplace transform in inequality (5.5) into account, we get

gty
X

*N(x) — x*IN(0) < — (4 +7)N(x).

Hence,
gty

X

(x* + u+7)N(x) = + x*IN(0),

- xa—(1+a) xa—l
N(X) < (‘U + '}/)m + N(O)m

Accordingly, we have

N(t) < (u+ P Egrea(=(u +P)t) + N(O)Eg1(—(u + y)t)
1= Egi(=(u +)t%) + N(O)Es1(—(u + y)t)
1.

IA

IA

Since 0 < E;1(—(u + y)t) < 1 holds and N(0) < 1, then one obtains N(t) < 1. Thus,
Q) is a positively invariant set, and all initial solutions belong to ) remain in ()
forall t > 0. |

Consider the following fractional order system in Caputo sense, as
“Dru(t) = ¢(t, u(t)), for allt >0, u(0) = up € R" (5.6)

where ¢ : R" X R" — R" withn > 1.

Lemma 5.3.2. Assume that ¢(t, u(t)) satisfies the following:
1. ¢ is a continuous function with respect to t for all u(t) € R",
2. ¢and g—f are continuous funtions respect to u(t) € R",
3. ||qb|| < ay +ay ||[ul| for all u € R, and all a4, a, > 0.
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Then, system (5.6) possesses a unique solution on [0, +00).

The proof of Lemma 5.3.2 can be directly followed from [40], we require the
following lemmas in proving the non negativity of solutions to system subject to

non negative initial condition for the system (5.3).

Lemma 5.3.3. [49] Assume that ¢(t) € Cla, b] and “D%p € Cla, b], with 0 < a < 1.

Then, one has

o) = ) + ﬁ CDf‘(p(é)(t —a)',a< &<t fort €(a,b] (5.7)

Lemma 5.3.4. [49] Let ¢(t) € Cla,b] and “D*p € Cla,b], with 0 < a < 1. If
“Deo(t) > 0, then @(t)is non decreasing function for t € [a,b]. If “D%@(t) < 0, then

@(t)is non increasing function for t € [a, b].

Let define the set
®={(S,ADeR:S(t) >0, A(t) >0, I(t) > 0}.

Theorem 5.3.5. System (5.3) attains a unique solution on [0,+oc0). Further, the

solution of system (5.3) remains non negative and bounded for all t > 0. In addition, we

have

S(t) Y
p+v+y

At) < AQ0),

Ity < I0).

IA

+ 5(0),

IA

PT’OOf. Let us reformulate system (5.3) in the form of a Caputo fractional deriva-

tive system of order 0 < @ < 1, as follows
“Dru(t) = ¢(t, u(t)), forall t >0, u(0) = up € R3, (5.8)
where ¢ : R* x R® - RR?,
O(t, u(t)) = b+ Eu(t) + S(t)Fu(t) + Gu(t), (5.9)

u(t) = (S(t), A(t), I(t)", uo = (So, Ao, Io)", b= (u+y,0,0)7, and also

—(u+v+y) 0 0 0 —Ba —Pr
E= 0 —(N+ 04+ 1) 0 JE=10 Ba B |,
0 0 —(5r+ 1) 0 0 0
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0 0 |. The vector function u(t) also satisfies the first and second

conditions of Lemma 5.3.2. Now, we verify the third condition. From systems
(5.8)and (5.9), one obtain

D] < 11ell + (IEN -+ ISOIFI + IGID ()l

Hence, the third condition of Lemma 5.3.2 is verified. Then, system (5.3) has a
unique solution on [0, +c0). Further, we show that the system possesses a non

negative solution. To this end, Suppose that
(SOIAOI IO) € S(t)—axis = {(S(t)/ 0/ O) : S(t) 2 0}

Taking the Laplace transform into account system along with the vector S(t) axis.
Let
“DiS(t) = p+y = (u+v+p)S(H).

We get
ag a—1 K + )4 o
x*S(x) — x*7°5(0) = — (u+v+7Y)S(x).
Hence,
— xa—(1+a) 500 xa—l
SO =y 0wy

Accordingly, we have

S(t) = (u + VI Eqiva(—=(u + v +P)t) + S(O)Ep1(—=(1 + v + p)t%).

Seen
Egaon(— (i + 0+ ) = B (=(u + v+ P+ —
@arDITW T U YIE) = (u+ v+ )@Y gy (U +v+p)te
Hence,
St =~ B~ v+ )+ — L S(O)Eay(—( + v + P)E)
L+v+y (@) L+v+y al)
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Since 0 < E,1)(—(1 + v + )t%) <1 so one achieves

_Hrr

> <
S(t) > 0andS(t) < rv+y + 5(0),
also
(— P Ean(—( + v+ )t + 2 + S(0)E(=( + v +7)t),0,0) € S(H)-axis.

By the same argument with A(t)-axis, i.e
CDIA(t) = —(17 + 64 + WA(L).

Taking the Laplace transform, we get

—_

XA(X) — ¥ A0) = —(1 + 64 + WA(R).

Hence,
-1
xa

A(x) = A(0)

XY+ 1+ 04+ U

Accordingly, we have

A(t) = A(O)Ey1(—(a + 04 + p)t?).
sSeen 0 < E, (—(a + 64 + u)t*) < 1. Hence, A(t) < A(0) and A(t) > 0 also

(0, A(0)Es1(—=(n + 64 + u)t*),0) € A(t)-axis.
By the same argument with I(f)-axis, let
CDeI(t) = — (61 + WI(D).

Taking the Laplace transform, we get

1(x) — x*7(0) = —(8; + p)l(x).

Hence,

- a—1
I (X) =1 (0)m
Accordingly, we have

I(£) = I(0)Eq,1 (=(01 + ).
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Hence, I(t) < I(0) and I(t) > 0 also
(0,0, I(0)En1(— (01 + u)t%)) € I(t)-axis.

This indicates that S(t), A(t), and I(t) are solutions of the system and positive
invariants sets. In sequel, we prove that © is a positive invariant set. Let
(S0, Ap, Ip) € ©. On the contrary, we suppose there exists a solution (S(t), A(t), I(t))
to escape of ®. Then, by uniqueness of the solution, (5(t), A(t), I()) do not cross
the axes.

If the solution (S(t), A(t),I(t)) escapes by the plan S(t) = 0, there exists f; such
that S(t)) = 0, A(tp) > 0, I(tp) > 0 and for all t > t, sufficiently near t,, we have

S(t) < 0. Moreover, we have

“DIS(t) l=ty = p+y—pA®D +I1(1)
> U

Thus, S(t) > 0 for all t > ¢, and this is absurd, which implies that S(t) > 0 for all
t > 0. With a similar manner, we prove that A(t) > 0and I(f) > O forallt >0. m

5.3.1 Local Stability

System (5.3) admits a unique disease free equilibrium point X° = (5°,0,0),

uty
utv+y”

rium X* = (5%, A", I'), we firstly compute the basic reproductive number R, of

where S° = To consider the existence and uniqueness of endemic equilib-

system (5.3).
Let U = (A, 1 S)". Then, system (5.3) can be written as CD?‘ Uu) = F(U) — v,
(BaA(H) + BiI(£))S(2)
where F(U) = 0
0
(n+ 04+ WA
and V(U) = —nA(t) + (61 + p)I(t) . The Ja-

(BAA(E) + BiI(£)S(E) + (p + v +p)S(E) + y(A@E) + (1) —p =y

cobian matrices of F and V at the disease free equilibrium X° are given by

0 ﬁASO ﬁ[SO 0 n+ Oa+ u 0
JEXM =0 0 0 |andJ(V(X)=| 0 - 5 +
c 0o 0 u+tv+y BaS’+y BiS'+y
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Now, let us employ the next generation matrix method to compute the basic
reproductive ratio R, using only the two disease compratments, denoted by A

and [ from system (5.3). The next generation matrix is the product of matrices ¥

and V!, where

0 0
Tzl‘BAOS ﬁf]andq/:

n+oéa+u 0
-n Sty

The basic reproductive ratio Ry, defined as the spectral radius of the matrix FV 7,

is obtained as

~ Ty np1 yt+u _ npt S_O
Ro = p(FV 1)_(ﬁA+61+y)(17+6A+y)(V+7/+H) _('BA+ hz)hll

where S° = %,ho =u+v+y,h=n+0a+pandhy =6 + u.
In the case when (A # 0and I # 0), system (5.3) admits X* = (5", A%, I") as a unique

endemic equilibrium point, where

hihy
Baha + B’

* —

S (51 ghes R -1)
]’llhz + 7/(}12 + 17) h1h2 + ')/(hz + T]),

a=l2r
n

Clearly, it is evident that if Ry < 1, then system does not admit any positive
endemic equilibrium (it has no biological sense to get negative values for A* and
I'). Thus, we require Ry > 1, to assure the existence and positivity of the endemic

equilibrium point.

Theorem 5.3.6. System (5.3) always has a disease-free equilibrium X° = (S°,0,0). In

addition, if Ry > 1, then there exists a unique endemic equilibrium point X* = (S*, A*, I).

Next, we will discuss the stability of the equilibrium points of system (5.3). At
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the point X(S, A, I), the Jacobian matrix of system (5.3) is given by
—[BaA+ Bl —ho —BaS—y —piS—y

](X) = ﬁAA + ﬁII ﬁAS - hl ﬁ[S . (510)

0 n —h,

Using the Jacobian matrix (5.10) and the Matignon condition [48], [52], the local
stability of the equilibrium points of the fractional-order system (5.3) is investi-

gated. We have the following theorems.

Theorem 5.3.7. The disease-free equilibrium X° = (S°,0,0) of the fractional-order
system (5.3) is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.

PT’OOf. The Jacobian matrix (5.10) around the disease-free equilibrium X" is as

follows ) ]
~ho —BaS’ =y —piS° -y

JX) =0 BaS'—h  BiS°

| 0 n —hz

The eigenvalues of the Jacobian matrix J(X°) around the disease-free equilibrium
X% are A; = —hy and the roots of the characteristic polynomial of the minor matrix
of J(X°) given by

C(A) = A% + (hy + hy — BASOHA + Iyhy(1 = Rp) = 0. (5.11)

When Ry < 1, itis evident that 1, + 1 = B4S° = by + I (1= Bal) > hy+ 1y (1 - Ro) >
0. Thus, from the Routh-Hurwitz criterion, all the roots A; of the characteristic
equation (5.11) have negative real parts. By using Matignon’s condition [48], [52],
it can be observed that |arg(A;)| > a7 for all 0 < a < 1. Therefore, the disease free
equilibrium point X° is locally asymptotically stable if Ry < 1.

When Ry > 1, we have C(0) < 0 and Al_i>r+noo C(A) = 400, then there exist positive real
root A* > 0 of the characteristic equation (5.11), from Matignon’s condition [48],
[52], it can be observed that |arg(A*)| = 0 < a7 for all 0 < a < 1. Thus, the disease

free equilibrium point X° is unstable. This result completes the proof. |
Itis observed that the disease free equilibrium point X° is locally asymptotically
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stable when the endemic equilibrium X* do not exist.

Next, the stability of the endemic equilibrium X* is discussed.

Theorem 5.3.8. The unique endemic equilibrium X* of the fractional-order system
(5.3) is locally asymptotically stable if Ry > 1.

Proof. At the endemic equilibrium X*, The Jacobian matrix (5.10) is given by
& —hg—A  —PaST -y —PiS -y

J(X) = 4 BaS =i —A  BiS*

0 n b= A

The eigenvalues of the Jacobian matrix J(X*) around the endemic equilibrium X*

are the roots of the characteristic equation given by
A+ aA? + @A +ay =0, (5.12)

wherea;, i1 = 0,...,2 are given as follow,

* I*S*
(h0+h1A)+(h2+’BI ),

az = Sx— Ax—
s A*
4 = ho(h2+ﬂIA* )+(h1+h2+y)h15*,
Ax-
ay = [(hi+y)hy + 1yl

S

It is evident that a; > 0. Moreover, we have

ma, —ag = hy (hz + /312*5*) (ho + Iy %) + hy (hz + ‘Bi;S* )2

+ (o + ML) (I + hy + )& + (hy + E22) (1 + 1y + ) &

[y + )z + I
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= h (hz + b S*)(ho + hf%f) + ho (hz + ;3,;5*)2

I
A=(-

+ (ho + ML) (o + Y)Y L + (hy + 255 ) e

* rs
+ (h%fs‘— + (h + )Pz

)h1% + (h()]’ll — Tn/)hl% > 0.

Then, according to the Routh-Hurwitz criterion, all the roots of the characteristic
equation (5.12) have negative real parts. By using Matignon’s condition [48], [52],
it can be observed that |arg(A1)| = m > a7 forall 0 < a < 1. Therefore, the endemic

equilibrium point X" is locally asymptotically stable if Ry > 1. |

5.3.2 Global stability

Let us define a function ¥ : R, — R, given by

c(#)

W) = ()~ T = Cin=2, forall £ 20, T >0,

Note that W(C) is a non-negative function for any C > 0 that attains a global

minimum at ¢ = C*.

Theorem 5.3.9. The disease-free equilibrium X° of system (5.3) is globally asymptot-
(n(ﬁA 7131)2}’2)

Au+dpBaby

ically stable on O, if Ry < Ry where Ry =1 —

(p+r;+6A)[(Hl—7Oj +1))/+(y+r]+6A)]

Proof. Let us consider the following function:

Vo(S,A D) =2(5 - S) +aiA+

2
(4)/50 + By lso S %l )1,

(u + 6r) Bi

(7= +1)y+(2—Ro)(u+n+64)
_ 0 (u+07)
where ¢; = 4S ( TR,

nonnegative and also V = 0 if and only if S = S°, A = 0 and I = 0. Applying the

. It is easily seen that the above function is

Caputo fractional derivative on equations of system (5.3), we obtain

DiVoS,A D = 4(S-S)DiS+c DA

1 Y c 2
50——+—1] ]CD‘;‘I

+(H + 1) pr 4

[4)/50 + 5[

88



= —4(BaA +BID)(S2 - S°S) —du +v+) (S - 8)
~4y(A+1D)(S-9°)
+c1(BaA + Bil)S — c1(u + 1+ 64)A
(47/50 + B [SU - % +4 2)
+ o) (nA = (u + 6pI)
= —4u+v+y) (5 - 50)2
2
Y Y
—ﬁAA[éLSZ —4(50 i + Z)S+(SO_ “— —) }
2
(! Y G
—,/311[452 —4(50 5 + Z)S+ (50 5 + Z) }
—H(c))A

2
2 V4 C
= —4(p+v+y)(5—50) —ﬁAAlzs—(SO—ﬁ—A+Zl)]

2
—Bil [25 - (50 - % + %)l — H(c1)A,

where

2
cl(y+17+(5A)—4ySO—[3A(S°—l+C—1)

pa 4
_(H_Z(Sl)(@su 6 so_%+c4—1] ]

45" {(”Zﬂf’)y +(u+n+0a)

H(cy)

R, (R — Ry). (5.13)

From (5.13) we can show that the term H(c;) is negative if and only if Ry < R;.
Thus, we have CD?VO(S,A, I) <0forall (5A,I € Qand CD‘;‘VO(S, A,I) = 0if and
only if (S, A, I) = (S°,0,0). Thus, the only invariant set contained in Q is {(S°, 0, 0)}.
Hence, by Lemma 4.6 in [28], it is proved the convergence of the solutions (S, A, I)
to (S°,0,0). Therefore, X" is globally asymptotically stable in Q if Ry < R;. |

Theorem 5.3.10. For y = 0, the endemic equilibrium X* of system (5.3) is globally
asymptotically stable on Q3/[0,1] x {(0,0)} if Ry > 1.
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PrOOf. Consider the function

Vi(S,AT) = (S—S*—S*ln%)
* * A
+(A—A ~A lnA*)
5) — BaS"
+((“+”+UA) Pa )(I—I*—l*mlé).

This function is positive (since @ +”+6f7‘)_ﬁ ST _ 57’5;,[*) and V1(S,A,I) = 0 if and only
if (S,A,I) = (S, A% I).
By calculating the a-order derivative of V; along the solution of system (5.3) and

using Lemma 3.1 in [?], we obtain

* A*
DIVA(S, AT < (1—%)CD§“S+(1— A)CD?A

([.l+T]+5A)—ﬁAS* r o
+( . )(1‘ 7)o
- (1 B %)((ﬁAA*+ﬁII*)S*—(ﬁAA+511)5 —(u+v)(S-35Y)
+(1—i*)((ﬁAA'FﬁII)S_(xu+n+5A)A)
+((H+T]+;57A)—ﬁA5*)(1_IT*)(UA_(M+61)I)
1 . arfr S S
= —g(y+v)(S—S)2+,BAA5 (2—§—§)
S ISA
s (25 - 55 )

I
+(BIST — (U +n+04)A" +BaS A") I

(U +1n+04a)—PaS (1_£A
n I A*

A" ( ) (5.14)

Now, replacing

+ 1+ 04) — PaS” ST
u=£, v=£, w=£, and (w0 +04) = Pa =‘81 ,
S* A* I* T] T’A*
in inequality (5.14), we obtain
Cpe 1 *\2 * O* 1
DiVa(S, A D) < —g(y +1)(S = S°)? + BaA*S (2 - u)
. 1 uw v
THIS (3 i w) (5.15)



By the arithmetic mean-geometric mean inequality we have (2 -1 u) < 0and
(3-1-w-2)<0forallu>0,020andw > 0. Hence®D{Vy(S,A,I) < 0, and
‘DeVi(S,A,l) =0 if and only if S = S*and v = w (ie. £ = £). Since S must
remain constant at 5%, “D?S is zero. This implies that A = A* and I = I'. Thus, By
Lemma 4.6 in [28], it is proved that the fully endemic equilibrium X* is globally

asymptotically stable in /[0, 1] x {(0, 0)}. |

Remark 7. If the initial conditions starts from [0,1] x {(0,0)}, then the solution

obviously converges to the disease free equilibrium point X°.

5.4 Conclusion and simulations

In this chapter, we have considered a fractional order SAIRS model. We have
investigated the existence and the stability of the equilibria. This analysis is ob-
tained according the value of R, and its position with respect to some thresholds
Ry and 1. Using the Lyapunov functionals, we show that the disease free equilib-
rium X' is globally asymptotically stable for Ry < R; and unstable for Ry > 1 (see
Fig. 5.1, Fig. 5.2 and Fig. 5.3). Moreover, when the disease free equilibrium X° is
unstable i.e. Ry > 1, we have showed the existence of a endemic equilibrium X"

which is also globally asymptotically stable when y = 0 (see Fig. 5.5).
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Figure 5.1: Numerical solutions of (5.3) with @ = 0.5, u = 1.25, 4 = 3.5, f; = 3.5,
v=179=051n=25 64 =15, 6; = 1.5 and the initial conditions are Sy = 0.25,
Ao = 0.75 and I, = 0.5. Note that Ry = 0.81 < R; = 1, then the disease free
equilibrium X° is globally asymptotically stable.
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0 100 200 300 400 500 600 700 800 900 1000
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Figure 5.2: Numerical solutions of (5.3) with @ = 0.5, u = 1.25, fa = 4, ;1 = 3.5,
v=1y=0,1n=25 064 =15, 6; = 1.5 and the initial conditions are S, = 0.25,
Ay = 0.75 and I, = 0.5. Note that Ry = 0.76 < Ry = 1, then the disease free
equilibrium X is globally asymptotically stable.
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Figure 5.3: Numerical solutions of (5.3) with @ = 0.5, u = 1.25, o = 5, p; = 2,
v=1y=125n=25 64 =15, = 1.5 and the initial conditions are Sy = 0.25,
Ay = 0.75 and I, = 0.5. Note that Ry = 0.93 < R; = 0.99, then the disease free
equilibrium X is globally asymptotically stable.
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Figure 5.4: Numerical solutions of (5.3) with « = 0.5, p = 1.25, B4 = 15, ; = 3.5,
v = 0.0002, y = 125, 1 = 2.5, 64 = 1.5, 6; = 1.5 and the initial conditions are
So = 0.25, Ay = 0.75 and I, = 0.5. Note that Ry, = 3.46 > 1, then the endemic

equilibrium X" is locally asymptotically stable.
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Figure 5.5: Numerical solutions of (5.3) with a = 0.5, u = 1.25, 4 = 15, ; = 3.5,
v =0.0002,y =0,n=2.5,04 = 1.5, 6; = 1.5 and the initial conditions are Sy = 0.25,
Ay =0.75and I, = 0.5. Note that Ry = 3.46 > 1, then the endemic equilibrium X*
is globally asymptotically stable.

94



Bibliography

[1]

2]

3]

[4]

[5]

S.J. Achar and Chandrali Baishya,Dynamics of modified fractional Illicit Drug
Consumption Model , Palestine Journal of Mathematics Vol. 11 (3), 112-126,
2022.

P. Agarwal, J. J. Nieto, M. Ruzhansky and D. F. M. Torres, Analysis of Infec-
tious Disease Problems (Covid-19) and Their Global Impact, Infosys Science

Foundation Series in Mathematical Sciences, Springer, Singapore, 2021.

P. Agarwal, J.]J. Nieto and D. F. M. Torres, Mathematical Analysis of Infectious
Diseases, Academic Press, London, UK, 2022.

A. Ahmad khanlu and M. Jahanshahi, On the existence and uniqueness of
solution of initial value problem for fractional order differential equations on time
scales, Bull. Iranian Math. Soc., 38(1):241-252, 2012.

R. P. Araujo and D. L. S. McElwain, A history of the study of solid tumour
growth: The contribution of mathematical modelling, Bulletin of Mathematical
modelling, vol.66, pp. 1039-1091, 2004.

D. Baleanu, H. Mohammadi and S. Rezapour, A fractional differential equation
model for the COVID-19 transmission by using the Caputo-Fabrizio derivative,

Baleanu et al. Advances in Difference Equations, 2020.

P. Barelli and S. de Abreu Pessoa. Inada conditions imply that production function
must be asymptotically Cobb-Douglas. Econom. Lett., 81(3):361-363, 2003.

Y. Belgaid, M.Helal, A.Lakmeche and E.Venturino A Mathematical Study of a
Coronavirus Model with the Caputo Fractional-Order Derivative. Fractal Fract. 5,
87,2021.

95



[9] N. Benkhettou, A. Hammoudi, and D. F. M. Torres, Existence and uniqueness
of solution for a fractional Riamann-Liouville initial value problem on time scales,
J. King Saud. Univ. Sci., 28(1):87-92, 2016.

[10] S. Benzekry, C. Lamont, A. Beheshti, A. Tracz, ]J. M. Ebos, L. Hlatky, and P.
Hahnfeldt, Classical mathematical models for description and prediction of experi-
mental tumor growth, PLOS Computational Biology, vol. 10, no. 8, p. e1003800,
2014.

[11] D. Biles, E. Atici, and A. Lebedinsky, Examples of time scales models in Macroe-

conomics (Preliminary), Western Kentucky University Junuary 4, 2007.

[12] M. Bohner and J. Heim, Solow Models on Time Scales, CUBO A Mathematical
Journal Vol.15,N 01, (13-32). March 2013.

[13] M. Bohner and J. Heim, A. Liu, Solow Models on Time Scales, CUBO A Mathe-
matical Journal Vol.15, number 01, (13-32). March 2013.

[14] M. Bohner and A. Peterson, Dynamic Equations on Time Scales, Birkhduser
Boston, Boston, MA, 2001.

[15] M. Bohner, A. Peterson. Advances in Dynamic Equations on Time Scales.
Birkhauser Boston, Inc., Boston, MA, 2003.

[16] M. Bohner, Sabrina H. Streipert, The SIS-Model on Time Scales, Pliska Stud.
Math.26, 11-28, 2016.

[17] M. Bohner, S. Streipert, Delfim FM. Torres, Exact solution to a dynamic SIR
model, Nonlinear Analysis: Hybrid Systems 32, 228-238, 2019.

[18] C. Biiytikadali, Traveling Wave Solution Of A Keller-Segel Model With Bacterial
Population Growth Palestine Journal of Mathematics Vol. 10 (2), 710-714, 2021.

[19] C. Castillo-Chavez, Z. Feng, and W. Huang, On the contribution of Ry and its
role on global stability, M-1553, February 2001.

[20] O. Diekmann,and J.A.P. Heesterbeek, Mathematical Epidemiology of Infectious
Diseases: Model Building, Analysis and Interpretation. Wiley, New York, 2000.

[21] O. Diekmann, J.A.P. Heesterbeek, and J.A.]. Metz, On the definition and the
computation of the basic reproduction ratio Ry in models for infectious diseases in
heterogeneous population, J. Math. Biol. 28, 365-382, 1990.

96



[22] P. Gerlee, The model of muddle: in search of tumor growth laws, Cancer Research,
vol. 73, pp. 2407-2411, 2013.

[23] G.Giordano,F. Blanchini, R. Bruno, P.Colaneri, A.D. Filippo, A.D. Matteo, M.
Colaneri, Modelling the COVID-19 epidemic and implementation of population-
wide interventions in Italy. Nature Medicine. https://doi.org/10.1038/ S41591-
020-0883-7, 2020.

[24] A. Granas and ]J. Dugundji, Fixed point theory, Springer-Verlag, New York,
2003.

[25] A.B.Herman, V. M. Savage, and G. B. West, A quantitative theory of solid tumor
growth, metabolic rate and vascularization, PLOS One, vol. 6, no. 9, p. €22973,
2011.

[26] S. Hilger, Ein Ma®Bkettenkalkiil mit Anwendung auf Zentrumsmanningfal
tigkeiten, PhD Thesis, Universitat Wiirzburg, 1988.

[27] M. Hu and L.L. Wang, Dynamic inequalities on time scales with applications
in permanence of predator-prey system, Discrete Dyn. Nat. Soc. 2012 , Art. ID
281052, 15 pp, 2012.

[28] J. Huo, H. Zhao and L. Zhu, The effect of vaccines on backward bifurcation in
a fractional order HIV model. Nonlinear Anal., Real World Appl. 26, 289-305,
2015.

[29] L. Kexue, Peng Jigen, Laplace transform and fractional differential equations.
Applied Mathematics Letters 24, 2019-2023, 2011.

[30] H. K. Khalil, Non Linear Systems, Macmillian, New York, 3° edition, 2002.

[31] M. Khuddush and K.R.Prasad, Permanence and stability of multi-species nonau-
tonomous Lotka-Volterra competitive systems with delays and feedback controls on
time scales, Bull. Inter. Math. Virtual Inst.9 , 521-533, 2019.

[32] Y. Kim, S. Lee, C. Chu, S. Choe, S. Hong, and Y. Shin, The characteristics of
middle eastern respiratory syndrome coronavirus transmission dynamics in south
korea, Osong Public Health Res. Perspect. 7 (1), 49-55, 2016.

[33] P. Kumlin, Functional Analysis, Mathematics, Chalmers GU, 2003/2004.

[34] J. P. LaSalle, The stability of dynamical systems. SIAM, 1976.

97



[35] G. W. Leibniz, Letter from Hanover, Germany, September 30, 1695 to G.
A. L'Hospital. Leibnizen Mathematische Schriften, Vol. 2,pp. 301-302. Olms
Verlag., Hildesheim, Germany, 1962. First published in 1849.

[36] A. P. Lemos-Paido, C. J. Silva and D. E. M. Torres, A new compartmental
epidemiological model for COVID-19 with a case study of Portugal, Ecological
Complexity 44, Art. 100885, pp. 8, 2020.

[37] W. Li and L. Wang, Existence and global attractivity of positive periodic solutions
of functional differential equations with feedback control, ]. Comput. Appl. Math.
180, 293-309, 2005.

[38] Y.Liand C. Wang, Almost Periodic Solutions to Dynamic Equations on Time Scales
and Applications, Journal of Applied Mathematics Volume 2012, Article ID
463913, 19 pages doi:10.1155/2012/463913, 2012.

[39] H. L. Li, L. Zhang, C. Hu, Y. L.Jiang, and Z. Teng, Dynamical analysis of a
fractional order predator-prey model incorporating a prey refuge. J. Appl. Math.
Comput. 54, 435-449, 2017.

[40] W. Lin, Global existence theory and chaos control of fractional differential equations.
J Math Anal Appl. 332 1, 709-726, 2007.

[41] D. K. Merkin, Introduction to the Theory of Stability, Springer- Verlag, 1997.

[42] A. Nabti, B. Ghanbari, Global stability analysis of a fractional SVEIR epidemic
model. Math Meth Appl Sci., 1-21, 2021.

[43] L. Norton, A Gompertzian model of human breast cancer growth, Cancer Research
48, pp. 7067-7071, 1988.

[44] L. Norton, Conceptual and practical implications of breast tissue geometry: Toward

a more effective, less toxic therapy, The Oncologist, vol. 10, pp. 370-381, 2005.

[45] L. Norton and J. Massagué , Is cancer a disease of self-seeding?, Nature Medicine
12(8), pp- 875-878, 2006.

[46] L. Norton and R. Simon, Growth curve of an experimental solid tumor following
radiotherapy, ]J. Natl. Cancer Inst. 58, pp. 1735-1741, 1977.

[47] L. Norton and R. Simon, Tumor size, sensitivity to therapy and the design of
treatment schedules, Cancer Treat Rep.61, pp. 1307-1317, 1977.

98



[48] K. Nugraheni, T. Trisilowati and A. Suryanto, Dynamics of a fractional order
eco-epidemiological model. ]. Trop. Life Sci. 7, 243-250, 2017.

[49] Z.M. Odibat, N. T. Shawagfeh, Generalized Tnylor’s formula. Appl Math Comp-
put. 186, 1, 286-293, 2007.

[50] S.Ottaviano, M. Sensi, and S. Sottile, Global stability of SAIRS epidemic models.
Nonlinear Analysis:Real World, Elsevier, 2022.

[51] A.Padder, A. Afroz and A. Khan Dynamical Analysis of Tumor-Immune Inter-
action Model with Nonlinear Activation Rate Palestine Journal of Mathematics
Vol. 12 (Special Issue 1V), 57-72, 2023.

[52] 1. Petras, Fractional-Order Nonlinear Systems: Modeling, Analysis and Simula-
tion. Springer, Berlin 2011.

[53] K.R. Prasad and M. Khuddush, Stability of positive almost periodic solutions
for a fishing model with multiple time varying variable delays on time scales, Bull.
Inter. Math. Virtual Inst.9 , 521-533, 2019.

[54] K.R. Prasad and M. Khuddush, Existence and uniform asymptotic stability of
positive almost periodic solutions for 3-species Lotka-Volterra competitive system on
Time Scales, Asian-Eur. J. Math. 13 , no. 3, 2050058, 24 pp, 2020.

[55] K. Shah, M. Arfan, W. Deebani, M. Shutaywi and D. Baleanu, Investigation of
COVID-19 mathematical model under fractional order derivative, Math. Model.
Nat. Phenom. 16, 50, 2021.

[56] A. Tannenbaum, Tryphon T. Georgiou,Joseph O. Deasy and Larry Nor-
ton,Control and the Analysis of Cancer Growth Models, Operator Theory: Ad-
vances and Applications, Vol. 272, 343-353, 2019.

[57] C.C. Tisdell and A. Zaidi, Basic qualitative and quantitative results for solutions
to nonlinear,dynamic equations on time scales with an application to economic
modelling. Nonlinear Anal.,68(11):3504-3524, 2008.

[58] D. F. M. Torres, Cauchy’s formula on nonempty closed sets and a new notion
of Riemann-Liouville fractional integral on time scales, Appl. Math. Lett., 121:
Paper No.107407, 6, 2021.

99



[59] V. G. Vaidya and F. J. Alexandro, Evaluation of some mathematical models for
tumor growth, International Journal of Bio-Medical Computing, vol. 13, pp.
19-35, 1982.

[60] D. Wodarz and N. L. Komarova, Dynamics of cancer: Mathematical foun-
dations of oncology. 5 Toh Tuck Link, Singapore 596224: World Scientific
Publishing Co. Pte. Ltd., 2014.

[61] Y. Xiao, S. Tang and ]. Chen, Permanence and periodic solution in competition
system with feedback controls, Math. Comput. Modelling 27, no. 6, 33-37, 1998.

[62] H. T. Zhang and Y. Li, Almost periodic solutions to dynamic equations on time
scales, J. Egyptian Math. SOc. 21, no. 1, 3-10, 2003.

[63] N. Zine, B. Bayour and D. E. M. Torres, Existence and uniqueness of solutions
to proper fractional Riemiann-Liouville value problems on time scales, Advanced
Mathematical Analysis and its Applications. Chapman and Hall/CRC, 225-
235, 2023.

100



	List of Figures
	Acronyms
	Notations
	Introduction
	Preliminaries
	Time Scales
	Derivation
	Integration
	The exponential function

	Point fixed theorems
	Fractional operators
	Stability
	Stability of equilibrium 
	The basic reproduction number
	Routh Hurwitz criterion


	Existence and uniqueness of solutions to proper fractional Riemann-Liouville value problems on time scales
	Introduction
	Fractional operators on time scales
	Properties of the time scales fractional operators
	Existence of solutions to fractional IVPs on time scales
	Uniqueness of solutions to fractional IVPs on time scales

	Exact solution to a general Norton Massagué Model on time scales
	Introduction
	General tumor growth model on time scales
	Examples

	Permanence and Stability of SAIQH Models for COVID-19 on time scales
	Introduction
	Main Results
	Permanence of solutions
	Existence of solution
	Uniform asymptotic stability


	Local and global Stability of fractional SAIRS Models
	Introduction
	Definitions
	The fractional SAIRS model

	Main results
	Local Stability
	Global stability

	Conclusion and simulations

	Bibliography

